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Preface

What the book is about

This book describes transport through complex, heterogeneous media.
There are large coupling effects between transports of heat, mass, charge
and chemical reactions in such media, and it is important to know how
one should properly integrate across heterogeneous systems where different
phases are in contact. Transports perpendicular to planar interfaces are
treated.

How we were inspired to write it

Waldmann [1] was the first to point out that an analysis of boundary con-
ditions should be incorporated in the framework of non-equilibrium ther-
modynamics. He did not include excess densities to describe the properties
of the surface, however. In the 1970s and 1980s Bedeaux, Albano and
Mazur [2-4] extended his work and laid the theoretical foundation for the
description of non-equilibrium processes, including a full description of the
thermodynamic properties of the surface. The work of Bedeaux, Albano
and Mazur addressed not only transports into and through a surface, but
also transports along surfaces as well as the motion of the surface itself.
Their methods were inspired by concurrent work on the optical properties
of surfaces by Bedeaux and Vlieger [5,6], using generalized functions for
the description of surface properties. The present work takes advantage of
these methodologies.

Who it is meant for

The purpose of this book is to encourage the use of non-equilibrium
thermodynamics to describe transport in complex, heterogeneous media.
The book is written for a graduate level course for physicists, physical
chemists, chemical or mechanical engineers. The book requires knowledge
of basic thermodynamics corresponding to that given by Atkins, Physical

vii
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Chemistry (Oxford University Press), or Moran and Shapiro, Fundamentals
of Engineering Thermodynamics (John Wiley & Sons).
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Chapter 1

Scope

The aim of this book is to present a systematic theory of transport for het-
erogeneous systems. The theory is an extension of non-equilibrium thermo-
dynamics for transport in homogeneous phases, a field that was established
in 1931 and developed during the nineteen forties and fifties. The founda-
tion to describe transports across surfaces in a systematic way was laid in
the nineteen eighties. In this chapter, we put the theory in context and give
perspectives on its application.

1.1 What is non-equilibrium thermodynamics?

Non-equilibrium thermodynamics describes transport processes in systems
that are out of global equilibrium. The field resulted from the work of
many scientists with the overriding aim to find a more useful formulation
of the second law of thermodynamics in such systems. The effort started in
1856 with Thomson’s studies of thermoelectricity [7]. Onsager however, is
counted as the founder of the field with his papers from 1931 [8,9], see also
his collected works [10], because he put earlier research by Thomson, Boltz-
mann, Nernst, Duhem, Jauman and Einstein into the proper perspective.
Onsager was given the Nobel prize in chemistry in 1968 for these works.

In non-equilibrium thermodynamics, the second law is reformulated in
terms of the local entropy production in the system, ¢, using the assumption
of local equilibrium (see Sec. 3.5). The entropy production is given by the
product sum of so-called conjugate fluxes, J;, and forces, X;, in the system.
The second law becomes

UZZJiXiZO (1.1)

1



2 Chapter 1. Scope

Each flux is a linear combination of all forces,
Ji =Y Li;X; (1.2)
J

The reciprocal relations

were proven for independent forces and fluxes, cf. Chapter 7 by Onsager
[8,9]. They now bear his name. All coefficients are essential, as explained
in Chapter 2. In order to use non-equilibrium thermodynamics, one first
has to identify the complete set of extensive, independent variables, A;. We
shall do that in Chapters 4-6 for homogeneous phases, surfaces and three
phase contact lines respectively. The conjugate fluxes and forces are

Here ¢ is the time and S is the entropy of the system. Some authors
have erroneously stated that any set of fluxes and forces that fulfil (1.1)
also obeys (1.3). This is not correct. We also need Eq. (1.4). Equations
(1.1) to (1.4) contain all information on the non-equilibrium behavior of
the system.

Following Onsager, a systematic theory of non-equilibrium processes was
set up in the nineteen forties by Meixner [11-14] and Prigogine [15]. They
found the rate of entropy production for a number of physical problems.
Prigogine received the Nobel prize in 1977 for his work on the structure of
systems that are not in equilibrium (dissipative structures), and Mitchell
the year after for his application of the driving force concept to transport
processes in biology [16].

Short and essential books were written early by Denbigh [17] and Pri-
gogine [18]. The most general description of classical non-equilibrium ther-
modynamics is still the 1962 monograph of de Groot and Mazur [19],
reprinted in 1985 [20]. Haase’s book [21], also reprinted [22], contains many
experimental results for systems in temperature gradients. Katchalsky and
Curran developed the theory for biological systems [23]. Their analysis was
carried further by Caplan and Essig [24], and Westerhoff and van Dam [25].
Fgrland and coworkers’ book gave various applications in electrochemistry,
in biology and geology [26]. This book, which presents the theory in a way
suitable for chemists, has also been reprinted [27]. A simple introduction
to non-equilibrium thermodynamics for engineers is given by Kjelstrup,
Bedeaux and Johannessen [28,29].



1.1. What is non-equilibrium thermodynamics? 3

Non-equilibrium thermodynamics is all the time being applied in
new directions. Fitts showed how to include viscous phenomena [30].
Kuiken [31] gave a general treatment of multicomponent diffusion and
rheology of colloidal and other systems. Kinetic theory has been cen-
tral for studies of evaporation [32-35], and we shall make a link be-
tween this theory and non-equilibrium thermodynamics [36-40] (see
Chapter 11). A detailed discussion of the link between kinetic the-
ory and non-equilibrium thermodynamics was made by Roldughin and
Zhdanov [41]. The relation to the Maxwell-Stefan equations are given
in Chapter 12, following Kuiken [31] and Krishna and Wesselingh [42].
Bedeaux and Mazur [43] extended non-equilibrium thermodynamics to
quantum mechanical systems. All these efforts have together broadened
the scope of non-equilibrium thermodynamics, so that it now appears
as a versatile and strong tool for the general description of transport
phenomena.

All the applications of non-equilibrium thermodynamics mentioned
above use the linear relation between the fluxes and the forces given in
Eq. (1.2). For chemical reactions the rate is given by the law of mass ac-
tion, which is a nonlinear function of the driving force. This excludes a
large class of important phenomena from a systematic treatment in terms
of classical non-equilibrium thermodynamics. Much effort has therefore
been devoted to solve this problem, see [44] for an overview. A promising
effort seems to be to expand the variable set by including variables that are
relevant for the mesoscopic level. The description on the mesoscopic level
can afterwards be integrated to the macroscopic level. This was first done
by Prigogine and Mazur, see the monograph by de Groot and Mazur [20],
but Rubi and coworkers have pioneered the effort since then [45-47]. In
this manner it has been possible to describe activated processes like nucle-
ation [48]. Results compatible with results from kinetic theory [49] were
derived [50], and a common thermodynamic basis was given to the Nernst
and Butler—Volmer equations [51]. The systematic theory was also ex-
tended to active transport in biology [52,53] and to describe single RNA
unfolding experiments [54]. This theoretical branch, called mesoscopic non-
equilibrium thermodynamics, is however outside the scope of the present
book.

Newer books on equilibrium thermodynamics or statistical thermody-
namics often include chapters on non-equilibrium thermodynamics, see
e.g. [65]. In 1998 Kondepudi and Prigogine [56] presented an integrated
approach to equilibrium and non-equilibrium thermodynamics. Ottinger
addressed the non-linear regime in his book [57]. An excellent overview
of the various extensions of non-equilibrium thermodynamic was given by

Muschik et al. [44].



4 Chapter 1. Scope

1.2 Non-equilibrium thermodynamics in the context of
other theories

Non-equilibrium thermodynamics is a theory describing transport on a
macroscopic level. Let us compare theories of transport on the particle
level, the mesoscopic level, and the macroscopic level. Consider first equi-
librium systems on all three levels, see Fig. 1.1. Classical mechanics and
quantum mechanics describe the system on the particle level. Statistical
mechanics provides the link from the particle level to both the mesoscopic
level and the macroscopic level (indicated by arrows in the figure). The
mesoscopic level describes the system on an intermediate time and length
scale. Equilibrium correlation functions are calculated at this level. The
macroscopic level is described by equilibrium thermodynamics, see Chapter
3 in this book. Many of these macroscopic properties can be calculated as
integrals over equilibrium correlation functions. The same quantities can
also be calculated using ensemble theory.

The description of non-equilibrium systems can be illustrated similarly,
see Fig. 1.2. On the particle level, the time-dependence is again described
by classical and quantum mechanics, while non-equilibrium statistical me-
chanics provides the link between this level and the mesoscopic and macro-
scopic levels. Theories for the particle- and mesoscopic level make it pos-
sible to calculate macroscopic transport coefficients. They use expressions
for transport coefficients as integrals over equilibrium correlation functions
of the fluxes, the Kubo relations. Transport coefficients can also be cal-
culated using non-equilibrium statistical mechanics. The macroscopic level
is now described by non-equilibrium thermodynamics. The present book
is devoted to this description on the general level (Chapters 7-10) and in
many applications (Chapters 11-23).

1.3 The purpose of this book

Most references mentioned above concern transport in homogeneous sys-
tems. It is known, however, that much entropy is produced at surfaces
between homogeneous phases [41, 58], and the nature of the equations of
transport for this region is also unexplored in many ways.

The aim of the present book is to further develop the theory of non-
equilibrium thermodynamics to transport in heterogeneous systems. The
foundation for the work was laid by Bedeaux, Albano and Mazur [2, 3], see
also Bertrand and Prud’homme [59,60] and a review by Bedeaux [4]. We
gave a short overview of the objectives and the methods used in [61].

Heterogeneous systems distinguish themselves from homogeneous sys-
tems by their inclusion of interfaces, or phase boundaries. The interface
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can, according to Gibbs [62], be regarded as a separate two-dimensional
thermodynamic system within the larger three-dimensional system. This
implies the introduction of excess densities along the surface. The purpose
of this book is to extend the work of Gibbs to non-equilibrium systems. This
implies the introduction of not only time dependent excess densities for the
surface but also of time dependent excess fluxes along the surface. In this
manner we shall describe transport of heat, mass and charge and chemical
reactions in heterogeneous systems.

Isotropic homogeneous systems have no coupling between vectorial phe-
nomena (transport of heat, mass and charge) and scalar phenomena (chem-
ical reactions). In these systems, the two classes can therefore be dealt with
separately [20]. In a two-dimensional surface, all transport processes in the
direction normal to the surface become scalar. This means that coupling
can occur between transport of heat, mass and charge in that direction, and
chemical reactions. The coupling is typical for electrode surfaces, phase
transitions and membrane surfaces, and the coupling coefficients are often
large. This coupling is special for heterogeneous systems, and is studied in
many examples throughout the book. The flux equations at the surfaces
give jumps in intensive variables, and define in this manner boundary condi-
tions for integration through the surface. Such integrations can be found in
several chapters. Electric potential changes shall be described by a change
in the electromotive force, or in the electrochemical potential difference of
the ion, which is reversible to the electrode pair [23,27,63].

With a short exception for the contact line (Chapter 6), we shall not
consider transport along the surface. While this is an extremely impor-
tant phenomenon, it would be too much new material to cover. We fur-
ther neglect viscous phenomena. We shall not deal with systems where
it is necessary to take fluxes along as variables [64]. We shall not intro-
duce internal variables [45-47]. The transports considered in this book
are almost all in the direction normal to the surface, and are therefore
one-dimensional.

The book aims to make clear that non-equilibrium thermodynamics is
a systematic theory that rests on sound assumptions. The assumption of
local equilibrium is valid for systems in large gradients [65,66], including
surfaces [40,67, 68|, and does not depend on stationary state conditions,
constant external forces, absence of electric polarization or isotropy, as has
been claimed, see for instance [22].



Chapter 2

Why Non-Equilibrium
Thermodynamics?

This chapter explains what the field of non-equilibrium thermodynamics
adds to the analysis of common scientific and engineering problems. Accu-
rate and reliable flux equations can be obtained. Experiments can be well
defined. Knowledge of transport properties gives information on the sys-
tem’s ability to convert energy.

The most common industrial and living systems have transport of heat,
mass and charge, alone or in combination with a chemical reaction. The
process industry, the electrochemical industry, biological systems, as well as
laboratory experiments, all concern heterogeneous systems, which are not
in global equilibrium. There are four major reasons why non-equilibrium
thermodynamics is important for such systems. In the first place, the the-
ory gives an accurate description of coupled transport processes. In the
second place, a framework is obtained for the definition of experiments.
In the third place; the theory quantifies not only the entropy that is pro-
duced during transport, but also the work that is done and the lost work.
Last but not least, this theory allows us to check that the thermody-
namic equations we use to model our system are in agreement with the
second law.

The aim of this book is to give a systematic description of transport in
heterogeneous systems. Non-equilibrium thermodynamics has so far mostly
been used in science [20,21,27]. Accurate expressions for the fluxes are now
required also in engineering [29,42,69]. In order to see immediately what
non-equilibrium thermodynamics can add to the description of real systems,
we compare simple flux equations to flux equations given by non-equilibrium
thermodynamics in the following four sections.
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2.1 Simple flux equations

The simplest descriptions of heat, mass and charge transports are the equa-
tions of Fourier, Fick and Ohm. Fourier’s law expresses the measurable heat
flux in terms of the temperature gradient by:

dr
J = —A— 2.1
! T (2.1)
where A is the thermal conductivity, T is the absolute temperature, and
the direction of transport is along the z-axis. Fick’s law gives the flux of
one of the components in terms of the gradient of its concentration c:

dc
J=-D— 2.2
T (2.2)
where D is the diffusion coefficient. Similarly, Ohm’s law gives the electric
current in terms of the gradient of the electric potential:
do
j = —Kk— 2.3
J - (2.3)
where & is the electrical conductivity, and ¢ is the electric potential.
In a stationary state, there is no accumulation of internal energy, mass or
charge. This means that the heat, molar and electric fluxes are independent
of position. The derivatives of the above equations with respect to = are

then zero:
d /\dT B

A= =0 2.4
dr dz (2:4)
d _dc

—D—=0 2.5
dr dz (2:5)
d do

These equations can be used to calculate the temperature, concentration
and electric potential as a function of the position, when their values on the
boundaries of the system and A, D and x are known. Such a calculation is
illustrated by the following exercise.

Exercise 2.1.1. Calculate the temperature as a function of position
between two wall’s at a distance of 10 cm which are kept at constant
temperatures of 5 and 25 °C, assuming that the thermal conductivity is
constant.
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e Solution: According to Eq. (2.4), d*T/dx? = 0. The general solution
of this equation is T'(x) = a + bx. The constants a and b follow from
the boundary condition. We have T'(0) = 5°C and T'(10) = 25°C. It
follows that T'(z) = (5 + 22)°C.

Equations (2.1)—(2.3) describe a pure degradation of thermal, chemical and
electrical energy. In reality there is also conversion between the energy
forms. For an eflicient exploitation of energy resources, such a conversion is
essential. This is captured in non-equilibrium thermodynamics by the so-
called coupling coeflicients. Mass transport occurs, for instance, not only
because dc/dx # 0, but also because dT'/dx # 0 or d¢/dx # 0.

Chemical and mechanical engineers need theories of transport for in-
creasingly complex systems with gradients in pressure, concentration and
temperature. Simple vectorial transport laws have long worked well in engi-
neering, but there is now an increasing effort to be more precise. The books
by Taylor and Krishna [69], Kuiken [31] and by Cussler [70], which use
Maxwell-Stefan’s formulation of the flux equations, are important books in
this context. A need for more accurate flux equations in modeling [42, 69]
makes non-equilibrium thermodynamics a necessary tool.

2.2 Flux equations with coupling terms

Many natural and man-made processes are not adequately described by
the simple flux equations given above. There are, for instance, always large
fluxes of mass and heat that accompany charge transport in batteries and
electrolysis cells. The resulting local cooling in electrolysis cells may lead to
unwanted freezing of the electrolyte. Electrical energy is frequently used to
transport mass in biological systems. Large temperature gradients across
space ships have been used to supply electric power to the ships. Salt
concentration differences between river water and sea water can be used to
generate electric power. Pure water can be generated from salt water by
application of pressure gradients. In all these more or less randomly chosen
examples, one needs transport equations that describe coupling between
various fluxes. The flux equations given above become too simple.

Non-equilibrium thermodynamics introduces coupling among fluxes.
Coupling means that transport of mass will take place in a system not
only when the gradient in the chemical potential is different from zero, but
also when there are gradients in temperature or electric potential. Coupling
between fluxes can describe the phenomena mentioned above.

For example, in a bulk system with transport of heat, mass, and electric
charge in the a-direction, we shall find that the linear relations (1.2) take
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the form:

where the forces of transport conjugate to the fluxes Jé, J and j are
the thermal force d (1/T) /dx, the chemical force [— (1/T) (dur/dx)], and
the electrical force [— (1/T) (d¢/dx)], respectively. The subscript T of the
chemical potential, pp, indicates that the differential should be taken at
constant temperature. The electric field is given in terms of the electric
potential gradient by E = —d¢/dx.

The L-coefficients are so-called phenomenological coefficients, or On-
sager coefficients for conductivity, as we shall call them. The diagonal
Onsager coeflicients can be related to A, D, and k. They are called main
coefficients. The off-diagonal L-coefficients describe the coupling between
the fluxes. They are called coupling coefficients. Another common name
is cross coefficients. According to Eq. (1.3), we have here three reciprocal
relations or Onsager relations for these coupling coefficients

Lyg = Lap Lqg = Lgg, Loy = Lo (2.8)

The Onsager relations simplify the system. Here, they reduce the number
of independent coefficients from nine to six. Coupling coefficients are small
in some cases, but large in others. We shall see in Chapter 7 that large
coupling coefficients may lead to a low entropy production. This is why
the coupling coefficients are so important in the design of industrial sys-
tems, see Sec. 2.4. The relation Lyy = L4, is Thomson’s second relation,
which dates from 1854, see Ref. [7]. Miller [71-74] and Spallek et al. [75]
gave experimental evidence for the validity of the Onsager relations in elec-
trolytes. Hafskjold and Kjelstrup Ratkje [65] and Xu and coworkers [67]
proved their validity for heat and mass transfer, in homogeneous phases and
at surfaces, using non-equilibrium molecular dynamics simulations, respec-
tively. Annunziata et al. [76] took advantage of the Onsager relations to
obtain thermodynamic data for an aqueous mixture of enzyme and salt near
the solubility limit of the salt. Onsager’s proof of the reciprocal relations
shall be discussed in Chapter 7.
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2.3 Experimental designs and controls

The importance of equilibrium thermodynamics for the design of exper-
iments is well known. The definition of, say, a partial molar property,
explains what shall be varied, and what shall be kept constant in the ex-
perimental determination of the quantity. Also, there are relations be-
tween thermodynamic variables that offer alternative measurements. For
instance, the enthalpy of evaporation can be measured in a calorimeter, but
it can also be determined by finding the vapor pressure of the evaporating
gas as a function of temperature.

Non-equilibrium thermodynamics is in a similar way, instrumental for
design of experiments that aim to find transport properties, cf. Chapter 20.
To see this, consider the exercise below.

Exercise 2.3.1. Find the electric current in terms of the electric field,
E = —d¢/dx, using Eq. (2.7), in a system where there is no transport of
heat and mass, J, = J = 0.

e Solution: It follows from Egs. (2.7a) and (2.7b) that

Ly, d dur q d dur
%d—T‘FLq” d —Lq¢E a.nd T d T+LNN d _L;,L¢E

Solving these equations, using the Onsager relations, one finds

iiT _ Lgp Ly — LmquuE nd dpr _ LgqLyy — LquthE
T dx LoqLp. — L2, dx LaqLyp — L3,

Substitution into Eq. (2.7¢) then gives

quLmzﬁ — Lquq¢

g LqqLyy — Lﬁu

LyyL,, — L,sL

= L — L g pp wbqu_L
J=7 |bee mLea— T 12, ¢

This exercise shows that the electric conductivity, that one measures as
the ratio of measured values of j and E, is not necessarily given by Lye/T
as one might have thought, considering Eq. (2.7¢). In the stationary state,
the coupling coefficients lead to temperature and chemical potential gradi-
ents, which again affect the electric current. Mathematically speaking, the
electric conductivity then becomes a combination of the conductivity of a
homogeneous conductor, found if one could measure with zero chemical po-
tential and temperature gradients, and additional terms. The combination
of coefficients divided by the temperature, is the stationary state conductiv-
ity. The stationary state electric conductivity, measured with Jé =J =0,
is experimentally distinguishable from the Ohmic electric conductivity of
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the homogeneous conductor, measured with dT'/dx = dur/dx = 0. Non-
equilibrium thermodynamics helps define conditions that give well defined
experiments.

One important practical consequence of the Onsager relations is to offer
alternative measurements for the same property. For instance, if it is dif-
ficult to measure the coefficient L4, one may rather measure Ly, [77-80].
A valuable consistency check for measurements is provided if one measures
both coupling coefficients in the relation. So, similar to the situation in
equilibrium, also the non-equilibrium systems have possibilities for control
of internal consistency.

2.4 Entropy production, work and lost work

Non-equilibrium thermodynamics is probably the only method that can be
used to assess how energy resources are exploited within a system. This
is because the theory deals with energy conversion on the local level in a
system, i.e. at the electrode surface [81] or in a biological membrane [52].
By integration to the system level, we obtain a link to exergy analysis [82].
To see the relation between non-equilibrium thermodynamics and exergy
analysis, consider again the thermodynamic fluxes and forces, derived from
the local entropy production

o= JiXi>0 (2.9)
The total entropy production is the integral of ¢ over the volume V of the
system
dSirr
— = av 2.10
= [o (210)

The quantity dS;,,/dt makes it possible to calculate the energy dissipated
as heat or the lost work in a system (see below).

In an industrial plant, the materials undergo certain transformations
in a time interval dt. Materials are taken in and are leaving the plant at
the conditions of the environment. The environment is a natural choice as
frame of reference for the analysis. It has constant pressure, po (1 bar), and
constant temperature, Ty (for instance 298 K) and some average composi-
tion that needs to be defined. The first law of thermodynamics gives the
energy change of the process per unit of time:

dau  dQ dVv L dw

at — at Par Tar
Here d@/dt is the rate that heat is delivered to the materials, podV/dt is the
work that the system does per unit of time by volume expansion against the

(2.11)
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Figure 2.1 A schematic illustration of thermodynamic variables that are
essential for the lost work in an industrial plant.

pressure of the environment, and dW/dt is the work done on the materials
per unit of time.

The minimum work needed to perform a process, is the least amount of
energy that must be supplied, when at the conclusion of the process, the
only systems which have undergone any change are the process materials
[83]. To see this, we replace dQ/dt by minus the heat delivered to the
environment per unit of time, dQ/dt = —dQo/dt:

dU  dQo av.dw

@ T Pa (212)
The second law gives
ds dSy
20 s 2.1
dt + dt — 0 (2.13)

where dS/dt is the rate of entropy change of the process materials and

dSy/dt is the rate of entropy change in the environment. For a completely

reversible process the sum of these entropy rate changes is zero. For a

non-equilibrium process, the sum is the total entropy production, dSi./dt,
dSyy  dS  dSp

= — 4+ —> 2.14
dt dt+dt =0 ( )

The entropy change in the surroundings is dSy/dt = (dQo/dt) /To. By in-
troducing dQo/dt into the expression for the entropy production, and com-
bining the result with the first law, we obtain after some rearrangement:

AW dSy, dU AV dS
A ® Y o2 2.1
a0 g Ta TP Ty (2.15)
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The left hand side of this equation is the work that is needed to accomplish
the process with a particular value of the entropy production, dSi./dt.
Since dSiy;/dt > 0, the ideal (reversible) work requirement of this process

18:
dWigear _ dU dv ds

T 2.1
i at TP Ty (2.16)

We see that dS/dt changes the ideal work. By comparing Egs. (2.15) and
(2.16), we see that To(dSi,/dt) is the additional quantity of work per unit
of time that must be used in the actual process, compared to the work in
an ideal (reversible) process. Thus, To(dSi/dt) is the wasted or lost work
per unit of time:

dVVlost -T dSirr
= 1o
dt dt

The lost work is the energy dissipated as heat in the surroundings. The
relation is called the Gouy-Stodola theorem [84,85]. The right hand side
of Eq. (2.16) is also called the time rate of change of the availability or
the exergy [62,82]. We shall learn how to derive o in subsequent chap-
ters. One aim of the process operator or designer should be to minimize
dWiest /dt [86], which is equivalent to entropy production minimization, see
Ref. [85] page 227 and Ref. [29] Chapter 6. Knowledge about the sources
of entropy production is central for work to improve the energy efficiency
of processes. In a recent book “Elements of irreversible thermodynamics
for engineers” [28,29], we discussed how irreversible thermodynamics can
be used to map the lost work in an industrial process. The aluminium
electrolysis was used as an example to illustrate the importance of such
a mapping. Furthermore the first steps in a systematic method for the
minimization of entropy production was described, with its basis in non-
equilibrium thermodynamics. Second law optimization [85,87-92] in me-
chanical and chemical engineering may become increasingly important in
the design of systems that waste less work. Non-equilibrium thermody-
namics will play a unique role in this context. For details on how to map
the second law efficiency of an industrial system or how to systematically
improve this efficiency, we refer to Bejan [84,85] and to the book “Elements
of irreversible thermodynamics for engineers” [28,29].

(2.17)

2.5 Consistent thermodynamic models

The entropy balance of the system and the expression for the entropy pro-
duction can be used for control of the internal consistency of the thermo-
dynamic description. The change of the entropy in a volume element in a
homogeneous phase is given by the flow of entropy in and out of the volume
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element and by the entropy production inside the element:

ds 0

—=——Js+o0 2.18

ot ox"° ( )
where we take the entropy flux in the x-direction. In the stationary state,
there is no change in the system’s entropy and

o=—J, (2.19)

By integrating over the system’s extension, keeping its cross-sectional area
Q constant, we obtain
dSirr
dt

The left hand side is obtained from o, which is a function of transport
coefficients, fluxes and forces, Egs. (1.1)—(1.3). The right hand side of this
equation, the difference in the entropy flows, J°—J!, can be calculated from
knowledge of the heat flux, and of the entropy carried by components into
the surroundings. These quantities do not depend on the system’s transport
properties. The two calculations must give the same result. Chapter 19
gives an example of such a comparison. Other examples were given by
Kjelstrup et al. [29], see also Zvolinschi et al. [92].

=Q(J° - J}) (2.20)
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Chapter 3

Thermodynamic Relations for
Heterogeneous Systems

This chapter gives thermodynamic relations for heterogeneous systems that
are in global equilibrium, and discusses the meaning of local equilibrium in
homogeneous phases, at surfaces and along three phase contact lines.

The heterogeneous systems that are treated in this book exchange heat,
mass and charge with their surroundings. The systems have homogeneous
phases separated by an interfacial region. They are electroneutral, but
polarizable. The words surface and interface will be used interchangeably
to indicate the interfacial region. Gibbs [62] calls the interfacial region
“the surface of discontinuity”. Thermodynamic relations for homogeneous
phases, as well as for surfaces, are mandatory for the chapters to follow.
Such equations are therefore presented here [62,93]. Equations for the three
phase contact line are also given, but are less central. The equations are
given first for systems that are in global equilibrium, and next for non-
equilibrium systems where only local equilibrium applies.

A thermodynamic description of equilibrium surfaces in terms of excess
densities was constructed by Gibbs [62]. This description treats the surface
as an autonomous thermodynamic system. We use this description in terms
of excess densities as our basis also in non-equilibrium systems. This implies
for instance that the surface has its own temperature. All excess densities of
a surface depend on this temperature alone and not on the temperatures in
the adjacent phases*. We present evidence for this assumption using non-
equilibrium molecular dynamics simulations (Chapter 22) and the square
gradient model of van der Waals (Chapter 23).

*This property of the surface has been defended by some authors [94,95], but rejected
by others [96].

17
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We extend Gibbs’ formulation for the surface to the contact line. Equi-
librium relations for the three phase contact lines can be formulated for
excess line densities. The line, described in this manner, is also an au-
tonomous thermodynamic system.

3.1 Two homogeneous phases separated by a surface in
global equilibrium

Consider two phases of a multi-component system in equilibrium with each
other. The system is polarizable in an electric field. The last property
is relevant for electrochemical systems. In systems that transport heat
and mass only, this property is not relevant. The homogeneous phases, i
and o, have their internal energies, U' and U°, entropies, S' and S°, mole
numbers, N} and N of the components j (see for instance [97]), and their
polarizations in the direction normal to the surface, P! and P°. For the
total system, we have:

U=U+U"+U° (3.1)

The internal energy for the total system, U, minus the sum of the two bulk
values gives the internal energy of the interfacial region U® [62,93]. For the
entropy, the mole numbers and the polarization, we similarly have:

S =8 +5545°
Nj = Ni+ N3+ N? (3:2)
P=P +Ps+P°

The surface consists of layer(s) of molecules or atoms, with negligible vol-
ume, S0

V=vViqtve (3.3)

The surface area, (2, is an extensive variable of the surface, comparable to
the volume as a variable of a homogeneous phase. The surface tension, v,
plays a similar role for the surface as the pressures, p' and p°, do for the
homogeneous phases.

The polarizations of the homogeneous phases can be expressed in terms
of the polarization densities (polarization per unit of volume), P! and P°,
by

P'=PV! and P°=P°V° (3.4)

The polarization of the surface can similarly be expressed as the polarization
per unit of surface area, PS:

Ps = P*Q (3.5)
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The polarization density is particular for both homogeneous phases and
the surface. The system may contain polarizable molecules (apolar), polar
molecules and free charges. An electric field leads to polarization of the
apolar molecules and to orientation of the polar molecules. Furthermore, it
leads to a redistribution of free charges. In all cases, polarization occurs in
a manner that keeps homogeneous phases and surfaces electroneutral. For
a double layer, we define a surface polarization. For a conductor, we define
a polarization density. The divergence of the polarization of a conductor
equals the charge distribution, but the induced charge distribution in an
electric field integrates to zero net charge.

In this book, we restrict ourselves to surfaces that are planar and con-
tact lines that are straight. From the second Maxwell equation, and the
condition of electroneutrality, we have

d

d:cD =0 (3.6)
where D is the displacement field normal to the surface. The normal com-
ponent of the displacement field across an electroneutral surface is contin-
uous, and has accordingly no contribution for the surface; D® = 0. The
normal component of the displacement field is therefore constant through-
out a heterogeneous system. Its value can be controlled from the outside
by putting the system between a parallel plate capacitor. In this book, we
do not consider electric potential gradients along the surface. Assuming
the system furthermore to be invariant for translations along the surface,
rotations around a normal on the surface and reflection in planes normal
to the surface, it follows that electric fields, displacement fields and polar-
izations are normal to the surface. The displacement field is related to the
electric fields in the two phases by

D=¢cyE'+ P =gE and D =eoE° + P° =¢,E° (3.7)

where €; and ¢, are the dielectric constants of the phases i and o respectively.
Furthermore, ¢¢ is the dielectric constant of vacuum. A similar relation can
be written for the electric field of the surface

D?=0=¢ogFE°+ P® — P® = —¢goE"® (38)

For more precise definitions of the interfacial densities we refer to the next
section and to Sec. 5.2. For an in-depth discussion of the excess polarization
and electric field, we refer to the book by Bedeaux and Vlieger, Optical
Properties of Surfaces [5,6].

Remark 3.1. The surface polarization is equal to minus €9 times the ex-
cess electric field of the surface. This follows from the following argument:
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The displacement field is the sum of g times the electric field plus the po-
larization density. The displacement field is continuous through the surface.
The sum of the electric field times €¢ plus the surface polarization density
must therefore be zero.

For heterogeneous, polarizable systems, we can then write the internal
energy as a total differential of the extensive variables S, N;, V, €, Pi P
and P*®:

dU =TdS — pdV + vdQ + ZdeNj + Degd (E + = + P—) (3.9)
=~ & € &
where D.q is the displacement field that derives from a reversible trans-
formation. This is the Gibbs equation [62], extended with terms due to
polarization. By integrating with constant intensive variables, the energy
of the system becomes

n Pi ps po
U=TS5—-pV +~+Q iNi+ Deq | —+—+ — 3.10
PV 47 +;ujj+ eq(8i+60+80) (3.10)
Since we are dealing with state functions, this result is generally valid. The
contributions to the internal energy from the polarization are De,P'/e; and
DeyP° /e, in the homogeneous phases and DeyP®/eq [3] for the surface.

Remark 3.2. The contributions to the total polarization, i.e. from polar-
izable molecules, from polar molecules and from free charges, have very
different relaxation times. They should therefore be counted as separate
contributions P = ", PY, where a equals i, o or s. The corresponding
equilibrium displacement fields, D¢q i, found from a reversible transforma-
tion, are also different for the different contributions to the polarization.
We shall not make the formulae more cumbersome by distinguishing these
different contributions.

The surface tension is, like the pressure, a function of T, u;, and Deq.
The most directly observable effect of the surface tension is found when
the interface between two phases is curved. Consider for instance a spher-
ical bubble in a liquid. The pressure inside the bubble is higher than the
pressure outside. The same is true for a liquid droplet in air. The pressure
difference, called the capillary pressure, is given in terms of the surface ten-
sion by 27/R , where R is the radius of the droplet. The capillary pressure
is the reason why water rises in a capillary. The following exercise demon-
strates that the energy represented by a surface can be compared to the
energy of a homogeneous phase.
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Exercise 3.1.1. Use the expression for the capillary pressure to derive a
formula for the rise of liquid in a capillary as function of the diameter d
of the capillary. The liquid wets the surface. Calculate the capillary rise of
water in a capillary with a diameter of a micron. The surface tension of
water is vy, = 75 x 1073 N/m.

e Solution: If the diameter of the capillary is not too large, and when
the liquid wets the surface, the interface between the water and the
air is a half sphere with radius d/2. This gives a capillary pressure
of 4v/d. This would cause an under-pressure in the liquid below the
surface. In order to have a normal atmospheric pressure at the bottom
of the capillary, the water rises until the weight of the column gives the
capillary pressure. This implies that 7(d/2)?hgp/m(d/2)? = hgp =
4~/d where h is the height of the column, p is the density in kg/m3
of water and g is the acceleration of gravity. The capillary rise is
therefore h = 4-y/dgp. In a capillary with a diameter of a micron, the
capillary rise of water is 30 m.

In this book we restrict ourselves to surfaces that are flat. The equilibrium
pressure is therefore always constant throughout the system, p' = p° = p.

The Gibbs equation (3.9) gives the energy of both homogeneous phases
plus the surface. We need also equations for the separate homogeneous
phases and for the surface alone. With Egs. (3.1)—(3.3), we have for phase
i:

i i i S i Pi
dU' = TdS' — pdV' + " p;dN} + Deqd— (3.11)

j=1

This is the Gibbs equation for phase i. We integrate the equation for
constant composition, temperature, pressure and displacement field. This
gives:
U'=TS —pV'+> u;N; + Dea- (3.12)
j=1
The energy is a state function, so the result is generally valid (compare
Eq. (3.10)). By differentiating this expression and subtracting Eq. (3.11),

we obtain Gibbs-Duhem’s equation:
i i ~ i P!
0=SdT — Vidp+ > Nidpu; + —dDeq (3.13)

j=1

Similar equations can be written for phase o.
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The Gibbs equation for the surface is likewise:

- D
dU® = TdS*® dS) (AN? —=d) qps 3.14
+ydQ+ Y pdNG + < - > (3.14)

j=1

By integration for constant surface tension, temperature, composition and
displacement field, we obtain

- D
Us=1T5° Q N3 “)ps 3.15
+ +Zuu+<go) (3.15)

J=1

Gibbs-Duhem’s equation for the surface follows by differentiating this equa-
tion and subtracting Eq. (3.14):

n DC
O—SWT+QM+§:NﬁM+PW<Eﬁ) (3.16)
0

j=1

The thermodynamic relations for the autonomous surface, Egs. (3.14)-
(3.16), are identical in form to the thermodynamic relations for the ho-
mogeneous phases, compare Egs. (3.11)—(3.13).

Global equilibrium in a heterogeneous, polarizable system in a displace-
ment field can now be defined. The chemical potentials and the temperature
are constant throughout the system

= ps = pg = py

. (3.17)
T"=T°=T°=T
Furthermore, the normal component of the pressure and of the displacement

field are the same in the adjacent homogeneous phases:
p'=p°=p and D,y constant (3.18)

For curved surfaces the normal component of the pressure is not constant
and we refer to Blokhuis, Bedeaux and Groenewold [98-103].

The surface energy, and therefore also the surface entropy and surface
mole numbers, have so far been defined from the total values minus the
bulk values. We shall see in Sec. 3.3, how more direct definitions can be
formulated.

3.2 The contact line in global equilibrium

Consider three phases of a multi-component system in equilibrium with each
other. The three surfaces separating these phases come together in a contact
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line. For simplicity, we assume that the contact line is not polarizable.
In the previous section we have seen that the thermodynamic relations
for an autonomous surface has the same form as for homogeneous phases.
The same is true for the autonomous three-phase contact line. The Gibbs
equation for the contact line is:

dU® = TdS° ++°dL + Y p;dNy (3.19)
j=1

Superscript ¢ indicates a contribution of the contact line, v¢ is the line

tension and L is the length of the line. The curvature of the line is assumed
to be negligible, so that there are no contributions to dU° from changes in
the curvature. By integration for constant line tension, temperature and
composition, we obtain

US =TS +~°L+ Y Ny (3.20)

Jj=1

The line energy, and therefore also the line entropy and the line mole num-
bers, have here been defined as the total values minus the bulk and the
surface values.

Gibbs-Duhem’s equation for the line follows by differentiating this equa-
tion and subtracting Eq. (3.19):

0= ST + Ldy* + Y _ Nydy; (3.21)

j=1

When the contact line is part of a heterogeneous system in global equilib-
rium, the chemical potentials and the temperature are constant throughout
the system. For the contact line, we therefore also have

pi;=p; and T°=T (3.22)

More direct definitions of thermodynamic properties of the line, can be
obtained, following the procedure for the surface in the next section.

3.3 Defining thermodynamic variables for the surface

The relations for global equilibrium cannot be used to describe systems with
gradients in u, p, T or the electric field. We must therefore also formulate
relations for local equilibrium. We need local forms of the Gibbs and Gibbs—
Duhem equations. These will be given after we have first defined the surface
variables.
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l
Ca

Ca

cp/kmol m3

a b x/nm

Figure 3.1 Variation in the molar density of a fluid if we go from the gas to
the liquid state. The vertical lines indicate the extension of the surface. The
scale of the x-axis is measured in nanometer.

An interface is the thin layer between two homogeneous phases. We
restrict ourselves to flat surfaces, that are perpendicular to the x-axis. The
thermodynamic properties of the interface shall now be given by the values
of the excess densities of the interface. The value of these densities and
the location of the interface will be defined through the example of a gas-
liquid interface. We shall correspondingly indicate these phases with the
superscripts g and 1.

Figure 3.1 shows the variation in concentration of A, in a mixture of
several components, as we go from the gas to the liquid phase. The surface
thickness is usually a fraction of a nm. The z-axis of Fig. 3.1 has coordinates
in nm, it has a molecular scale. A continuous variation in the concentration
is seen. Gibbs [62] defined the surface of discontinuity as a transition region
with a finite thickness bounded by planes of similarly chosen points. In the
figure two such planes are indicated by vertical lines. The position a is
the point in the gas left of the closed surface where cp(z) starts to differ
from the concentration of the gas, ¢}, and the position b is the point in
the liquid right of the closed surface, where ca () starts to differ from the
concentration of the liquid, ck. The surface thickness is then § = b — a.
It refers to component A. Other components may yield somewhat different
planes.

Gibbs defined the dividing surface as “a geometrical plane, going
through points in the interfacial region, similarly situated with respect to



3.8. Defining thermodynamic variables for the surface 25

conditions of adjacent matter”. Many different planes of this type can be
chosen. While the position of the dividing surface depends on this choice;
it is normally somewhere between the vertical lines in Fig. 3.1. The planes
that separate the closed surface from the homogeneous phases are parallel
to the dividing surface. The continuous density, integrated over §, gives
the excess surface concentration of the component A as a function of the
position, (y, z), along the surface:

b
Ca(y,2) = / [CA(x,y, z) — A (a,y,2)0(d — ) — ck(b, y,2)0(x — d)} dx

(3.23)
where d is the position of the dividing surface. The surface concentration
is often called the adsorption (in mol/m?). The Heaviside function, 6,
is by definition unity when the argument is positive and zero when the
argument is negative. It is common to choose d between a and b. Other
excess variables than I'y are defined similarly. All excess properties of a
surface can be given by integrals like Eq. (3.23). The excess variables are
the extensive variables of the surface. They describe how the surface differs
from adjacent homogeneous phases.

Remark 3.3. It is clear from Fig. 3.1 that one may shift the position a
to the left and b to the right without changing the adsorption. This shows
why the precise location of a and b is not important for the value of the
adsorption.

Gibbs defined the excess concentrations for global equilibrium. Equa-
tion (3.23) will be used in this book also for systems which are not in global
equilibrium. In fact, T'a, ca, ¢} and ck as well as a, b and d, may all depend
on the time. For ease of notation this was not explicitly indicated.

The equimolar surface of component A is a special dividing surface. The
location is such that the surplus of moles of the component on one side of
the surface is equal to the deficiency of moles of the component on the other
side of the surface, see Fig. 3.2. The position, d, of the equimolar surface
obeys:

d b
/ [CA(ZC,%Z) —ci(a,y,z)] dx = _/ [cA(x,y,z) —ClA(b,y,Z)} dx
a d

(3.24)
According to Egs. (3.23) and (3.24), T'4 = 0, when the surface has this
position, see Fig. 3.2. The shaded areas in the figure are equal. In a
multi-component systems, each component has its “equimolar” surface, but
we have to make one choice for the position of the dividing surface. We
usually choose the position of the surface as the equimolar surface of the
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ca/kmol m-3

a d b x/ nmy

Figure 3.2 Determination of the position of the equimolar surface of compo-
nent A. The vertical line is drawn so that the areas between the curve and the
bulk densities are the same.

reference component. This component has then no excess concentration,
while another component B, like the one sketched in Fig. 3.3, has an excess
concentration.

Remark 3.4. In homogeneous phases it is common to use densities per
mole or per unit of mass. For the surface this is possible, but not practical.
The reason for this is that this would imply dividing the extensive properties
of the surface by the excess molar density of the reference component. As
we have just explained it is common to use the equimolar surface defined
by this reference component. In that case the excess molar density of the
reference component is zero and we cannot divide by it. To avoid confusion
we will always use excess densities per unit of surface area.

Thermodynamic properties of homogeneous systems are usually plotted
on scales with greater dimension than nm. In Fig. 3.4, ca(x) is plotted on
a pm scale. The fine details of Fig. 3.1 disappear, and the surface appears
as a discontinuity. When plotted on a macroscopic scale, a non-zero excess
surface density, like that of component B, appears as a singularity at the
position of the dividing surface. On this scale the possible choices of the
dividing surface can no longer be distinguished, and the surface can be
regarded as a two-dimensional thermodynamic system. The system has
properties that are integrated out in the z-direction and are given per
surface area. Dependence on the coordinates y and z remains. When excess
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cg/kmol m3

x/nm

Figure 3.3 Variation in the density of component B across the surface. The

excess surface concentration of component B is the integral under the curve in
the figure.

ca/kmol m-3

Y

X/pm

Figure 3.4 The equimolar surface plotted on a micrometer scale appears as a
jump between bulk densities.
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surface densities are defined in this manner, the normal thermodynamic
relations, like the first and second laws are valid [62].

Remark 3.5. Excess densities for the surface can be much larger than the
typical value of the integrated quantity times the thickness of the surface
of discontinuity. The surface tension of a liquid-vapor is for instance a
factor between 103 to 10* larger than the typical pressure of 1 bar times 3
Angstroms. This implies that contributions from the surface play a much
more important role than what the volume of the surface of discontinuity
would suggest.

Van der Waals constructed a continuous model for the liquid-vapor in-
terface at equilibrium, around the end of the 19th century [104]. In this
model one adds to the Helmholtz energy density per unit of volume a con-
tribution proportional to the square of the gradient of the density. It is
therefore often called the square gradient model. The model was rein-
vented by Cahn and Hilliard in 1958 [105]. It has become an important
model for studies of the equilibrium structure of the interface [93,102]. The
model gives a density profile through the closed surface and enables one to
calculate, for instance, the surface tension. An extension of his model to
non-equilibrium systems [106-108] is discussed in Chapter 23. It is found
in the context of this model [107] that the surface, as described by excess
densities, is in local equilibrium.

Exercise 3.3.1. The variation in density of A across a vapor-liquid inter-
face between a = 0 and b = 5 nm is given by ca(x) = Cx3 + 50 mol/m3.
The vapor density is ¢’ = 50 mol/m?® and the liquid density is cf4 = 50000

mol/m3. Determine the value of C and the position of the equimolar
surface.

e Solution: The density function at b gives
C(5x107")% 450 =5 x 10* = C = 4 x 10*mol/m°
For the equimolar surface, we have:

d b
/ Caldr = — / (C2® — 49950)dx
0 d

1 1
= ch‘* = —Zc(b4 —d*) 4 49950(b — d)



8.4. Local thermodynamic identities 29

This results in the position d = 3.75 nm. The equimolar surface is
close to the liquid side.

3.4 Local thermodynamic identities

In the first section of this chapter, we considered a heterogeneous system in
global equilibrium. The temperature, the chemical potentials, the pressure
and the displacement field were constant throughout the system, Egs. (3.17)
and (3.18). In the previous section, we defined excess densities using ex-
pressions that can also be used in non-equilibrium systems. In order to use
the thermodynamic identities from the first section for the excess densities,
we need to cast the Gibbs equation and its equivalent forms into a local
form.

For the homogeneous phases we introduce the extensive variables per
unit of volume. In the i-phase we then have u! = U!/V}, s = §1/Vi
cij = N}/Vi and the polarization density P'. By dividing Eq. (3.12) by V!
the internal energy density becomes

i

. . LA P
ul =Ts' —p+ Y ;65 + Deg (3.25)

.
j=1 !

By replacing U! by u'V' etc. in Eq. (3.11), differentiating and using
Eq. (3.25), we obtain:

i i S i Pi
du' = Tds' + ) p;dcy + Deqd— (3.26)

j=1
Gibbs—Duhem’s equation becomes

i

. LI P
Ozs‘dT—dp—i-Zc}duj +

—dDeq (3.27)

Jj=1

All quantities in these equations refer now to a local position in space.

All expressions for phase i, are also true for phase o. (Replace all the
super- and subscripts i by 0). Other thermodynamic relations can also be
defined. We give below the i-phase internal energy, Gibbs energy, Helmholtz
energy, internal energy density, Gibbs energy density and the Helmholtz
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energy density:
Ul=TS —pVi+ Y piNi+ Deq (P'/s)
j=1

G'=U' =TS +pV' = N} + Deq (P'/s;)

Jj=1

Fil=U =TS = —pVi+ > p;Ni+ Deq (P/e1)

=1 (3.28)
ul=Ts —p+ Z,ujcij + Deq (Pi/ai)
j=1
gi=ul —Ts' +p=> p;cj+ Deq (P'/e)
=1
fl=ul=Ts'=—p+ Y p;ch + Deq (P'/e1)
j=1

For the surface, the local variables are given per unit of surface area.
These are the excess internal energy density u® = U®/(Q, the adsorptions
Iy = N7 /9, the excess entropy density, s* = S%/Q, and the surface polar-
ization, PS. When we introduce these variables into Eq. (3.14), and use
Eq. (3.15), we obtain the Gibbs equation for the surface:

: L ps
du® = Tds* + 3 1;dT; + Deqd— (3.29)
=1 =0

The surface excess internal energy density is

S

= P
us =Ts"+ 7+ il + Deg

— 3.30
> - (3.30)
and Gibbs—Duhem’s equation becomes
0= sSdT—i—dw—i—iI‘»du‘ + EdDe (3.31)
JU T q

Jj=1

We give below the surface internal energy, surface internal energy density,
Gibbs equation, Gibbs—Duhem’s equation, surface Gibbs energy density
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and the surface Helmholtz energy density:
U =TS+ 7Q+ Y 1t;N; + Deq (P*/20)
j=1

ut =Ts* +5+ Y 1T+ Deq (P*/e0)

j=1

du® = Tds® + Y pt;dl' + Deqd (P*/20)

j=1 i (3.32)
0= s*dT +dy+ ) Tjdp; + (P*/e) dDeq
Jj=1
F=u—Ts—y= Zﬂjrj + Deq (P*/e0)
Jj=1
ff=u’-Ts =7+Zﬂjrj + Deq (P*/e0)
j=1

For the contact line, local variables are given per unit of length. These
are the excess internal energy density u®¢ = U¢/L, the adsorptions IS =
N¢/L and the excess entropy density, s° = S¢/L. When we introduce these
variables into Eq. (3.19), and use Eq. (3.20), we obtain the Gibbs equation
for the line:

du® = Tds® + > p;dl’ (3.33)

j=1
The contact line excess internal energy density is
n
u®=Ts"+~°+ Z [ (3.34)
j=1

and Gibbs-Duhem’s equation becomes

0=s%dT +dy° + Y TSdu, (3.35)

j=1

Thermodynamic relations for the contact line are given below. We give the
line internal energy, line internal energy density, Gibbs equation, Gibbs—
Duhem’s equation, contact line Gibbs energy density and the contact line
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Helmholtz energy density:
US =TS +9°L+> u;N§
j=1

u® =Ts®+~°+ Zujl";
j=1

du® = Tds® + Z pidl

= (3.36)
0=s%dT +dy* +»_ Tidu;
j=1
gC:’U/C_TSC_’YC:ZMjF;
j=1

fo=ut = Ts¢ =4+ TS
j=1

3.5 Defining local equilibrium

We have so far considered global and local thermodynamic relations for
heterogeneous systems that are in global equilibrium. We shall now move
one step further and introduce the assumption of local equilibrium. For a
volume element in the homogeneous phase i, we say, following Fitts [30],
Bedeaux and Kjelstrup [61] and Ortiz and Sengers [109], that there is local
equilibrium when the thermodynamic relations (3.25)—(3.27) are valid:

i i i Pi(z,t)
u'(z,t) =T (x,t)s' (, :vt—i—Zu]xt (x,t) + Deq(t) -
du'(z,t) = T'(x,t)ds (x,t) + Zuij(:ﬂ, tydcy(z,t) + Deq(t)dp (:’ 2
j=1 '
0 = s'(x, t)dT" (x,t) — dp'(x,t) +Zc x,t) d,u] (z,t) + Ple.?) dDeq(t)
= “i
(3.37)

The position and time dependence of all the quantities are now explicitly
indicated. We used that D.q is independent of the position in electroneu-
tral systems. The subscript “eq” of the electric field indicates that this
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is the value of the electric field when the system is in global equilibrium,
with entropy density, concentrations and polarization density constant and
equal to the values of the volume element. The actual displacement field
in the volume element is not equal to Dey(t) when the system is not in
global equilibrium. Local equilibrium is defined in the same manner for
the o-phase.

The use of the word local in this context means that the quantities are
averages over sensibly chosen volume elements and time intervals. By a
sensibly chosen volume element, we mean a volume element that is large
compared to microscopic distances, and small compared to the distance
over which the averaged quantities vary. A sensibly chosen time interval is
long compared to microscopic times, but small compared to the time rate of
variation of the averaged quantities. The choices of the size of the volume
element and the time interval are not independent. With a slowly varying
process, the volume element may be chosen small, and the time interval
large. These statements can be made precise by non-equilibrium molecular
dynamics simulations, see Chapter 22.

For a surface element, we say that there is local equilibrium when the
thermodynamic relations (3.29)—(3.31) are valid:

w(0) = TS () +Zua 0+ Dty 20
du(t) = +ZMJ £)dT(t) + Deq (t )dP:—Et)

L P

0= s*(£)dT>(t) + dy(t) + Z T;( dDeq (1) (3.38)
The intensive thermodynamic varlables for the surface, indicated by super-
script s, are derivatives:

du® du’
TS = ( ) and p = < > (3.39)
ds® r,,pe J dl'j ) o 1, ps

The temperature and chemical potentials, defined in this manner, depend
only on the surface excess variables, not on bulk variables. By introducing
these definitions, we therefore allow for the possibility that the surface
has a different temperature and/or chemical potentials than the adjacent
homogeneous systems have. The equilibrium displacement field for the

surface is defined by
du®
Do, = €0 ( S) (340)
“ dpP ss.T"

I
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The actual displacement field, D(t¢), which is externally controlled, and
which is also independent of x, is not equal to Deq(t). In the surface, a
suitable surface element and time interval must be chosen for the averaging
procedure, when thermodynamic quantities are determined.

For a contact line element, we say that there is local equilibrium when
the thermodynamic relations (3.33)—(3.35) are valid:

ut(t) = T(t)s"(¢) +Zu] HT5(t
duc(t) = T°(t)ds () + Y _ puS(t)dIS(t)
j=1

0 = s(t)dTe(t) + dy°(t) + Z TS (t)dps (t) (3.41)

The intensive thermodynamic variables for the contact line, indicated by
superscript ¢, are derivatives:

du® du®
TC = d us= 3.42
(dyr)rc e (dr;) (342)
J se,Iy,

The temperature and chemical potentials, defined in this manner, depend
only on the excess variables for the contact line, not on bulk or surface
variables. By introducing these definitions, we therefore allow for the pos-
sibility that the contact line has a different temperature and/or chemical
potentials than the adjacent homogeneous phases and surfaces. Along the
contact line, suitable line elements and time intervals must be chosen for the
averaging procedure, when the thermodynamic quantities are determined.

The assumption of local equilibrium, as formulated above, does not
imply that there is local chemical equilibrium [20, 68]. According to the
original formulation of Prigogine [110], the Gibbs equation remains valid for
a large class of irreversible processes, provided that the Maxwell distribution
of molecular velocities are perturbed only slightly. The class includes also
chemical reactions slow enough not to disturb the equilibrium form of the
distribution to an appreciable extent.

The thermodynamic variables are, with the above relations, position
dependent. In particular, the thermodynamic variables for the surface de-
pend on the position along the surface. Most excess densities depend on
the choice of the dividing surface. The surface tension of a flat surface,
however, does not depend on the position of the surface when the system
is in mechanical equilibrium.




3.5. Defining local equilibrium 35

An essential and surprising aspect of the local equilibrium assumption
for the surface and the adjacent homogeneous phases is that the temper-
ature and chemical potentials on both sides of the surface may differ, not
only from each other, but also from the values found for the surface.

The surface temperature represents the thermodynamic state of the sur-
face. This temperature depends in principle on the choice of the dividing
surface, but we have found that this dependence, both in molecular dy-
namics simulations [39] and in the dynamic van der Waals square gradient
model [107], is negligible. The surface temperature can be calculated in
molecular dynamics simulations, assuming the validity of the equiparti-
tion principle. We can then find the surface temperature from the kinetic
energy. This is discussed in Chapter 22. It is difficult to imagine a di-
rect measurement of the surface temperature. A direct measurement is
hampered by the thickness of the thermocouple leads, and the position-
ing of the thermocouple. The description of the liquid-vapor interface,
using a dynamic extension of the van der Waals model, is discussed in
Chapter 23.

Whether the non-equilibrium surface as described by excess densities is
an autonomous or self-contained thermodynamic system or not is an im-
portant question. Our results [39,107] support the validity of this property,
see Chapters 22 and 23. Its validity is crucial for the treatment given in
this book. It has been defended by some authors [94, 95| and rejected by
others [96]. Molecular dynamics simulations support the validity of the as-
sumption of local equilibrium [65-67,111,112]. This is discussed in Chapter
22 for homogeneous phases as well as for surfaces.

Given that there is very often local equilibrium in systems with large
gradients, one may ask: Can we distinguish between volume elements that
belong to a system in global equilibrium and those that belong to a system
out of global equilibrium? The answer is yes — they differ in the nature of
their fluctuations, as shown convincingly in the book by Ortiz and Sengers
[109]. Equal time correlations around stationary states become long-range.
In equilibrium, these correlations are short-range. Zielinska et al. [4,113]
have discussed the description of fluctuations for an interface.

3.A Appendix: Partial molar properties

We give the fundamental thermodynamic relations that define partial molar
quantities, among them the chemical potential. The various contributions
to the chemical potential are given and standard states are defined. Symbols
are defined in the symbol list.
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3.A.1 Homogeneous phases
The starting point for our derivations is the Gibbs equation
dU =TdS — pdV + > pi;dN; + EeqdP (3.43)
j=1

By integrating the Gibbs equation with constant composition, temperature,
pressure and displacement field, we obtain:

U=T8—pV+> uN;+ EeqP (3.44)

Jj=1

The Gibbs energy can then be defined:

G=U-TS+pV —EeP = > ;N (3.45)
j=1
By using again the Gibbs equation, we have

dG = —SdT + Vdp — PdEeq + Y _ 11;dN; (3.46)

j=1
Two equivalent definitions are obtained from these equations for the chem-

ical potential, the partial energy change that follows when we add a par-
ticular component to a system:

ouU ) ( oG )
u= (2 o= (e (3.47)
! <3Nj SV.NLP T \ON; ) Ny B

We note that p; = G;. By using Maxwell relations for Eq. (3.46), we
find the following expressions for the partial molar volume, entropy and

polarization:
o o o
v= (o), 9= (a) o m= ok
P /T Ny, Eeq PNk, Eeq ed/ p,T,Ny,
(3.48)
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This results in the following expression for a change in the chemical
potential

6 .
dpj = —S;dT + Vidp — PjdEeq + (’“) N,
ONy, T,p,Ni,Eeq

(@L) der
1 dcx T,p,c1,Eeq

= —8;dT + Vydp — PjdEeq + dpis (3.49)

M- I-

= —deT + V}dp - deEeq +

=
Il

A frequently used combination of terms is
dpyr = dpj + S;dT (350)

where we used the partial molar entropy. In order to find du; r we differen-
tiate du; at constant temperature. Equivalent expressions for unpolarized
systems are

dpj,r = dpj + Vidp
= dH; — TdS, (3.51)

The partial molar volume, the partial molar entropy and the partial
molar polarization for the i-phase are, respectively:

ov oS oP
Vj:(W) ’ Sj:<W> ’ PF(W)
J p;T;NImEeq J p;T;NImEeq J p7T7Nk;Eeq

(3.52)
Furthermore we have

ZCJ‘V} = 1, ZCJ‘S]‘ =S, ZC]‘P]‘ =P (353)
J J J
With these partial molar quantities, we can define the partial molar internal
energy and enthalpy

Uj = T'S; = pVj + pj + Eeq P

(3.54)
Hj = —pVJ +,UJ + Ecqu

The U; and H; are functions of p, T, ¢, and Eq.
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3.A.2 The surface

The Gibbs equation for the surface is:

n s
dU® = T°dS* +ydQ + ) pidN; + (&) dp* (3.55)
i=1 €0
In this expression U®, 5%, N7, P® are extensive quantities which are propor-
tional to the surface area. These extensive quantities were obtained as
excesses of the corresponding three-dimensional densities. The variables
1%, 7, ui, D¢ are intensive variables of the surface, indicated by superscript
s. The temperature, surface tension, chemical potentials and the displace-
ment field are intensive variables and have no excesses.

By integration with constant surface tension, temperature, composition
and displacement field, we obtain

n Ds
U =T°5°++Q+ > piN; + (—q> ps (3.56)
i=1 €o
The Gibbs energy can now be defined by:
GE=U°—-T°5° —~Q — Deq Pszzn: SN (3.57)
= gl = 2 15 N; :
By using Gibbs equation again, we have
Ds n
dG® = —S%dT® — Qdy — P°d [ =2 SAN? 3.58
v () 4 LA

The chemical potential obtains two equivalent definitions from these

relations:
s _ [ OU° . [0G®
J/ 8,Q,Ny,Ps I/ p,T,Ni,Eeq

where p = G5. The superscript indicating the surface has been dropped
in the subscripts of the differentiation. By using Maxwell relations for the
definition of G®, we find the following expressions for the partial molar

quantities:
a,y T)Nk7Eeq ! 6T§ 'Yka7Eeq

o
ps=——"—
J <6 (ng/éo) ) TN,

£

(3.60)
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This results in the following expression for a change in the chemical
potential

s, = —S3dT® — Q;dy — Psd( eQ> Z <

;) a
Tp Nl

s n 6/14
—S5dT® — Q.dy — PS eq) ( J ) dI’
’ i ( Z ol Tp,I,E *

Dz s,C
= —S3dT* — Q;dy — Pid ( EOq) +dp (3.61)
The following combination is used in expression (4.15) for the entropy pro-
duction and flux equations that derive from this:

dps p = du; + S;dT° (3.62)
Alternative expressions are:
A = dpy® — Q dy

=dH; —TdSj (3.63)

The partial molar surface area, the partial molar entropy and the partial
molar polarization for the surface are, respectively:

0 . [{ose
QJ - (8]\]5) T,Ny,E. 7 S - <8Nb> T,Ny,E. 7
Y kylieq Y kylieq

oPs
PP=| —
7/ 4, T,Ni,Eeq

Furthermore, we have
> T =1, Zr S5 =5 > T;Pf=P° (3.65)
J J

By using the partial molar quantities defined above, one may also define
the partial molar internal energy and enthalpy

US = T555 + 4 + 115 + (D3, /e0) P
HS = 4Q; + 15 + (D3, /20) P}

(3.64)

(3.66)

where these functions, according to the above construction, are functions
of ,T%,T} and (D5, /e0).
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Exercise 3.A.1. Find a form of Gibbs—Duhem’s equation for the surface
that contains duj  instead of dy;.

e Solution: If we substitute Eq. (3.62) into Eq. (3.32d), we have

0=sdT" +dy+» Tidup— Y T;S3dT° + P°d (D, /e0)

Jj=1 Jj=1

By using Z?Zl I'; 55 = s°, Gibbs-Duhem’s equation for the surface
is reduced to

dy ==Y Tdp — Pod (D, /e0)

j=1

3.A.3 Standard states

The internal energy or the various derivatives of this energy, including the
partial molar energies cannot be measured, only energy differences are mea-
surable. In order to establish a measuring scale, we introduce the standard
state as a point of reference. The standard state may be chosen freely, and
different conventions have been made. Common to all choices is that they
can be derived from each other by well-defined measurements.

The standard state for gases used in the SI system is the state of an ideal
gas at 1 bar and constant temperature. The temperature is not specified
in the definition of the standard state. Standard state values are often
tabulated at 298 K, however. The definition of the chemical potential then
relates any state to the standard state via

p P
/ dp = / Vindp (3.67)
#U p()

where V,,, is the molar volume. For an ideal gas, we obtain:

piia = p° + RT'In z% (3.68)
where ;0 is the standard chemical potential and p° = 1 bar. The energy of
a real gas is measured with respect to this standard state, with the fugacity
f replacing the pressure p of the gas. The chemical potential is:

u:uo—i—RTlniO:uO+RTln¢—§Zuid—i—RTlnqS (3.69)
p p

where the fugacity coefficient, defined by the ratio ¢ = f/p, measures the
deviation of the real gas from the ideal state, see Fig. 3.5 and exercise 3.A.2.
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Figure 3.5 The chemical potential of an ideal gas (stippled line) and a real gas
(whole line). The standard state, 10, at p° = 1 bar is shown for the ideal gas.
The deviation of the chemical potential of the real gas from the corresponding
ideal gas value at p is measured by the term RT In ¢.

The chemical potential of ideal and real gases are illustrated in this figure.
When p — pig < 0 and ¢ < 1, attractive forces are important.

For a liquid solution, we use a liquid state as the standard state. The
numbers to be compared then become closer to each other. Two choices are
common; the Raoultian standard state (used for solvents) and the Henrian
standard state (used for solutes). The Raoultian standard state is the state
of a solution which obeys Raoult’s law. In this law, the vapor pressure above
the solution is proportional to the mole fraction of the solvent (component
1):

p1 = T1D] (3.70)
where p7 is the vapor pressure above the pure solvent. We assume that the
vapor above the solution is an ideal gas. Equation (3.68) then gives:

o= p®+ RTIn 2 4 R 2L (3.71)
p by
which can be rearranged into

w1 =p" + RTInx (3.72)

The Raoultian standard state for the solvent is defined by

*

w;f+mm% (3.73)
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The Raoultian standard state is thus determined from the standard state
of the ideal gas plus a term that contains the vapor pressure of the solvent.
A deviation from the Raoultian state is expressed by

w =p*+RTIna; = p* + RT lnyxq (3.74)

where y; is the activity coefficient that measures deviation from ideal be-
havior, and a; is the activity, a; = p1/pj. The situation with y; > 0 is
illustrated in Fig. 3.6. Such a value means that there are repulsive forces in
the liquid that enhance the vapor pressure above the liquid more than in
the case of a solvent that follows Raoult’s law. This standard state is used
in Chapter 11 on evaporation and condensation.

The Henrian standard state is defined by a solution with a solute (com-
ponent 2) of concentration m9 = 1 molal, that obeys Henry’s law:

p2 = Kom} (3.75)

Here, K5 is Henry’s law’s constant. The standard state is hypothetical
as no solution is known to obey Henry’s law at this concentration. The
constant K is determined by measuring the vapor pressure above dilute
solutions. The state is determined by extrapolation of this line to m$ = 1
molal (see Fig. 3.6). By following the same procedure as above, we obtain
for the chemical potential of an ideal solution:

po = pt 4+ RT Inmsy/m$ (3.76)

Henry’s law standard state is:
K
pt=p’ + RTIn p—OQ (3.77)

This standard state is commonly used also for electrolyte solutions.
There are two particles formed in a dilute solution per formula weight of
salt dissolved, leading in the ideal case to

pa =pt 4+ RTInmg mo _/ (mg)2 (3.78)
or in the non-ideal case to:
2
p2 = pt + RTIn~: ,,mama —/ (m3) (3.79)

where 73 is the mean square activity coefficient of the cation and anion.
This standard state, or the state based on molar concentrations, u°, in

2
po = p’ + RTIn~ico 1ca/ (Cg) (3.80)
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P,

K,

Figure 3.6  The phase diagram for a solution that follows Raoult’s law (p; =
pix1) when x; — 1 and Henry's law (p2 = Kama) when mp — 1.

are used with chemical potentials of electrolytes, cf. Chapter 10. The value
of 10 is found from ut by converting molalities into concentrations at the
standard state. The mean square activity coefficient is given by Debije—
Hiickel’s formula, when the solution is dilute.

The chemical potential of a surface-adsorbed component can be referred
to a standard state with (a hypothetical) one molar surface excess concen-
tration of the component, or a standard state referred to unit coverage, 6,
of the surface:

5 = p®® + RTInT;/T°
=u’* + RTnb; (3.81)

The standard state must be connected to properties of the adjacent phase,
in a similar way as the ideal gas standard state is connected to the Raoul-
tian standard state. The symbol §; = I';/TY denotes fractional coverage.
Activity coefficients corrections to the ideal formula can be substantial if
the surface is polarized:

5 = p*® + RT In6;y; (3.82)

where y° is the surface activity coefficient of component j.
We did not specify the temperature in these definitions. In fact, any
temperature can be chosen. When one wants to compare standard states
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at different temperatures, one will have to use the general relation which
applies to any state, including the standard state:

<Z_;)p __g (3.83)

Expressions for activity coefficients in gases and liquids can be found in
Perry and Green [114].

Exercise 3.A.2. FExpress the fugacity coefficient ¢ of a gas in terms of its
molar volume. The fugacity coefficient is defined as ¢ = f/p, the ratio of the
gas fugacity over the pressure of an ideal gas at corresponding conditions.

e Solution: Equation (3.49) reduces to
du = Vydp

for a pure isothermal gas. V,, is its molar volume. This equation is
true for all gases whether they are ideal or not. The fugacity of a gas
is defined by (see e.g. [97])

du = RTdIn f

For densities that are low enough, the gas follows the ideal gas law,
pVidear = RT. This will always happen at some pressure p’ when

p—0
w P f
/du:/ Vmdp = RT'In =
W P’ p

For an ideal gas, the corresponding expression is
i P
/ Videardp = RTIn .
P’ p

Subtraction and introduction of p’ = 0 gives

1 f—l o= 1 /p(V Videal) d
n—=1n¢ = —= m — Videa
P RT J, deal) P

The fugacity coefficient is expressed by measurable quantities in this
formula.
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Chapter 4

The Entropy Production
for a Homogeneous Phase

We derive the entropy production in a volume element in a homogeneous
phase for transport of heat, mass, charge and chemical reactions. The en-
tropy production determines the conjugate fluxes and forces in the phase.
Equivalent forms of the entropy production are given.

The second law of thermodynamics, Eq. (2.14), says that the entropy
change of the system plus its surroundings is positive for irreversible pro-
cesses and zero for reversible processes. The law gives the direction of a
process; it does not give its rate. Non-equilibrium thermodynamics as-
sumes that the second law remains valid locally, cf. Eq. (1.1). In this
chapter, we shall derive the entropy production for a volume element in a
homogeneous phase. In the next chapters, we shall find the correspond-
ing expressions for a surface area element and a three phase contact line
element. In total, we will then be able to describe the rate of changes in
heterogeneous systems.

The change of the entropy in a volume element in a homogeneous phase
is given by the flow of entropy in and out of the volume element and by the
entropy production inside the volume element:

asg”t’t) - —%Js(x,t)—i-a(:v,t) (4.1)
Here, s(x,t) is the entropy density, Js(z,t) is the entropy flux in the lab-
oratory frame of reference and o(x,t) is the entropy production. As the
entropy density and flux depend on both position and time, we use partial
derivatives. We consider only one-dimensional transport problems.

Below a more explicit expression for o will be found by combining

e mass balances

47



48 Chapter 4. The Entropy Production for a Homogeneous Phase

e the first law of thermodynamics
e the local form of the Gibbs equation.

We shall do this and compare the resulting expression for the time rate
of change of the entropy density with Eq. (4.1). This will make it pos-
sible to identify the entropy flux as well as the entropy production. We
shall find that o can be written as the product sum of the conjugate fluxes
and forces in the system, see Sec. 1.1. In the derivation, we follow refer-
ences [20] and [27]. Electroneutral-, polarizable-, non-equilibrium systems
with and without chemical reactions are of interest. These are the sys-
tems that we encounter most often in nature, and also in industry. We
shall model transport of heat, mass and charge in systems where reactions
occur. We recommend using the symbol list for checking of dimensions
in the equations. An introduction to non-equilibrium thermodynamics for
homogeneous systems was given by Kjelstrup, Bedeaux and Johannessen
[28,29].

Consider a volume element, V', which is in local equilibrium in a polar-
izable, electroneutral bulk phase. The volume element does not move with
respect to the walls (the laboratory frame of reference), see Fig. 4.1. All
fluxes are with respect to the laboratory frame of reference.

J’ J’

7,P.Eeq

X x+dx x/m

Figure 4.1 A volume element in a bulk phase with transport where j/ indicates
one of the fluxes.

The volume element has a sufficient number of particles to give a statis-
tical basis for thermodynamic calculations. Its state is given by the temper-
ature T'(x,t), chemical potentials p1;(x,t) for all the n neutral components,
pressure p(z,t) and the equilibrium electric field Eeq(x,t) = Deq(t)/e(z,t).
We shall take € constant in the homogeneous phases. Both equilibrium
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electric fields are then independent of the position:
EL (t) = Deg(t)/ei and  E2,(t) = Deg(t)/eo (4.2)

The number of positive particles equals the number of negative particles,
but their distribution within the volume element can lead to a polarization
density.

4.1 Balance equations

The balance equation for component j is

% = —%Jj(a:,t) +uvjr(z,t) for j=1,..,n (4.3)
where J;(z,t) are the component fluxes in the laboratory frame of reference,
all directed along the x-axis. Furthermore, v; is the stoichiometric constant
of component j in a chemical reaction, which is positive if j is a product
and negative if j is a reactant, and r(z,t) is the reaction rate in the volume
element. For simplicity, we consider only one reaction. It is easy to add
more reactions [20]. The reaction Gibbs energy is

AGla,t) = vipg(x,t) (4.4)
j=1

In our description of reactions at surfaces, we shall also need the contribu-
tion to the reaction Gibbs energy due to the neutral species

NGty = Y vipi(a,t) (4.5)

J € neutral

where the sum in Eq. (4.5) is only over the neutral components. The
difference between A, G and the usual expression A,.G, is due to the chem-
ical potentials of ions and electrons. We explain why we need A,G in
Secs. 10.6-10.7.

Exercise 4.1.1. Derive Eq. (4.3) for r = 0 by considering changes in a
volume element that is fized with respect to the walls.

e Solution: The change in the number of moles of a component,
N;(z,t), in a small volume V', is due to the flux of the component in
and out of the volume. We have:

de(I, t)

pra —Q[J;(x + dz,t) — Jj(z,t)]
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where () is the cross sectional area of the volume orthogonal to the
flux direction (the fluxes are flows per unit of area). The area is equal
to the volume divided by dz. In the limit of small dz, we have

dN;(z,t) _ _V[Jj(x +dx,t) — Jj(x,1)] _ _Van(:v,t)

dt dx ox

By dividing this equation left and right by the (constant) volume, one
obtains Eq. (4.3).

The conservation equation for charge is

azg, b _ —%j(:z:,t) (4.6)

where z(x,t) is the charge density. The systems that we consider, can
all be described as electroneutral. It follows that dj/0x = 0, so that the
electric current density, j, is constant. The electric current is due to the
relative motion of the charge carriers in the system, like for instance of
electrons relative to the metal ion lattice. This relative motion is such that
it preserves charge neutrality.
According to the first law of thermodynamics, the change in internal
energy density per unit of time is equal to:
ou(z,t) 0 O¢(xz,t) |

OP(z,t)

—r (4.7)

where Jy(z,t) is the total heat flux in the laboratory frame of reference.
The product — [0¢(x,t)/0x]j is the electrical work done to the volume
element. The time derivative of the polarization density is the displacement
current, jaispl(z,t) = OP(x,t)/0t. The product E(x,t)jaispi(z,t) gives the
work per unit of volume by the displacement current. This is a capacitive
contribution which, for instance, is important when there is an oscillatory
electric field (see Chapter 21). In the appendix at the end of this chapter
a discussion is given of the relation between Eq. (4.7), the first law, the
definition of the total heat flux, and the relation between d¢(x,t)/dx and
E(z,t). An important assumption in the derivation of Eq. (4.7) is that the
system is in mechanical equilibrium, a condition we shall use throughout
this book. Contrary to the situation in vacuum, the electric field in a
medium is not a conservative field.
The total heat flux across the volume element is given by

n

Jo(a,t) = Jh(x,t) + > Hj(x,t)J;(z,t) (4.8)

Jj=1
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|
Jo i du/at ! Jq
] ]
I E I )
l I
I I
i ap,/dt i
)I( x—;—dx Xfm

Figure 4.2 The energy change of a volume element with fluxes of heat and
charge across the boundaries.

It consists of the measurable heat flux, J;(z,t), and the partial molar en-
thalpies, H;(x,t), carried by the neutral component fluxes, J;(z,t). The
measurable heat flux is independent of the frame of reference. This is not
the case for the total heat flux. We discuss the frame of reference fur-
ther in Secs. 4.2, 4.4, Appendix 4.A, and also in Chapter 12, which deals
with multi-component diffusion. The first law is illustrated in Fig. 4.2.
De Groot and Mazur [20] used charged and uncharged components, which
is appropriate for systems that are not electroneutral, and defined a re-
duced heat flux in analogy with Eq. (4.8). In the electroneutral systems,
which we consider, it is more appropriate to use the smaller number of
uncharged components. The measurable heat flux differs from the reduced
heat flux by a contribution proportional to the electric current density, see
Appendix 4.A for a discussion.

4.2 The entropy production

The Gibbs equation in its local form, Eq. (3.26) together with Eq. (3.7),

du=Tds+ Y pjde; + EeqdP (4.9)
Jj=1

is needed to calculate the entropy production. The time derivative of the
entropy density becomes, using Eq. (4.9):

Os(xz,t) 1 8u (x,t) Z uj 807 x,t)  Eeq(t) OP(x,t)
o T(xt) - T(xz,t) ot
(4.10)
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Partial derivatives are used since the variables are position and time
dependent.

Exercise 4.2.1. Derive Eq. (4.1) by considering changes in a volume ele-
ment fized with respect to the walls.

e Solution: The change of entropy is due to the flux in and out of the
volume element plus an increase due to the entropy production:

dS(z,t)
dt

= —Q[Jo(z + dx, t) — Jo(x, )] + Vo(x,t)

where o(x,t) is the entropy production per unit of volume. The cross
section is equal to the volume divided by dx. We obtain in the limit

of small dz
dS(xz,t) [Js(z + dx,t) — Js(x,t)]
pra |4 o + Vo(x,t)
—_y @Y Ly

X

By dividing this equation left and right by the volume, one obtains
Eq. (4.1).

By introducing Eqgs. (4.3) and (4.7) into (4.10), using the rule for deriva-
tion of products, and solving for ds(z,t)/dt, we obtain as balance equation
for the entropy density:

b Ry e

i <_ T(i, 1) %é? t))
E

n OP(z,t) {E(:z:,t
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To simplify notation, we usually suppress the (z,t) for all variables. By
comparing the above equation with Eq. (4.1), we identify the entropy flux

1 u 1 -
L= (= w | = a4
j=1 Jj=1

and the entropy production in the system

g (2NN g (O (100
U_Jq<%f>+;J‘7( 817T>+]( T(?:z:)

OP [ E — Eeq A,G
+ E (T) “+r (— T ) (413)

Here, S; is the partial molar entropy of component j. By replacing the total
heat flux, J,, by the entropy flux, J,, we obtain an alternative expression

7 19T —~ [ 10y (109
”‘JS(_T%>+;JJ<_T%)”(_T%>

OP (E — Eeq A,G
+E<7T >+r(— - ) (4.14)

We furthermore replace the total heat flux, J;, by the often more practical
measurable heat flux, J;, using Eq. (4.12). The result is

o1 = 1 Oujr [ 109
o=y <%f>+z']j <_T o )”(‘T%)

OP (E — Eeq A,G
+E<7T >+r(— + ) (4.15)

where Op,r/0x = Ou;/0x + S;0T/Jz is the derivative of the chemical
potential keeping the temperature constant, see Appendix 3.A. Finally,
when one describes heat and charge transport, it is sometimes convenient
to replace the total heat flux by the energy flux J,,, which is defined by (see
Chapters 9, 15 and 19)

Ju=Jo+6j=Jy+Y HjJj+6j (4.16)

Jj=1
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This gives for the entropy production

(2N NS (0w, (09
U_Ju<8xT)+jZlJ]< 817T)+]< 817T>

OP [ E — Eeq AG
+ E <T> +r (— T ) (417)

The results for ¢ were derived using only the assumption of local equi-
librium, see Sec. 3.5. Local equilibrium does not imply local chemical
equilibrium. Local chemical equilibrium is a special case of local equi-
librium [20,68].

The entropy production contains pairs of fluxes and forces. These are
the conjugate flures and forces defined in Chapter 1. The conjugate flux-
force pairs in Eqgs. (4.13), (4.14), (4.15) and (4.17) are different. The dif-
ferent sets of pairs are, however, equivalent and describe the same physical
situation. The problem one wants to describe, dictates the form that is
most convenient. Convenient is a form that describes the system in the
most direct way. If, for instance, the system is such that the chemical po-
tentials of all components are constant, Eq. (4.14) is convenient because
all terms containing their gradients are zero. The four alternative expres-
sions have been given, as a help to find the appropriate final form. All
forces and fluxes have a direction, except the last pair, and are thus vec-
tors. The chemical reaction has a scalar flux and force. We shall discuss
the consequences of this for isotropic systems in Sec. 7.6.

Remark 4.1. De Groot and Mazur [20] use fluzes in the barycentric frame
of reference. We always use fluzes in the laboratory frame of reference.
The entropy production is invariant for this transformation. This can be
verified for instance in Eq. (4.15). In this expression the only fluzes that
depend on the frame of reference are the component fluxes. Subtracting from
these component fluxes, the molar densities times the barycentric velocity,
gies a total change which is zero according to Gibbs—Duhem’s equation. It
follows that one may replace the component fluzes in the laboratory frame of
reference by those in the barycentric frame of reference. See also Sec. 4.4.2.

The separate products do not only give pure losses of work (compare
Secs. 2.4 and 7.5). Their sum does. For instance, the electric power per unit
of volume, — (j0¢/0z), does not necessarily give only an ohmic contribution
to the entropy production, there may also be electric work terms included
in the product, as we shall see in detail in Chapters 9 and 10. Each product
contains normally work terms as well as energy storage terms. It is their
combination which gives the entropy production rate, and the work that is
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lost per unit of time, dWj,s /dt = To f odV (see Sec. 2.4). The expressions
(4.13)—(4.15) and (4.17) can thus be used to find the second law efficiency
of a process [29].

De Groot and Mazur [20] used the affinity, A, of the chemical reaction,
rather than the reaction Gibbs energy, in Eq. (4.15). According to Kon-
depudi and Prigogine [56] (page 111), the reaction Gibbs energy is primarily
used in connection with equilibrium states and reversible processes, while
de Donder’s affinity concept is more general, it relates chemical reactions
to entropy. We dispute that there is a principle difference between the two
concepts. The affinity is simply equal to minus of the reaction Gibbs en-
ergy. We use the reaction Gibbs energy, because chemists are more familiar
with this concept.

Ross and Mazur [115] showed that the contribution to o from the chem-
ical reaction was equal to the product of r and the driving force, —A,G/T,
also when the reaction rate is a non-linear function of the driving force,
provided that the ensemble of particles is nearly Maxwellian. Prigogine
showed that the Gibbs relation was valid for such conditions [110].

Haase [21] defined and used the dissipation function in his monograph
on “Thermodynamics of Irreversible Processes”. The dissipation function is
still in focus in many books, see e.g. Demirel [116]. In homogeneous sys-
tems, Haase defined ¥ = T'dS;,,/dt, where dS;.,/dt is the rate of increase
of the entropy due to processes which occur inside the system. For a con-
tinuous system, in which the temperature can vary from point to point, he
used the definition ¥ = T'o, [22] page 83. This last definition is analogous
to Raleigh’s dissipation function for hydrodynamic flow. For heterogeneous
systems, which are discussed in this book, neither of the above definitions
can be used. On pages 161-164, Haase considered the case of two phases in
thermal contact with each other. After calculating the entropy production,
he multiplied it with the temperature of one of the phases. In the result-
ing expression, he then needed to linearize in the temperature difference of
the phases, in order to obtain an expression for ¥ which is linear in the
temperature difference. He contributed thereby to the erroneous idea that
a non-equilibrium thermodynamic description should be fully linearized.
The entropy production he first derived was perfectly linear in the differ-
ence of the inverse temperature. When one uses the entropy production
rather than W, as is systematically done in this book, there is no need to
further linearize. Instead of multiplying with the temperature of one of the
phases, it is appropriate to multiply with the temperature of the environ-
ment as is done in exergy analysis to find the lost work. We discussed in
Sec. 2.4 that this gives the lost work. We strongly advise against using ¥
in heterogeneous systems, see Sec. 4.2.1 for further arguments.
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Changing the frame of reference does not change the value or the phys-
ical interpretation of o. The entropy production is an absolute quantity.
It is invariant for transformations to other frames of reference, i.e. it is
“Galilean invariant”. Possible choices for the frame of reference will be
discussed in Sec. 4.4.

As mentioned above, we are dealing only with one-dimensional transport
problems in this book. That is, we consider only transport normal to the
surface. All densities and fluxes are assumed to be independent of the
coordinates along the surface and the vectorial fluxes are assumed to be
directed normal to the surface. These assumptions can be made because the
systems we consider are isotropic along the surface. A system is isotropic
if it is invariant for translation along the surface, for rotation around a
normal on the surface, and for reflection with respect to planes normal to
the surface.

Compression is a scalar phenomenon that couples to the reactions in
the bulk phases. This coupling is small, however, since density variations
relax on a time scale of the size of the system divided by the velocity of
sound. The assumption of mechanical equilibrium, grad p = 0, used to
derive Eq. (4.7), is therefore often valid, see [20] for a discussion of the
more general case. In the absence of compression, the compressional (bulk)
viscosity does not play a role.

Convection and shear flow will disturb chemical reactions and transport
of heat and mass, but do not couple to them directly. Convection and/or
shear flow can be described by non-equilibrium thermodynamics, see e.g.
[30,31], but will not be considered in this book.

4.2.1 Why one should not use the dissipation function

Consider three thermal reservoirs with internal energies U,, Uy, U, and
temperatures T,, Ty, T.. The reservoirs are in thermal contact and the
rates of change of these internal energies are

d Ua d Ub dUc

_ ab ac _ ba be _ ca cb
TR B Bt At
where Jgj = —Jgi is the heat flux from reservoir i to reservoir j. The total

internal energy U = U, + Uy + U, is conserved

U _dU, | dUy | dUe

dt — dt dt dt
The rate of change of the entropy of the reservoirs is given by the Gibbs
relation

ds; 1 .dU;
dt T, dt

for i=a,b,c
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The total entropy production is
dSiw _ dSa | dSy dS. 1 dU,  1dU, 1 dU.

dt dt ' dt | dt T, dt TbWJrTCdt

1 1 1 1 1 1
:Jab - Jac - ch - =
e (Tb Ta) * ! (Tc Ta) * ! <Tc Tb)

For the total dissipation function we obtain

_ ds, dSy dS. _ U, dU, dU,
V=Togr + gt egr =~ Yt

Linear force-flux relations follow in a straight forward manner from dSi,, /dt.
The total dissipation function is zero, however, and does not give any force-
flux pairs. Haase tried to save himself from this dilemma by multiplying the
entropy productions of all reservoirs with the same temperature. Haase [22]
(pages 161-164) chose the temperature of one of the reservoirs in a case with
two reservoirs. This procedure is unsystematic as the answer depends on
the reservoir chosen.

Also, exergy analysis (cf. Sec. 2.4) tells that the proper temperature
for multiplication with the entropy production is the temperature of the
environment. Correct linear force-flux relations are therefore obtained from
the entropy production, or equivalently from the lost exergy, but not from
the dissipation function.

4.2.2 States with minimum entropy production

When a system is close to global equilibrium, one may linearize the equa-
tions that describe the time evolution of the system. All the transport co-
efficients in Eq. (1.2) are then constant. Prigogine showed that stationary
states of discontinuous systems, maintained for instance by a temperature
difference, have a minimum entropy production [15]. This is sometimes
called the Prigogine principle. For stationary states far from global equi-
librium, the transport coefficients are no longer constant across the whole
system, and the stationary state has no longer a minimum entropy produc-
tion compared to non-stationary states [117,118].

In the design of industrial systems, it is fruitful to ask a different ques-
tion. We can ask for the path that a system must follow to obtain minimum
entropy production [119]. This question leads to an optimization problem
that is constrained by the performance, for instance by the composition
of the chemicals that are produced. The transport coefficients of the sys-
tem are then considered as given. The nature of systems with minimum
total entropy production dS;../dt has been studied extensively since 1982
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by Bejan and coworkers, see [84,85] (mostly mechanical systems) and by
Kjelstrup and coworkers since 1995, see [29] (mostly chemical systems).

Johannessen and Kjelstrup [91] found that much of the path of an op-
timal chemical reactor was characterised by constant local entropy produc-
tion, provided that the system had enough degrees of freedom to find this
path. This was called the highway hypothesis. In all cases, the entropy
production and not the dissipation function, was used as proper objective
function. Bejan [85] (page 227) showed that the state of minimum entropy
production was equal to the state of maximum power, contrary to other
claims [120], see also [29].

4.3 Examples

The exercises below illustrate how single contributions arise in the entropy
production. Some exercises are meant to illustrate the theory. The re-
maining give numerical and physical insight. Transport of heat at low
temperatures and chemical reactions give relatively large losses of work.

Exercise 4.3.1. Consider the special case that only component number j
is transported. The densities of the other components, the internal energy,
the molar volume and the polarization densities are all constant. Show that
the entropy production is given by

e Solution: In this case Eq. (4.10) reduces to

0s Oc;
o THigy =0

The rate of change of the entropy is therefore given by

ds  pjOcj

a T at
Now we use Eq. (4.3) for component j and obtain
Jds ;0 9 (i 9
_:__J,:_(_J)_J‘__J
o T oz  ox\T™ T0x T

Comparing this equation with Eq. (4.1) we may identify the entropy
flux and the entropy production as
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Exercise 4.3.2. Consider the case that only heat is transported. The molar
densities, the molar volume and the polarization densities are all constant.
Show that the entropy production is given by

a (1
"= ()

e Solution: In this case Eq. (4.10) reduces to

ou _0s
ot~ ot
The rate of change of the entropy is therefore given by
0s _ 10u
ot T ot
Eq. (4.7) reduces to
ou 9]
D
ot ox 17
By substituting this into the equation above, we obtain
ds 10 01 , 01

- —= —— :___/ -
ot~ Toaz’tT “axr’i T igeT

By comparing this equation with Eq. (4.1), we can identify the en-
tropy flux and the entropy production as

1 0 (1

Exercise 4.3.3. Find the entropy production due to the heat fluz through
a sidewalk pavement by a hot plate placed d = 8 ¢cm under the top of the
pavement. The plate has a temperature of 343 K, and the surface is in
contact with melting ice (273 K). The Fourier type thermal conductivity of
the pavement is 0.7 W/m K.

e Solution: Fourier’s law for heat conduction is J;, = —A(dT'/dx). The
entropy production per m? is rather large:

1 [ 174 0 /1 AT [ 1 1
z dr — = r 2 e = 222 (- =
d/o‘”” d/Oanx<T)I A <T2 T1>
(—70) [ 1 1

—_0. —

(0.08)2 \ 273 ~ 343

> =57 W/Km®

It is typical for heat conduction around room temperature that losses
are large.
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Exercise 4.3.4. Consider a system with two components (n = 2), having
dT'=0, dp =0, and dE.q = 0. Show, using Gibbs—Duhem’s equation, that
one may reduce the description in terms of two components to one with
only one component.

e Solution: Gibbs—Duhem, Eq. (3.27), gives:
crdpy + cadpe =0

The entropy production of Eq. (4.13) reduces for these conditions to:

oo (S _ 2| _adm
c1 C T Ox
The equation contains only one independent force. Energy is lost by

interdiffusion of the two components. We can also write this entropy
production by

- C1 8,&1
VR |TT o,

with vig = J1/c1 — Ja/co. This is the velocity of component 1 relative
to the velocity of component 2. Note that vi5 is independent of the
frame of reference.

Exercise 4.3.5. We are interested in the filtering of water (w) across a
sandy layer of 1 m at 293 K. Fuvaluate the entropy production for a water
fluz of 107% kg/m?s. The density of the sand at 293 K is p =1940 kg/m?
[121]. The volume of water per unit of mass is Vo, = 103 m3 /kg.

e Solution: The only contribution to the chemical potential gradient
is from the pressure (duS, = 0), so duwr = Vidp. The pressure on
water at a distance x from the surface is given by the weight of the
sand, p = pgzx. This gives duw 1/dx = Vi pg, and

1
0 = —JurVapg =65 107 W/ K m*

This value is considerably smaller than the value for transport of heat
across a pavement (see exercise 4.3.3).

Exercise 4.3.6. Give the details of the derivation of Eq. (4.15) from
Eq. (4.13).
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e Solution: We first rewrite the negative force as

=) -m @), 7 (B %

_ 19 10u; pi\ 0T

T ToT T\ Tor T T?) oz
10 1 oar 10

=TT ~ 3 (TSi + )

(109) 0P [ 10(6 - de)
*”(‘T&)*"&[‘T——@Tl}

By using J, = J; + 37, H;Jj, Eq. (4.15) follows.

o " ToatT
By substituting this result into Eq. (4.13), we obtain

" 0
o= Jq—ZHij %( ) ZJ( T 92 /LJT)
j=1

0

61

1

73_xf

Exercise 4.3.7. Derive the entropy production for an isothermal two-
component system that does not transport charge. The solvent is the frame

of reference for the fluzes.

e Solution: In an isothermal system, 9(1/7)/0x = 0. Furthermore,
there is no charge transport so that j = 0. Finally, the solvent is the
frame of reference, so Jsoipent = 0. There remains only one force-flux
pair, namely for transport of solute. Using Eq. (4.15), we then find

_ J Our

T Ox

for the entropy production. Using that ¢ > 0 it follows that the solute

will move from a higher to a lower value of its chemical potential.

Exercise 4.3.8. What is the entropy production for systems that are de-

scribed by Eqs. (2.1), (2.2) and (2.83)?

e Solution: Substitution of these equations into Eq. (4.15), setting the

reaction rate and the displacement current zero, yields

2
U_i(@T) +D3MT30+E<%
ox

. T Ox Ox

_ A (TN Dowr (e
T T2\ Oz T Oc \ Oz

=or+o,+0y
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Typical values in an electrolyte are: A = 2 J/msK, T" = 300 K,
dT/dx = 100 K/m, D = 1072 m?/s, dur/0c = RT/c, ¢ = 100
kmol/m3, dc/dz = 107° mol/m*, k = 400 Si/m, d¢/dxr = 1072
V/m. The resulting entropy productions are: o = 0.2 J/Ksm?, oy =
10713 J/Ksm? and o, = 107* J/Ksm®. Heat conduction therefore
clearly gives the largest contribution to the entropy production in
electrolytes.

Exercise 4.3.9. What is the first law efficiency n; for a Carnot machine?
Compare this efficiency with the expression for the entropy production of a
system that transports heat from a hot reservoir to the surroundings.

e Solution: The Carnot machine transforms heat into work in a re-

versible way. The efficiency is defined as the work output divided by
the heat input [97,122]. This efficiency is (T, — T;)/Th, where T}, and
T, are the temperatures of the hot and the cold reservoir, respectively.
If we do not use the heat to produce work, but simply bring the hot
and cold reservoirs in thermal contact with one another, one gets a
heat flow from the hot to the cold reservoir. The entropy production
for the whole (one-dimensional) path, with a cross section (2 is:

di;rr = Q/o(x)dx = Q/Jé(:v)% <ﬁ> dx

As there is no other transport of thermal energy, the heat flux is
constant and equal to d@Q/dt for a unit area. This results in

dSw o (1 oo (1
=0 5 (rg ) o= [ o ()

_odQ 1 1N dQ (Th —Tc\ _ ndQ
= (TC Th>_th<Tth)_QTCdt

The work lost per unit of time, T,.dSi,/dt, is identical to the work that
can be obtained by a Carnot cycle, Qn;(dQ/dt), per unit of time. This
can be used as a derivation of the first law efficiency of the Carnot
machine. This machine is reversible and has as a consequence no lost
work. This implies that the work done by the Carnot machine must
be equal to Qn;(dQ/dt).

Exercise 4.3.10. Consider the reaction:

B+C=D
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The driving force of the reaction is the reaction Gibbs energy:

AG =pp —pe— kB

In the absence of chemical equilibrium, there are three independent chemical
potentials. The contribution to o is:

[ AG
Ochem =T | — T

Derive this expression for Gcpem, assuming that the reaction takes place in
a reactor in which the internal energy is independent of the time.

e Solution: The n components of Eq. (4.3) are B, C and D. The balance
equations for mass have a source term from the reaction rate:

6CB 0

ot _817JB -
800

= T
aCD 0

E e

Using that the internal energy is independent of the time Eq. (4.10)
reduces to

ds < oc;
To + ;ujg =0

The rate of change of entropy is therefore given by

We substitute the balance equations in this expression, and obtain
s _pp [0 pc (0 pp [0
E—?<%JB+T)+? %JC—FT +? %JD—’I”

~aegy () =03 () + (7 + 7 =)



64 Chapter 4. The Entropy Production for a Homogeneous Phase

By comparing this equation with Eq. (4.1), we may identify the en-
tropy flux as

— _HBy _HC, _HD
Js == — T Jo = o

and the entropy production as
oo () () () (- 2),

By writing this entropy production as a sum of a scalar and a vectorial
part, 0 = Oyect + Tscal, WE find

e =i () = ez (F) =035 (7)
(/L_B K ,UD)T:_TATG

T ' T T T

Oscal = = Ochem

In this way, we find the vectorial contributions due to diffusion and
the scalar contribution due to the reaction.

4.4 Frames of reference for fluxes in homogeneous systems

In this section, we define the various frames of reference that are used
in homogeneous systems. We consider first the transformations between
different frames of reference for molar fluxes. We subsequently give the
definition of the heat fluxes in the different frames of reference.

4.4.1 Definitions of frames of reference

The laboratory frame of reference or the wall frame of reference. The ex-
perimental apparatus is at rest in this frame of reference. We define the
velocities of the various components in this frame of reference by:

JA = CAVA (4.18)

where cp is the concentration of A in mol/m3.
The flux of A (in mol/m? s) in a frame of reference which is moving
with a velocity vief relative to the laboratory is given by

JAref = CA(VA — Vref) (4.19)
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The solvent frame of reference. This frame of the reference is typical
when there is an excess of one component, the solvent. For transport of A
relative to the solvent one has:

JA,solv = CA (VA - Vsolv) and Vref = Vsolv (420)

The frame of reference moves with the velocity of the solvent, vgoly.
The average molar frame of reference. In a multicomponent mixture,
there is no excess of one component, and we use the average molar velocity:

1
molar = — v = iV 4.21
Vmol - ;CJVJ ;%VJ ( )

Here, x; = ¢;/c is the mole fraction of component j. This gives as flux
of A:

JA,molar =CA (VA - Vmolar) (422)

The average volume frame of reference is used when transport occurs
in a closed volume. The average volume velocity is

Vvol = Z CjV;‘Vj (423)
J

where Vj; is the molar volume of component j. The flux of A becomes
JA vol = €A (VA — Vvol) (4.24)

The barycentric (average center of mass) frame of reference. This frame
of reference is used in the Navier—Stokes equation. The average mass ve-
locity is

1
Vpar = p Z PV (4.25)
J

where p is the mass density of the fluid, and p; are the partial mass densities.
The flux of A in mol/m?s in the barycentric frame of reference is therefore

Jabar = €A (VA — Vbar) (4.26)

In the barycentric frame of reference, the dimension of the component fluxes
used is normally kg/m?s [20]. The flux in kg/m?s is found by multiplication
with M4, the molar mass, MaJa bar = pa (va — v). This is the diffusion
flux of component A. The sum of these diffusion fluxes (in kg/m?s) over
all neutral components is equal to zero.
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Remark 4.2. In our analysis we only consider electroneutral systems. The
sum in Eq. (4.25) is therefore over neutral components. In charged systems,
like those considered by de Groot and Mazur [20], the sum is over charged
and uncharged components. For electroneutral systems, this results in an
average mass velocity which differs from the one that we use by a term
proportional to the electric current density. We refer to the Appendiz at
the end of this chapter for an example.

In this book, we consider heterogeneous systems. As will be explained
in the next two sections, the excess entropy production of a surface and a
three phase contact line should be calculated in a frame of reference which
moves along with the surface or the contact line. We refer to these as
the surface frame of reference and the contact line frame of reference. For
practical reasons, the same frame of reference is usually taken for fluxes in
the adjacent homogeneous phases. As will be explained in Chapter 12, for
multi-component diffusion, one can use Gibbs-Duhem’s equation to obtain
flux-force relations, which are independent of the frame of reference. For
each example considered in this book, we shall indicate which frame of
reference is used and why.

4.4.2 Transformations between the frames of reference

In an electroneutral system, the electric current density j is independent of
the frame of reference. The measurable heat flux, J(;, is also independent of
the frame of reference. The total heat flux, the mass fluxes and the entropy
flux depend on the frame of reference. In the laboratory or the wall frame
of reference, we denote these fluxes by J,, Ji and J,. In any other frame
of reference they become:

n
Jq7rcf = Jq + Vrcfz CjHj = Jq + VrCfH
j=1

Jk,rcf = Jk + ViefCk (427)

n
Js,rcf = Js + Vrcfz Cij = Jq + VrcfS

j=1

All frames of reference defined above can be used for vief.

We consider in this book systems that are in mechanical equilibrium.
The hydrostatic pressure is then constant and there are no shear forces.



4.4. Frames of reference for flures in homogeneous systems 67

The Gibbs-Duhem’s equation for constant pressure is:

sdT + Y cjdp; =0 (4.28)

j=1

By substituting Jy rer, Jj rer and Js rer into Eqgs. (4.13)—(4.15), we find, using
Gibbs-Duhem’s equation, that the term proportional to v, gives a zero
contribution to the entropy production. This result is Prigogine’s theorem
[20].

Gibbs—Duhem’s equation gives a possibility to eliminate a thermody-
namic force. Galilean invariance gives a possibility to eliminate a mass
flux. One property is a consequence of the other, as we have seen above.
De Groot and Mazur [20] used systematically the barycentric frame of ref-
erence, because they also treated hydrodynamic phenomena. In this frame
of reference, the sum of the mass (diffusion) fluxes is zero (see above). The
total heat flux J; bar equals the heat flux J; used by de Groot and Mazur.

4.A Appendix: The first law and the heat flux

The purpose of this appendix is to show how the description of de Groot
and Mazur is compatible with the one used in this book. The analysis uses
as starting point Chapter XIV in de Groot and Mazur [20]. We restrict
ourselves to the case that the magnetic field and the magnetization are
zero. The system is also electroneutral. As a final simplification we shall
assume the system to be in mechanical equilibrium. The last simplification
leads to a form of the first law appropriate for the systems described in this
book, Eq. (4.7). Vectors shall be indicated by bold letters in this appendix,
meaning that they have an arbitrary direction, rather than being restricted
to the z-direction as in most of the book.

For a system in which there are no magnetic field or magnetization, the
Maxwell equations (in SI units) can be written as

godivE = —divP

0 . 0
EQEE =] EP

where €y is the dielectric constant of vacuum, E the electric field, j the
electric current density and P the polarization density (in C/m?).
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For the molar density of component j, we have the following conserva-
tion equation
8Cj
ot
where v; and J; are the velocity and the molar flux of component j. The
potential energy density satisfies

0 .
En ey =—div > d; | +> 3 F; (4.31)
j j j

= —div(¢jv;) = —divd; (4.30)

where 1); is the potential energy per mole of component j, and F; = — grad
1; is the external force acting on component j, due to this potential. For
the energy of the electric field, we have

o (1 0 o
o ( eoE ) =B E=—E (J—I—atP) (4.32)

where we used the third Maxwell equation, Eq. (4.29¢). Adding the last
two equations results in

1 .
Dot + 58032 = —div) _¥;J;
i i

—E-<J+ P) ZF - J; (4.33)

Integrating this relation over a time independent volume V, gives

1
chwj + §€0E2 dr = —/ ijjj)ndo
J o

—/V E. (_H— P)+ZF -Jj| dr

(4.34)

where O is the surface of the volume, dr = dxdydz is the volume element,
and subscript n indicates the component of a vector normal to the surface.
This expression shows that the sum of the potential and electromagnetic
energies changes due to two terms. The first gives the potential energy
losses from mass flow through the surface. The second term describes the
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energy conversion inside the volume. The above expression for the time rate
of change of the sum of the potential and electric field energy follows from
conservation of mass and the Maxwell equations. No energy conservation
has yet been used.

The total energy density per unit of volume, e, also contains the internal
energy density per unit of volume u. We therefore have

1
e=u+ ZCJ”/’J’ + §€0E2 (4.35)
J

In the description in this book we use fluxes in the laboratory frame of refer-
ence. We do not use fluxes in the barycentric frame of reference. Therefore,
we do not subtract kinetic energy from e in order to get u. As the total
energy is conserved, one has

% = —divJ, (4.36)
where J is the total energy flux. In order to proceed, we need an expression
for the total heat flux.

Consider the example of an electrolyte solution of NaCl. The salt is
completely dissociated into ions and due to the reactions at the electrode
surfaces, the chloride ion carries the charge. The system is electroneutral
and as a consequence

Ccl- (I', t) = CNat (I‘, t) = CNaCl (I‘, t) (437)

The time rate of change of these concentrations is given by

JcNa . .
Cgt A divdg- = — divIy,- (4.38)
The electric current density is
J=F(Ina+ —Jar-) (4.39)

where F' is faraday’s constant. Together with Eq. (4.38) it follows that
divi=0 (4.40)

This also follows from the electroneutrality condition. Given that the
sodium ions only move as part of the salt, it follows that the ion fluxes
are given by
J
Jnat =INacr and  Jg- = Inac1 — T (4.41)
in terms of the salt flux and the electric current density.
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The energy flux in the laboratory frame of reference consists of potential
energy which flows along with the molar fluxes, energy of the charge carrier
which is carried by the electric current density and of the total heat flux in
the laboratory frame of reference

j
Jo = 0l — nor 5+, (4.42)
J

In order to see how the first law of thermodynamics reads for the internal
energy, we subtract Eq. (4.33) from Eq. (4.36) and use Egs. (4.35) and
(4.42). This results in

u : Hai—\ . 9
o = —divI, + (B + grad 24 )-J+EEP+;FJ 3 (4.43)

The electric field is equal to minus the gradient of the Maxwell potential
E(r,t) = — grad¢(r,t) (4.44)

The ¢-potential we use in Eq. (4.7) is equal to

o(r,t) = ¥(r, 1) — “CVT(”) (4.45)

This is equal to minus the electrochemical potential of chloride ions divided
by the charge of a mole of chloride ions. Electrochemical potentials were
first defined by Guggenheim [63,95]. Using this potential, Eq. (4.43) can
be written as

ou . . 0
a:—dlv.]q—grad(bj—l—E-EP-l-;Fj~Jj (4.46)
Integrating this relation over a time independent volume V' gives

d
— udrz—/ Jg,ndO
dt Jy o

) 0

This is a more familiar form of the first law. The internal energy changes
due to a total heat flux through the surface. The volume integral contains
work added to the system. The first term is the electric work added, and
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the second is the work done by the displacement current. In the absence
of external forces, and with one-dimensional flow conditions, Eq. (4.46)
reduces to Eq. (4.7). Though we restricted the analysis to an example, the
result is generally valid. We also refer to Sec.10.6 in this context.

To further compare our analysis with that of de Groot and Mazur, we
verify that the barycentric velocity in a description using charged compo-
nents differs from that in a description using uncharged components, i.e.
when the system is electroneutral. We do this for the example above, NaCl
in water. The barycentric velocity in the description using charged compo-
nents is

yeharged _ Myot+ Inat + Mci-Jar- + Mu,0dn,0
Myatcnat + Mear-car- + Mu,ocm,0

Myat+INact + Mey- (JNaCI - %) + Mu,odn,0

Myat+cnat + Mer-car- + Mu,ocn,0

Myac1INact — Mgy~ + Mu,o0Jn,0
MnacieNact + Mu,ocH,0

_ MyaciInact + Mu,0dH.0 M- J
MnacicNact + Mu,oc,0 MNacienact + Mu,oc,0 I
_ Vunchargcd _ MC]7 j (4 48)

MnacicNact + Mu,ocn,0 F

The electric current does not only carry charge, but also mass. This gives a
difference between the barycentric velocities calculated using only neutral
components and the one calculated using charged components. As we do
not use flures in the barycentric frame of reference in this book, this does
not lead to any complications in our analysis.

Also the measurable heat flux is different in the two descriptions. We
have

Iche d
Jg 0 =Jg = hxat Ina+ — ha-Jar- — hu,0du,0

=J4 — hnvaciINact — hu,0dm,0 + hcr%

uncharge j
= Jymeharged 4 oo i (4.49)
The difference is the enthalpy of the charge carrier carried along by the

electric current. We note that J, and Js, both in the laboratory frame of
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reference, are the same whether one uses charged or uncharged components.
In view of the fact that hq- is not measurable it is appropriate to call
J uncharged ag measurable. De Groot and Mazur named J5 charged the reduced
heat flux.

Finally, we show, again for the same example, that both descriptions
give the same entropy production. To simplify the system further we ne-
glect the contribution due to the displacement current. This is the case
considered by de Groot and Mazur [20] in Chapter XIII. On page 344 in
Eq. (40) they give the entropy production in a system with no magnetic
field,

o=-Js-gradT — Jyu+ - (grad una+ — FE) — Jep- - (grad pey- + FE)
— JHQO . grad HH,0 (450)

In the analysis of de Groot and Mazur all fluxes are in the barycentric frame
of reference. For a system in mechanical equilibrium, one may replace all of
them by their value in the laboratory frame of reference. The difference is
a term which is zero, according to Gibbs—Duhem’s equation. The fact that
the expression is correct in an arbitrary frame of reference if the system is in
mechanical equilibrium, is called Prigogine’s theorem [15]|. Using Eq. (4.41)
for the ion fluxes, we obtain

To=—Js-gradT — Inaci - grad pina+ for-

— Jn0 - grad o + % - (grad jigy- + FE)

F

= —J;-gradT — Jnac1 - grad pinact — Ju,0 - grad pa,0 — j - grad ¢
(4.51)

This is the expression we gave in Eq. (4.14) for the case that there is no
polarization and no chemical reaction.



Chapter 5

The Excess Entropy Production for
the Surface

We derive the entropy production for a surface area element. The en-
tropy production determines the conjugate fluxes and forces. FEquivalent
forms of the entropy production are given. The forms contain finite differ-
ences of intensive variables into, out of and across the surface as driving
forces.

We are interested in the energy conversion that takes place at surfaces.
The surface has a thickness that is small compared to the thickness of the
adjacent homogeneous phases. The thermodynamic properties of the sur-
face can then be defined using Gibbs method, as surface excess densities
of mass, entropy, energy and polarization, see Chapter 3. Following Be-
deaux, Albano and Mazur [2,3] and Bertrand and Prud’homme [59,60], we
shall now make the crucial assumption that surface excess densities can be
defined, and thermodynamic relations remain valid, also when the system
is out of equilibrium. That is, we assume local equilibrium in the surface,
cf. Sec. 3.5.

We are seeking a systematic way to set up equations of transport for
heat, mass and charge into, out of and across such autonomous surfaces.
Such equations will allow us to model, for instance, electrochemical reac-
tions or phase transitions, phenomena that need a surface to occur. In
the homogeneous phases, the variables are continuous. In contrast, at
the surface, we have a discrete situation with fluxes directed into and out
of the surface. The surface may act as a source of heat or energy, and
fluxes may be discontinuous. The situation is typical for phase transitions,
distillation, heterogeneous catalysis, electrochemical reactions to name a
few [38,61,123-125]. We shall not consider transport along the surface.
For this we refer to [2,3].

73
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We stated in Chapter 4 that the second law must apply to any volume
element of a homogeneous phase. This statement is now extended to the
surface area element, with the entropy balance

G sr (1) = T + T2 (0) = 0°(1) 2 0 (5.1)
Here, ds®(t)/dt is the rate of change of the excess entropy density per unit
of surface area. This is equal to the entropy flux into the surface, minus the
entropy flux out of the surface, plus the excess entropy production, o*(t).
The asymptotic value of the entropy flux in phase i, J°(t), is directed into
the surface, while the entropy flux in phase o, Ji(t), is directed out of
the surface, see Fig. 5.1. According to the second law, this excess entropy
production is positive for the surface.

We use straight derivatives, because the excess surface entropy depends
only on the time, not on the position. The first roman superscript gives
the phase; i, s or o in this case. The second superscript, o or i, indicates
the phase across the surface. The combination i,0 means therefore the
value in phase i as close as possible to the o-phase at the interface. The
notation is also illustrated in Fig. 5.5. Balance equations of the form (5.1)
can be derived from a continuous description, as was done by Albano et
al. [106,126], or using non-equilibrium statistical mechanics as was done by
Ronis et al. [127,128].

A short overview of the objectives and the methods used was given by
Bedeaux and Kjelstrup [61].

5.1 The discrete nature of the surface

On a macroscopic scale the surface is two-dimensional. In Fig. 5.1, we give
an enlarged picture of the surface using a nanometer scale. On this scale
the surface area element appears as a volume element with thickness 6. On
the nanometer scale the fluxes in the homogeneous phases are in very good
approximation constant, and we may therefore define the asymptotic values
of these fluxes by:

Jet) = Jia,t) and  JOH(t) = JO(b, 1) (5.2)

where a refers to the start, and b refers to the end of the surface, see Fig. 3.2.
We shall find explicit expressions for o°(t), along the same lines as for
o(x,t) of the homogeneous phase in Chapter 4 by combining:

e mass balances

e the first law of thermodynamics
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ds®/ dt
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Figure 5.1 The change of the excess surface entropy density due to entropy
fluxes in and out of the surface and entropy production in the surface. The
surface thickness, 6 = b— a, is small compared to the thickness of the adjacent
phases.

e the local form of the Gibbs equation.

We shall see that also o°(t) can be written as the product sum of thermo-
dynamic fluxes and forces in the system. These are the conjugate fluxes
and forces for the surface. The fluxes and forces will be used in subsequent
chapters to describe transports across and into the surface in various hetero-
geneous systems. Again, we choose the positive direction of transport from
left to right. The fluxes in this chapter are always in the surface frame of
reference, which is the frame of reference in which the surface is at rest. In
other frames of reference, see Sec. 4.4, the balance equations for the excess
densities, like Eq. (5.1) for the excess entropy density, have to be modified
with terms linear in the velocity of the surface [2-4]. We recommend to use
the symbol list for a check of the dimensions in the equations.

5.2 The behavior of the electric fields and potential through
the surface

The excess entropy production of the surface can contain electric driving
forces. We define here the excess electric field F° and excess polarization
P?. The normal component of the homogeneous displacement field, D, is
continuous through the surface in an electroneutral system. The displace-
ment field therefore has no excess, D®* = 0. The normal components of E
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and P both have a peak in the interfacial region. From D® = ¢q E*+ P° =0,
it follows that g E® = — P, where ¢ is the dielectric constant of vacuum.
One must use the constant displacement field, rather than the strongly
varying electric field, in the driving force for polarization changes of the
surface (see Refs. [3,5,6,126] for more fundamental reasons). The fields
and the polarization density are perpendicular to the interface. Compo-
nents of these vectors parallel to the surface are not the topic of this book.

E/Vmt E/Vmt A L £°50

L

9/V A

\

P/Cm P/Cm
H—P°<0

D/Vm1

x/m

Figure 5.2 The various electric fields, polarizations and electric potential at
an unpolarized (left) and a polarized (right) electrode surface.

The various electromagnetic fields and potentials through a surface
are illustrated in Fig. 5.2. To the left in the figure is shown the elec-
tric field, the electric potential, the polarization and the displacement field
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in the absence of excess surface polarization. The right part of the fig-
ure shows the modifications due to excess surface polarization and electric
field. The excess electric field, or equivalently the excess surface polariza-
tion, results in a jump in the electric potential. The displacement field is
not modified.

Bedeaux and Vlieger wrote a book entitled Optical Properties of
Surfaces [5,6] using a description of the surface in terms of E® and Ps.
This book contains an in-depth discussion of the behavior of electromag-
netic fields near surfaces.

5.3 Balance equations

The adsorption I'; of component j increases when the influx of j is larger
than the outflux or when a chemical reaction produces the component:

d i i ,
El—‘j (t) = J;’O(t) - J;’l(t) + VjT‘b(t) (53)
The asymptotic value of the flux of j from phase i into the surface is J Ji-’o(t),
while the asymptotic value of the flux out of the surface into phase o is
J;"(t), cf. Fig. 5.3. The excess chemical reaction rate in the surface element
is 75(¢), and v; is a stoichiometric constant. The surface is again the frame
of reference for the fluxes.

At electrode surfaces, there is always a discontinuity of charge carrier
from electron to ion. The electrode reaction describes this change. The
reaction Gibbs energy is

AGE(t) = Z Vi1 (5.4)

where the sum in Eq. (5.4) is over all species involved in the reaction. In
our description of the surface we shall also need the contribution to the
reaction Gibbs energy due to the neutral species

MG = Y v (5.5)

J € neutral

where the sum in Eq. (5.5) is only over the neutral components. The
difference between A, G° and the usual expression A,G®, is due to the
chemical potentials of ions and electrons. We explain why we need A, G5(¢)
in Secs. 10.6-10.7.

The surface may be polarized and include a double layer. Including the
double layer, the surface is still electroneutral. The thermodynamic state
of the surface is determined using absorptions of neutral components only.
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dr, /dt i
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U SR
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Figure 5.3 The mass balance for a surface with a chemical reaction r®, ac-
cording to Eq. (5.3). The surface has a thickness § = b — a.

The balance equation for the excess charge, 25(t), in the surface is

G20 = 50— 720 (56)

where j°(¢) is the asymptotic value of the homogeneous electric current
from the adjacent phase i into the surface and ji(t) is the asymptotic
value of the homogeneous electric current from the surface into the adjacent
phase 0. We can and will always choose the surface so that it has no excess
charge density. The surface thus includes, for instance, the polarization
due to the electric double layer in an electrolyte. This polarization can be
calculated for instance using the Debije-Hiickel theory. When 2%(¢) = 0,
the electric current density is constant through the surface, j°(t) = j*i(t).
Electroneutrality in the homogeneous phases means that the electric current
densities are independent of the position. We obtain j°(t) = j'(¢) and
j4(t) = j°(t), and conclude that the electric current density is independent
of the position throughout the system

7t = 5°(t) = j(t) (5.7)
Exercise 5.3.1. Derive Eq. (5.3) using Fig. 5.5.
e Solution: In Fig. 5.3 we see that the change in the number of moles

of a component is due to the flux in of this component at position a
and out at position b of the surface area element. One has therefore

%N;(t) = Qb 1) — JH(a,1)] £ Qb — a)yr(t)
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where (2 is the surface area orthogonal to the flow direction (the fluxes
are per unit of surface area) and r is the reaction rate per unit of
volume between a and b. By dividing this equation left and right
by the (time independent) surface area, defining r°(t) = (b — a)r(t)
and identifying Ji(a,t) = J;°(t) and J7(b,t) = J;"(t), we obtain
Eq. (5.3).

Remark 5.1. The surface does not have to be microscopically thin to qual-
ify as a surface in the Gibbs sense. The only important condition is that
the homogeneous regions adjacent to the surface are much thicker than the
surface and that the variation in parameters like the temperature or the
potentials over a distance comparable to the surface thickness in the homo-
geneous regions is comparatively small.

The first law of thermodynamics for the electroneutral, polarizable sur-
face is:
du®(t)
dt

= JEo(t) — TgHE) — J(B[6% (1) — 60 (1) + %t)dlzt(t)

(5.8)

The time rate of change in the excess energy density of the surface, v, is
given in this equation by the asymptotic value of the total heat flux from the
adjacent phase i into the surface from the left, J(iz"’, minus the asymptotic
value of the total heat flux out of the surface into the adjacent phase o,
ngi, the electric work per area done to the surface, —j(¢*' — ¢"°), and the
polarization work done per area, (D/e,)(dP®/dt). In this last term, dP*®/dt
gives a non-faradaic contribution to the current due to the changing dipole
moment of the surface. The electric current density through the adjacent
homogeneous materials and the surface is j, and ¢! and ¢'*° are the electric
potentials in the homogeneous phases close to the surface.

The energy change in the surface is illustrated in Fig. 5.4. The work per
unit of time due to a change in the polarization, for instance of an electric
double layer, leads to measurable changes in the electric potential difference
across the system.

5.4 The excess entropy production

The Gibbs equation in its local form, (3.29), is

D.
daps (5.9)
€0

du® = T%ds® + Z ﬂj‘dl—‘j +

j=1

The energy change due to polarization changes for surfaces can be large.
An example is the polarization of an electrode due to the double layer of
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Figure 5.4 The energy change in the surface with fluxes of energy,
cf. Eq. (5.8), and of electric current.

an electrolyte. The polarization is in general a sum of a number of contri-
butions. All these contributions should be taken into account as separate
contributions in the above expressions, with their own equilibrium displace-
ment fields. For ease of notation we restrict ourselves to only one such
contribution. From here on, the time dependence shall not be explicitly
indicated. The time derivative of the entropy density is:

ds* 1 du® ", .dT 1 Deq dP®
> “ Z p—d - = (5.10)

dt TS dt T Ts g9 dt

By introducing Egs. (5.8) and (5.3) into Eq. (5.10), and comparing the re-
sult to the entropy balance Eq. (5.1), we find the excess entropy production:

o1 1 (1 L woope
s — Jho | . _ Joii I Jl_,O _ | =2 J
g q (Ts Tl,o) + q (To,l Ts) +J:Zl J (Ts Tl,o)
+ZJ01 +,] _i((bo,i_d)i,o)
Ts

dPs [1 (D~ D, A
+— [T— (750 )}M( TSAnG) (5.11)

All the fluxes in this equation are in the surface reference frame. We may
alternatively write this expression using the entropy fluxes. From Egs. (4.8)
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and (4.12), we have

Jq(‘rvt) = T(.’L‘,t)JS(I,t) + Z/‘j(xvt)‘]j(xvt)

n

= Ji(,t) + > Hj(,t)J(x,t) (5.12)

Jj=1

Using this equation on both sides of the surface gives
; i Ai sT i As oT - i Ai sHj
s — Jho [ — ’ Joi | — ’ Jl_,O _ S
P () o () e ()
51 S,0 . 1
+ZJ° (— “7> +3 [—ﬁALOqS}

dP* [ 1 (D — Deg 1
o [F( €0 >}+T <_FA"G) (1)

where the entropy flux in the nearby phases is given by

JS(‘T7t) = T(I,t) Jq(ZC,t) - J:Zl/l’ (LL' t)J (LL' t)
;)) + Zsj(:zr,t)Jj (2,t) (5.14)

Furthermore, we give the form of ¢® which we are going to use most often.
It is obtained by replacing the total heat fluxes by the measurable heat
fluxes, using Eq. (5.12):

1
—Ai,suj.ﬂTS)]

. 1 ) 1 noo.
s _ 7oA, /0,1 = Lo [ _
0° = JPO N+, AS,OT+;JJ. [ 7

ZJ‘“ [— Aol (TS)] +j (—%Ai,(@)

dPs [1 (D — Dy, 1 .
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When we describe heat, mass and charge transport it is sometimes con-
venient to use the energy flux J, (see e.g. Chapter 19) which is defined
by
Ju(z,t) = Jy(z,t) + ¢(,t)j = Ji (2, 1) + ZHj(:v, t)J;(z,t) + d(x,t)j
j=1
(5.16)
The excess entropy production then becomes

aS_Jjj’<A ;)+J°‘( )+ZJ”’( AIS“J)
- ;J;’i (—2u0k2) +i (—Aﬁ)

dP* [ 1 (D — Deg 1
BT [ﬁ( €0 >]+T <_FA"G) (547

All fluxes in the equations for the excess entropy production are in the
surface frame of reference.

Remark 5.2. The excess entropy production is independent of the frame
of reference. We can derive expressions for other frames of reference, but
the resulting expressions are complicated and not needed for applications in
this book. Ezpressions valid in an arbitrary frame of reference can be found

in references [2—4, 60, 129].

Remark 5.3. In this chapter we use J*° and T°*, and not J* and T°,
when we mean the value of this quantity next to the interface. In subsequent
chapters we shall, when this is not confusing, drop the second index in order
to simplify notation.

Remark 5.4. In a given situation, we choose a form of the excess entropy
production that is practical. Integration through the surface is simplest with
constant fluxes, so a form with constant flurzes can be convenient in some
cases. When the aim is to describe calorimetric measurements, one has to
use the measurable heat fluz.

Equations (5.13) and (5.15) introduced the notation for jumps in a vari-
able at the surface. Using the temperature as an example:

AT = Toi — Tho
AT =T° —Tho (5.18)
AgoT =T — T



5.4. The excess entropy production 83

Figure 5.5 Standard notation for transport across surfaces.

The differences of the surface chemical potentials at constant temperature
are given in terms of the values in the homogeneous phases close to the
surface, in the points a and b, at the temperature of the surface:

Aispyr(T®) = p3(T%) — pb°(T*)
Asoptyr(T%) = p$H(T%) — 5 (T%)

A subscript T indicates a chemical potential difference at a constant surface
temperature. Each jump is written as the value to the right minus the value
to the left. This choice gives the jumps the same sign as the gradients in the
homogeneous phases for increasing or decreasing variables. The subscripts
of A refer to the two locations between which the difference is taken. The
notation is further illustrated in Fig. 5.5.

It is interesting to compare Eqgs. (5.11), (5.13), (5.15) and (5.17) with
Egs. (4.13)—(4.15) and (4.17), that we use for the homogeneous phase. The
gradients of the temperature and the chemical potentials have been replaced
by jumps of these variables into and out of the surface, the fluxes are the
same. The gradient of the electric potential has been replaced by a jump
across the surface. These replacements represent the discrete nature of the
surface and are typical for transport between different homogeneous parts
of a system [130].

(5.19)
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Most of the contributions to the excess entropy production of a planar,
isotropic surface given above are due to fluxes of heat, mass and charge in
the homogeneous phases outside the surface. The contribution from the
chemical reaction is, however, a specific surface contribution. For further
details, we refer to Sec. 7.5 [3,4,60,129]. At the surface, the system is
no longer isotropic in the normal direction, so that all the normal fluxes,
unlike in a homogeneous phase, are scalar under rotations and reflections
in the plane of the surface. We therefore have coupling between chemi-
cal reactions and such fluxes of heat, mass and charge at a surface. Mass
transport fueled by energy from a chemical reaction is called active trans-
port in biology [24,52]. The coupling that takes place between scalar fluxes
at the surface makes transports in heterogeneous systems different from
transports in homogeneous system.

We need a common frame of reference for the fluxes when we want to
describe transport in heterogeneous materials. In electroneutral systems,
the electric current density, j, is constant throughout the system and inde-
pendent of the frame of reference. Mass fluxes, on the other hand, depend
on the frame of reference. The frame of reference that gives a simple realis-
tic description of the surface is the surface itself. In this frame of reference,
the observer moves along with the surface. If the surface is at rest, so is the
observer. This is then also the laboratory frame of reference. It is difficult
to describe the surface processes, without using the surface as a frame of
reference. The natural choice of the frame of reference for a heterogeneous
system is therefore the surface frame of reference. All expressions for the
entropy production of the surface, contain fluxes relative to this frame of
reference. We shall proceed to use this frame of reference also for the ad-
jacent homogeneous phases, when nothing else is stated. For a definition
of the various frames of reference, and transformations between them, we
refer to Sec. 4.4.

The excess entropy production is independent of the frame of reference,
and so are the notions, reversible and irreversible. They are in other words
invariant under a coordinate transformation. We may therefore convert all
fluxes and conjugate forces from any frame of reference to the surface frame
of reference and back without changing the entropy productions, o', ¢®
and o°.

5.4.1 Reversible processes at the interface and the
Nernst equation

The expression for the excess entropy production contains information
about the interface at equilibrium. Take as an example an electrode surface.
At equilibrium, the excess entropy production is zero. Using Eq. (5.15)
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as a starting point, we see that the equilibrium conditions are constant
temperature

T =T% =T" (5.20)

equilibrium for adsorbed components;

PO (T®) = i (T°) = u (1) (5.21)
and constant polarization
aps
=0 5.22
p (5.22)

During an emf measurement, very small electric currents are passing the
electrode. The constant current means that the electrode reaction is also
constant, and r° = j/F. By introducing these conditions into Eq. (5.15) the
remaining terms combine to

—[Aiod + AnG/F](j/T°) =0 (5.23)

meaning that
Aiop=—-A,G°/F (5.24)

The reversible process is characterized by a balance of forces. The electrical
force is balanced by the chemical driving force. The equation is the Nernst
equation. It is written for the surface alone. The choice of variables in
the excess entropy production, means that we can calculate the surface
potential drop, since all contributions to A, G® are well-defined and often
accessible in thermochemical tables.

Remark 5.5. The value of A; ,¢ depends on the standard state that is
chosen for the chemical potential of the neutral components. It is thus not
an absolute quantity. When the potential difference is calculated between
two electrodes, this arbitrariness disappears, if care is taken to use the same
standard states, see Appendix 3.A.

Remark 5.6. The description using absorptions of neutral components
only is equivalent to a description using both charged and uncharged compo-
nents. This can be seen from the contribution [j(—A; 0@) + r°(—A,G®)] /T*
when j/F = r°. The difference $°-¢* is equal to the Mazwell potential differ-
ence °- V* plus the sum of the chemical potentials of the charge carriers di-
vided by Faraday’s constant. This gives N; o¢+A,G°JF = A, o0+ A, G*/F
where A.G* is the total reaction Gibbs energy, cf. Eq. (5.4). The Nernst
equation for the Maxwell potential difference obtains thereby its more usual
form. This shall be shown in Sec. 10.7. See also Appendix 4.A.
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Away from equilibrium also other forces in the expression for o° con-
tribute to Aj¢. In addition to a concentration overpotential (u}°(T®) #
15 (T*)), there can be a thermal overpotential (7% # T*). The important
reaction overpotential, the resistance of the chemical reaction to charge
transfer, can only be described in its linear regime with the theory of this
book. In order to describe the activated process with a thermodynamic
basis, we need to introduce so-called internal variables and extend non-

equilibrium thermodynamics to the mesoscopic level, cf. Sec. 1.1 [51].

5.4.2 The surface potential jump at the hydrogen electrode

The hydrogen electrode is used to build standard electrochemical tables.
The electrode reaction is

1
§H2(g) =H"+e (5.25)

The standard reduction potential of the hydrogen electrode is set to zero,
and other electrode reactions are measured with reference to this value. At
standard conditions the hydrogen pressure is 1 bar. According to Eq. (5.24),
the surface potential jump is given by the standard chemical potential of
hydrogen gas, which is zero by definition

1

Aa,e(b(HQ) - _ﬁ

py, =0 (5.26)
At any other pressure, the surface potential drop from the anode (a) to the
electrolyte (e) becomes

1 1
Aa,e(b(H?) = _ﬁqu = _ﬁ(

pity, + RT npy, /p°) (5.27)
This expression shall be used in Chapter 19 to calculate the surface potential
drop at the anode of the fuel cell. The value of A, c¢(Hs) for the anode in
the polymer electrolyte fuel cell, where the electrolyte is an acid membrane
is 0.23 V at 340 K and a hydrogen pressure of 0.76 bar, see Figs. 19.3 and
19.4.

Out of equilibrium, when the electric current density may become size-
able, temperature differences may arise, and the other terms in the entropy
production may become important. All forces and fluxes in Eq. (5.15)
are coupled. The coupling of these phenomena is further described in the
applied part of the book.

Remark 5.7. The advantage of using A; ,¢ is its relation to measurable
quantities, as discussed by Guggenheim [63, 95]. The alternative form of
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the Nernst equation includes chemical potentials of ions, which cannot be
measured. The meaning of the term —jA; ,¢ comes from Eq. (5.8). The
product is the electric work done to the interface when the current j is
passing the cell. In the absence of an external circuit and an electric current,
the term disappears from the entropy production.

Remark 5.8. When the standard reduction potential for hydrogen is ex-
pressed in terms of the Mazwell potential jump, the convention M?Lﬁ +M2— —
%u([){z = 0 is used to construct standard tables of reduction potentials.

5.5 Examples

The details of the derivation of the excess entropy production is illustrated
by the following exercises.

Exercise 5.5.1. Consider the special case that one component k is trans-
ported through an isothermal surface. The densities of the other compo-
nents, the internal energy, the molar surface area and the polarization
densities are all independent of the time. Show that the excess entropy
production is given by

s 3,0 1 s 2,0 0,1 1 0,1 s
ot =Jy [—ﬁ (uk—u;; )] +Jy {—ﬁ (uk’ —uk)}

e Solution: In this case, Eq. (5.10) reduces to

ds® dFk
T° =0
ar T
The rate of change of the entropy is therefore given by
ds® pg, dl'y

_ _ PR R JIO Jo,i s)
dt Ts dt TS( BT

where we substituted Eq. (5.3). Setting r}, = 0 one obtains

ds® i,0 0,1
P G

[Li’o [Lo’i L [Li’o ‘uo B 1
- k i,0 k 0,1 i,0 k k 0,1 k k
- Ts Jk + Ts Jk o Jk (Ts Ts ) o Jk < Ts Ts)

i i i, 1 i, 0,1 1 S
= Js7o_’]§7 +Jko |: Ts (Mk ko):| +Jk |: Ts (uk - M ):|

By comparing this equation with Eq. (5.1), we can identify the wanted
excess entropy production.
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Exercise 5.5.2. Consider the special case that only heat is transported.
Show that the excess entropy production is given by

. 1 1 . 1 1
L J/l,o I i J/O,l _
g q (Ts Tz,o) + q (T0,7. Ts)

e Solution: In this case Eq. (5.10) reduces to

du® ds®
=T°"—.
dt dt
The rate of change of the entropy is therefore given by
ds® 1 du®
dt — Ts dt’
Eq. (5.8) reduces to
du® 1,0 10,i
o I
By combining the three equations, we obtain
ds® 1 1 10,1
dt :ﬁ(Jqo_Jq )

1, 1 ; ; 1 1 ; 1 1
_ _ Jll,o _ _ J/O,l Jll,o - Jlo,l N —
Tio " 4d Toi "4 + q (Ts Ti0 ) + q (To,l Ts )

. S T 11
=J0 =IO T (T— - ﬁ) +Jg (To,i - T—>

By comparing this equation with Eq. (5.1), we can identify the excess
entropy production.

Exercise 5.5.3. Consider stationary state evaporation of A from a solu-
tion. The fluz is 1.6 10~% mol/m?s. The other component does not evap-
orate. The concentrations close to the surface are ¢, = 0.05 kmol/m™3
on the liquid side, and ¢4 = 0.01 kmol/m™> on the gas side. What is the
excess entropy production in the surface?

e Solution: At stationary state, there is no accumulation of A in the
surface and J,° = Jy". When the temperature is constant, the excess
entropy production is

s 0 I i0 i T oi
o® = Jy |:_ﬁ(MA_MA )} +J3 [—ﬁ(uA —uA)]

1 Py ;
= Ja {__ (uj;‘ — u;f)] = JARIn Z—A =2.1x 107" W/Km”
A
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The excess entropy production is no direct function of the tempera-
ture. In order to compare the surface excess entropy production to
the one in homogeneous phases, we divide this value with the thick-
ness of the surface, which is order of magnitude 10~ m. The result
is very large compared to i.e. the one we calculated in Exercise 4.3.3.
This shows that the interface is relatively speaking the source of much
entropy production.

Exercise 5.5.4. Derive Eq. (5.15) from Eq. (5.11).

e Solution: We have

A (%) ”2(?:5) _ ;Lij”;gii,o)

i5(T%) (1) . pO(T%) (1)
Ts Ts Ts Ti,o

_ 1A i + 0 iJjO (Ts Ti,O)
St ar T )

1 1 . 1.0 )
= —Aigir — | S L ) (10 - T
Ts DisHi, T (Tl,o i T (Tl,o)2> ( )

1 i 41'0 S 1
T Aispyr + <SJ‘ T Ti;o) T Ais (T)
1 i Ts 1
= —Asltj HX | =— | Ais | =
Ts ST (T> ’ (T)
We can assume that, T° ~ T", so that

1] 1 i,o 1
Ai:s(_):_Ais j > Ais =
s\p) = sk HT S (T)

By substituting this result, and the analogous result for the other side
of the surface, for all components into Eq. (5.11), using the definition
of the measurable heat fluxes on both sides, we obtain Eq. (5.15).
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Chapter 6

The Excess Entropy Production for a
Three Phase Contact Line

We derive the excess entropy production for exchange of heat and mass with
a straight three phase contact line. The entropy production determines the
conjugate thermodynamic forces and fluxes. We formulate an extension of
Young’s law for surfaces that are not in equilibrium with each other.

In a three phase system, we distinguish three homogeneous bulk phases,
three interfaces, which separate the homogeneous phases, and a contact line,
where the three interfaces come together, see Fig. 6.1. The equilibrium con-
tact line was defined as an autonomous thermodynamic system in Sec. 3.2.
Using this property also for non-equilibrium systems, we shall derive the
excess entropy production for the three phase contact line, denoted by c in
this figure, following the procedure established in Chapters 4 and 5.

The three phase contact line is important for transport from one inter-
face to another. The path of transport goes then via the contact line on
to the next interface. Mass transport along this path is important for the
understanding of the motion of the contact line. Components can react on
the surfaces or at the contact line. In a polymer fuel cell, for instance, the
chemical reaction takes place at a platinum surface. Gas diffuses to the
active site via pore surfaces, via the contact line and onto the surface of
the catalyst [81], see also Chapter 19. This example is too complicated for
analysis here, however. We shall limit ourselves to transport of heat and
mass in the situation pictured in Fig. 6.1.

Already without reactions, mass transports play an important role in
the description of the motion of the contact line. One reason to include
this chapter, is that many problems have not yet been resolved for the
contact line. Shikhmurzaev [131] gave the first satisfactory description of
the motion of the contact line for a liquid- and a vapor-phase along a
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Figure 6.1 The geometry around the contact line, c¢. The distance to the line
is r, and ¢ is the angle around the line.

flat solid wall. He used non-equilibrium thermodynamics for the surfaces
following, and extending, the method of Bedeaux et al. [2]. He described the
contact line, choosing boundary conditions for the surfaces at the contact
line. We shall generalize Shikhmurzaev’s analysis by treating the contact
line as a thermodynamic system. The excess entropy production along the
line gives a proper basis for the boundary conditions to be chosen. We refer
to Bedeaux [132] for a more detailed presentation.

6.1 The discrete nature of the contact line

The excess densities of the contact line were described in Sec. 3.2. These
apply to a point on the contact line. In order to write balance equations for
the line, we need to consider its surroundings. We introduce a coordinate
c along the line, a distance r to the contact line and an angle ¢ around
the contact line, see Fig. 6.1. Close to the contact line these are cylindrical
coordinates®*. We assume that the contact line is straight and that the
interfaces are flat. Furthermore, we restrict ourselves to the case that all
densities and fluxes are independent of ¢, and that there are no fluxes
parallel to the contact line, neither in the homogeneous phases, nor along
the surfaces. This is appropriate for exchange of heat and mass with the
contact line. We recommend to use the symbol list for a check of the
dimensions in the equations.

*Farther away from and along the contact line, one should in the general case use
orthonormal curvilinear coordinates, see Refs. [2—4].
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The balance equation for the excess entropy density s¢ of the contact
line is:

3
d S,V 3 S,V
ESC—F;JS nl,:—s +Z‘Ism =o0° (6.1)

The indices v = 1,2 and 3 label the homogeneous phases, counted clockwise
around the contact line, and the surfaces, counted clockwise around the
contact line, respectively. The first surface comes after the first bulk phase,
etc. J%¥ are the excess entropy fluxes along the dividing surfaces. The
normal to the contact line, that is directed away from the contact line
in the v-th interface, is denoted n,. We use a subscript r to label the
component of the flux along the interface normal to the contact line.

Remark 6.1. In Chapter 5, we did not consider excess fluzes along the
surface. In this chapter only these flures give exchange of heat and mass
with the contact line. Fxcess fluxes along the surfaces are defined in the
same way as the excess densities for the surfaces in Sec. 3.2.

The excess entropy fluxes are given in terms of the total excess heat
fluxes, the excess measurable heat fluxes and the excess mass fluxes along
the surfaces by

S,V _
J%

Tbu Z‘uau']su Tbu +ZSaUJsV (62)

All fluxes are given in the contact line frame of reference (the contact line
is not moving):
Vi=vi,=vi=v.=0 (6.3)

The time derivative d/dt in Eq. (6.1), is in this frame of reference. It is
appropriate to use d/dt because the excess entropy density depends only
on the time. The definition of excess densities for the contact line was
discussed in Sec. 3.2.

The second law gives for the contact line o° (t) > 0. We shall find more
explicit expressions for o°(t) by combining;:

e mass balances
e the first law of thermodynamics
e the local form of the Gibbs equation

The same procedure was used in Chapters 4 and 5. We shall see that also
0°(t) can be written as the product sum of conjugate fluxes and forces for
the contact line. The fluxes and forces describe exchange of heat and mass
between the contact line and the surfaces.
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6.2 Balance equations

Conservation of component j along a contact line gives

3
&rg = Z VA, = - ; T3y (6.4)

where I'; are the excess line concentrations (adsorptions per unit of length).
Furthermore J5°” 7 1s the excess flux of component j along the surface v away
from the contact line, see Fig. 6.1. The adsorptions depend only on the time.

With the chosen frame of reference, the velocity of the line is zero, but
the line can be accelerated in the plane normal to the line. For such a
comoving acceleration, we have

3
d C C C l/ V.S,V S,V
& v Z rovdvviyn, (6.5)

v=1

where m°I' and m”I'" are the average excess mass densities per unit of
length along the contact line and along the dividing surfaces, respectively.
They are defined by

melre = Zmﬂ“? and m'T" = ijI‘;f (6.6)
; =

The barycentric velocities along the dividing surfaces, v5" are:
n
m'TYv*" = ijJj’” ijl"” i (6.7)
j=1

The first term on the right hand side of Eq. (6.5), gives the terms that
appear in Young’s law for a contact line. The second term gives a convective
correction to this law, needed in the non-equilibrium case.

Conservation of excess internal energy density, u¢, per unit of length

means that:
—u = ZJS”ﬁU_ ZJS” (6.8)

The excess total heat fluxes are given in terms of the excess measurable
heat fluxes along the interfaces:

TV =3 4y CHYIY (6.9)

Jj=1
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where H;" are the partial molar excess enthalpies along the dividing
surfaces.

Remark 6.2. In Egs. (6.1), (6.4) and (6.8) there are no direct fluzes
from the homogeneous phases to the contact line. The geometry around the
contact line is such that such fluxes would diverge inversely proportional to
the distance to the contact line. As a consequence such fluzes are impossible.

This property has a bearing on the gas transport to the three phase
contact line that we discuss in Chapter 21. Transport occurs via the planes.

6.3 The excess entropy production

We assume that there is local equilibrium everywhere along the contact
line. The Gibbs equation (3.33) for the line gives:

I‘C

ds n d
T¢ = 6.10
Z%w (6.10)

We substitute Eqgs. (6.4) and (6.8) into this equation. By using Eq. (6.2) and
comparing the result with Eq. (6.1), we can identify the entropy production:

i () X300 (;ZU ;—) (6.11)

v=1j=1

This is caused by transport of heat and mass into and out of the contact
line. The force-flux pairs have a similar form as for the surface. By using
Eq. (6.2), we can eliminate the total heat fluxes in terms of the entropy
fluxes

3
s () A o
v=1

v=1j=1

By using Eq. (6.9), we can eliminate the total heat fluxes in terms of the
measurable heat fluxes

5 1 1
-2 (7 7)
S L ks L1 1
_g;‘]],r <T‘;,U_T_JC>_H7.7 (TS,V_F>
1,8,V 1 1 > = S,V S,V C C
ZJ (70~ %) ~ e LT G (9 - w) - (613)

v=1j=1
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All contributions are scalar. When there are fluxes along the contact line
[132], additional terms appear in Eq. (6.13). Gradients in temperature and
absorption along the line, which were not considered in the analysis above,
result in a so-called Marangoni effect. The so-called tears of wine are an
example of the Marangoni effect for a surface. Take a glass of strong port
wine. When one wets a part of the surface with the port, tears will appear
along the contact line between the dry and the wet surface. This is due to
evaporation of alcohol, which increases the surface tension close to the line.
The tears grow until they become so heavy that they fall down along the
surface of the glass.

6.4 Stationary states

Stationary state conditions reduce the number of independent flux-force
pairs significantly, from 3(n 4+ 1) to 2(n + 1). In a stationary state, the
conservation equation for component j in the contact line, Eq. (6.4), reduces

to
3

Jin =0 (6.14)
v=1

There is mechanical equilibrium in the direction normal to the contact line.

This gives, from Eq. (6.5)

3
> 4h, =0 (6.15)
v=1

for sufficiently low velocities along the surfaces. This is Young’s law for
surfaces which are not in equilibrium with each other. The contact angles
in the formula deviate from their equilibrium values. The balance of internal
energy, Eq. (6.8), reduces to

3

=0 (6.16)

v=1

Using Egs. (6.14) and (6.16), the excess entropy production along the con-
tact line can be written as

c : S,V 1 1 2 n su Ms_,u Ms_’3
o = Z_;Jq:r <T - ﬁ) =220 (T;,, - T173> (6.17)

v=1j=1
This reduces the number of independent force-flux pairs from 3(n + 1) to
2(n+1). A simplification is also that the thermodynamic forces no longer
depend on the temperature and the chemical potentials along the contact
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line. We eliminate the total excess heat fluxes in terms of the excess entropy
fluxes or the excess measurable heat fluxes, using Eqgs. (6.2) and (6.9). This
results in

U - ZTSU']SV (Tsu TsS) T§3 szh:: (‘u;”j - ’u?g) (618)

v=1 j=1

and

2
:Z_:/W(Tsv TS3) TSSZZJW( (1°%) = ")

v=1j=1

(6.19)
For isothermal conditions, the three equations are the same. The entropy
production gives the basis for the force-flux relations, which can be used to
study the motion of the contact line during heat and mass transport. In
the many papers about the contact line, its motion is one of the problems
typically considered. We refer to Bedeaux [132] and Shikmurzaev [131,133]
for these expressions.

6.5 Concluding comment

The description of the contact line gives a perspective on the other transport
processes in this book. We only deal with transport perpendicular to the
surface. The remark 6.2 shows, however, that transport along the surface
has important consequences.
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Chapter 7

Flux Equations and Onsager Relations

We present the flux equations that follow from the entropy production on a
general form. Onsager’s proof for the reciprocal relations is discussed. The
validity of the Onsager relations assures that, in the absence of constraints,
the system relaxes to equilibrium. The second law leads to restrictions on
the transport coefficients. In the stationary state, it is an advantage to
write the forces as functions of fluzes. The meaning of the Curie principle
is discussed for surfaces and contact lines.

This chapter gives the general properties of the flux-force equations in
non-equilibrium thermodynamics. The properties are not only applicable to
the phenomena treated in this book, they are also valid for phenomena that
we omit, like for instance viscous flow. Explicit expressions for transport
of heat, mass and charge in two flux-two force systems follow in Chapters
8-10. After that we go to more complicated applications.

7.1 Flux-force relations

As explained in Chapter 1, non-equilibrium thermodynamics has as basis
the entropy production, which has the general form

i=1

where J; and X; are the so-called conjugate thermodynamic fluxes and
forces, cf. Eq. (1.4). There are n independent flux-force pairs. The con-
jugate pairs were derived in Chapters 4-6. The meaning of being conju-
gate shall be further discussed in the next section. A basic assumption in
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non-equilibrium thermodynamics is that each flux is a linear function of all
forces:

Ji =Y Li;X; (7.2)
j=1

The relationship is linear in the sense that the Onsager conductivity matrix
L;; does not depend on X;. The coeflicients are functions of the state
variables, for instance, like the local pressure and temperature, but not of
the forces. The theory therefore prescribes that coefficients, like the thermal
conductivity, can depend on the temperature, but not on the gradient of
the temperature.

7.2 Onsager’s reciprocal relations

Onsager [8,9] showed that the matrix of coefficients for Eq. (7.2) is sym-
metric, using the microscopic time reversibility of the system. Consider,
as Onsager did, a system described by thermodynamic variables A; which
are symmetric (even) with respect to reversal of the time. Examples of A;
are the internal energy density and the molar densities of volume elements
in the homogeneous phases, of area elements along the dividing surfaces,
and of length elements along the contact line. The fluctuations «; of the
thermodynamic variables A; are defined by:

a; = A— < A > (73)

Microscopic reversibility means that the probability to observe, on the aver-
age, that a fluctuation «; in some property at time ¢, is followed by another
fluctuation «; after a time lag 7, is equal to the probability to observe the
reverse situation — that the fluctuation «; at time ¢, is followed by «; after
a time lag 7. Mathematically this implies that:

< ozl-(t)ozj (t + 7') >= Qo (t)O[Z(t =+ 7’) > (74)

where the brackets < ... > mean that averages have been calculated over
the equilibrium distribution given in Eq. (7.7), see Eq. (7.11) for an explicit
definition of such an average. Microscopic time reversibility is a character-
istic property of Newton’s equations. The motion of a particle in a fluid
according to Newton’s equations is illustrated in Sec. 22.1, Fig. 22.1.

The entropy of the system, S, has a maximum, Seq, at equilibrium.
Away from equilibrium it is:

1 n
S = Seq + AS(al, ...,Oén) = Seq - 5 Z 9jii Qg + ... (75)

Jyi=1
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where AS describes the deviation* from the equilibrium value. The tensor
{g;i} is defined by the elements

0’AS

80@‘80@ ar=...=a, =0

As Seq is a maximum, there is no linear term in the expansion. Furthermore,
{gji} is a positive definite and real symmetric matrix. It follows that the
eigenvalues are all real and positive. We can choose the amplitudes of the
eigenvectors divided by the square root of their eigenvalues as a new set of
variables {a;}. The resulting {g};} is then equal to the unit tensor.

From Boltzmann we have the normalized probability density for the
fluctuations:

flag,...,an) = exp(AS/kB)//_OO doy...doy, exp (AS/kp) (7.7)

where kp is the Boltzmann constant. The integral is taken over all n
fluctuation variables. The thermodynamic forces X; in the system were
defined by Onsager:

_ 08 oAS &
X =5 L= o = Z gijo; + (7.8)

Here we used AS as given in Eq. (7.5). The conjugate fluxes were defined
by:

~—

Ji(t) = T (7.9)
From Egs. (7.7) and (7.8) we have:
. Olnf kp Of
X, =kgp 9o, ~ f da; (7.10)

Using the definition of X; and partial integration, it follows that the expec-
tation value of the product ;X is

o0
< Oéin >= / doy...dao, Ozin f(O[l, ...,Oén) = _kB(Sij (711)
—0o0
where §;; is the Kronecker delta, d;; = 1if ¢ = j and §;; = 0 if i # j.

On a microscopic time scale one observes collisions between particles.
Figure 22.1 shows the path of one particle in a fluid. A discontinuity in

*The deviation AS is not necessarily a quadratic form of the fluctuations, see [20]
p- 91, as is frequently assumed.
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the path means that a collision takes place. A collision leads to a rapid
change in the variables «;. In order to find the macroscopic behavior, one
must integrate over a sufficiently long time to no longer see these rapid
changes. The rapid fluctuations have then re-established the equilibrium
distribution. The time needed depends on the system under consideration.
It can be vastly different for a chemical reaction, for a diffusing polymer or
for a diffusing argon fluid such as the one in Fig. 22.1. Onsager assumed
that the microscopic fluctuation in «; and the flux J; obeyed the linear
macroscopic relation given in Eq. (7.2):

Ji(t) = zn: LijX;(t) (7.12)

This is called the regression hypothesis. By integrating Eq. (7.9) from ¢ to
t + 7, using Eq. (7.12), he then found that:

j=1

to linear order in 7. By introducing Eq. (7.13) on both sides of Eq. (7.4)
using Eq. (7.11), the reciprocal relations followed.

Li = Lj; (7.14)

These are the Onsager relations for conductivity coefficients. They make
the matrix of the coefficients in the flux equations symmetricf. The On-
sager relations simplify the transport problem greatly, because they reduce
the number of independent conductivity coefficients from n? to $n(n +1).
When the Onsager coefficients L;; are known, we know how the different
processes are coupled to one another. We can even take advantage of the
situation to find thermodynamic data which are otherwise difficult to mea-
sure, see Ref. [76]. The coefficients must be determined from experiments.
The Onsager relations have been verified experimentally for many systems
[71-74]. They have also been verified by non-equilibrium molecular dynam-
ics simulations [65,67].

Let us summarize the conditions for validity of Onsager’s reciprocal
relations, Eq. (7.14):

e The state variables A;(t) are independent.

TWhen odd variables are used in combination with even variables, the corresponding
coupling coefficents become antisymmetric [20].
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e The fluxes and forces are conjugate; i.e. for each variable A;(t), a
flux is defined as da;(t)/dt and the conjugate force is defined as
dAS/da;.

e The fluxes are linear functions of the conjugate thermodynamic forces.
The coefficients L;; may therefore depend on the state variables, but
not on the forces.

Freedom exists, as is normal in thermodynamics, to choose alternative sets
of variables. Choosing different variables changes the «;’s and accordingly
modifies the fluxes and the conjugate forces. Onsager’s prescription makes
clear how to find the conjugate flux-force pairs. Regretfully enough, On-
sager’s analysis and the consequences thereof have been presented in a mis-
leading manner, for instance by Coleman and Truesdell [134] and Wei [135],
questioning their validity and/or usefulness. For a discussion of the points
raised by these authors, see de Groot and Mazur [20] Sec. VL.5.

When the set of variables A;(t) is overcomplete, it can be shown that a
symmetric coefficient matrix can be chosen, see [20] Sec. VI.3. The set of
independent A;(t) leads to the smallest number of independent phenomeno-
logical coeflicients and is usually most efficient. The Maxwell-Stefan for-
mulation is an important exception to this, see Sec. 12.2.

The equations that describe the dynamics of the system are non-linear.
To refer to non-equilibrium thermodynamics as a linear theory, as is often
done [64], is therefore misleading. De Groot and Mazur pointed out in the
preface to the Dover edition of their monograph [20], that these equations
are “non-linear for a variety of reasons, such as (i) the presence of convec-
tion terms and of (i) quadratic source terms in, e.g. the energy equation,
(iii) the non-linear character of the equation of state and (iv)
the dependence of the phenomenological transport coefficients on the
state variables”.

To illustrate the non-linearity of the equations by an example, consider
the dynamics of an isothermal fluid. The dynamics is described by the
continuity equation and the Navier—Stokes equation, classical examples of
non-linear equations. The phenomenological coefficients, giving the linear
dissipative contributions to the fluxes, are the shear viscosity and the bulk
viscosity. For large Reynolds numbers the viscous contributions can be
neglected and the equations reduce to the Euler equation. These equations
describe classic non-linear reversible flow phenomena, like turbulence, and
have L;; = 0. The transition to turbulence in a fluid is therefore not due
to the appearance of contributions in the fluxes which are non-linear in the
thermodynamic forces. On the contrary, the dissipative contributions to
the fluxes in the Euler equations are in fact negligible.
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Exercise 7.2.1. Derive Eq. (7.11) from Egs. (7.3) to (71.8).

e Solution: Using Eq. (7.8) we have

<oX;>= / dog...doy, 0 X flag, ..., an)

— 00

=kg [m do...dou, ai%l—:j flaa, ..., an)

o 0
= kB/ doq...doy, a;— flaq, ..., ap)

— 0 80&j
We use 9 of 9 of
B, O = g T ga; T Yige, T 0

to find an expression for «; (0f/0a;). The integral contains two parts
that can be integrated separately. We use the normalization condition
for f and the fact that f goes to zero for large values of the fluctuations
and obtain:

o0

< Otin >= kB/

0
day...do {— o f — f5} = —kpd;;
- n 80(_]‘ i ij ij
Exercise 7.2.2. Onsager chose the time a particle needs to diffuse over its
own diameter as a measure of the time the system takes to come to local
equilibrium (and for Eq. (7.12) to apply). Suggest a way to estimate this
time to about 107 6s.

e Solution: The time is given by the diameter squared divided by the
diffusion constant (see Sec. 8.2). A diameter of 0.5 nm and a diffusion
constant of 2.5 x 10%(nm)? /s gives the time 107° s.

7.3 Relaxation to equilibrium. Consequences of violating
Onsager relations

Thermodynamic systems will always go to equilibrium, when the system is
closed. The reason for this is that Onsager relations are valid. We illustrate
below in an exercise, that a violation of the Onsager relations may lead
to oscillatory behavior around the equilibrium state. Equilibrium is then
never reached.

We show first why an isolated system always approaches equilibrium.
Consider variables that make {g;;} equal to the unit tensor. Below Eq. (7.6)
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we explained why the system can be described in terms of such variables.
It then follows from Eq. (7.8) that X; = —a;. Close to equilibrium we
may neglect possible higher order contributions. Equation (7.2) then gives,
using Eq. (7.9) for the time derivative of «a;,

dO[Z' -
dt = _ZLijaj (715)
Jj=1

When one diagonalizes the matrix of conductivities, it follows from the On-
sager reciprocal relations that all the eigenvalues are real and non-negative.
As a consequence the system will go to equilibrium.

The following exercise illustrates what goes wrong when the phenomeno-
logical coefficient are chosen such that they neither satisfy the Onsager re-
lations nor the inequalities which follow from the second law (see Sec. 7.5).

Exercise 7.3.1. Consider a system described by Eq. (7.15) with two forces
and flures. Use L11 = Lag =0 and L2 = —Loy. Calculate aq(t) using the
initial value a1 (0) = A and (day/dt)(t = 0) = 0.

e Solution: Equation (7.15) gives day/dt = —Lisas and das/dt =
Liza;. The second derivative of a; becomes d?ay /dt? = —Lyadas/
dt = —L2501. The solution of this equation for the given initial
conditions is a1 (t) = A cos(L1at).

The system in the exercise has an oscillating solution, which does not go
to equilibrium.

Remark 7.1. Onsager’s relations provide the general reason why oscil-
lating behavior around equilibrium does not exist in systems described by
non-equilibrium thermodynamics.

When there are external forces which bring the system far away from equi-
librium, for instance by keeping one of the variables constant, the properties
of the system change, see Prigogine and coworkers [136]. Multiple station-
ary states may then exist and oscillatory and more complex behavior can
develop. But that is not the subject of this book.

7.4 Force-flux relations

In the inverted form of Eq. (7.2), the forces are linear functions of the fluxes:

X;=> RijJj (7.16)
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The resistivity matrix, R;;, is the inverse of the conductivity matrix:
n
> RijLji = b (7.17)
j=1

In stationary states the fluxes are often constant in space. The force-flux
relations are then particularly convenient. We use Kramer’s rule to find
the matrix elements. An element R;; in the resistivity matrix is equal
to the subdeterminant of the conductivity matrix (the determinant of the
matrix in which the i*® row and the j*® column have been crossed out, times
(=1)"*7, divided by the determinant of the conductivity matrix). Forn = 2,
we find

L22 L12

11 T11las — L%2’ 12 21 T1ilas — L%Q’

(7.18)
Ly

Rop = — 11
27 LiiLos — L3,

The matrix of resistivity coeflicients satisfies the Onsager reciprocal rela-
tions, just like the matrix of conductivity coefficients:

Rij = Rji (7.19)

7.5 Coefficient bounds

The second law imposes certain bounds on the Onsager coefficients. By
substituting the linear laws into o, we have:

i J 4,3

The second law gives the inequality. By taking all forces, except one, equal
to zero, it follows that main coefficients are always positive

Li;i >0 (7.21)

A consequence of the second law of thermodynamics is also that all pairs
of coefficients obey:

Li;iLj; — LijLj; > 0 (7.22)
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This can be found by taking all except two forces equal to zero, and sub-
sequently eliminating one of the two forces in terms of the corresponding
flux. We have

J1 = L11 X1 + L12Xo

(7.23)
Jo = Lo1 X1 + Loo Xo

By eliminating X5 in the first equation by means of the second, we obtain

LyoL L
J = <L11 . 12 21> X, L—”J2 (7.24)
22 22

When this is introduced into the entropy production, we find:

LioL L L Jz
a—(Lu— 12 21)X12 20X, 22X, 22

L22 L L L22
L12L21) 5  J3
= | Ly — Xi+ —= 7.25
( M Loo VY Ly ( )

Two of the terms cancel because of the Onsager relation, Eq. (7.14). We
must have o > 0, also for the special case that Jo = 0. Equations (7.22)
follow from this. It is interesting to note that by keeping the flux .Js rather
than the force X5 equal to zero, the entropy production is reduced from
L11X? to (L11 — Li2La1/La) X3.

Remark 7.2. When X; = 0, a finite flux Jo gives rise to a flux J =
(L12/La2)Ja, see Eq. (7.24). The expression for the entropy production,
Eq. (7.25), shows, however, that this contribution to J1 does not contribute
to the entropy production. This transport along with Jo is therefore re-
versible. The coupling coefficients therefore describe reversible contributions

to o. This is why they are important for a proper description of energy con-
version, cf. Secs. 2.1, 9.8, 9.4, 10.1 and 10.6.

An equality sign in Eq. (7.22) implies that two fluxes are proportional to
one another. In our example, J; = (L12/La2)J2. This is called complete
coupling. A consequence is that the number of fluxes, and therefore the
number of variables, can be reduced.

For the force-flux relations we find, by substituting Eq. (7.16) into

Eq. (1.1):
o= Jiy RijJj=>Y JiRijJ; >0 (7.26)
i J 4,
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The second law gives now:
Ri; >0 (7.27)

and
RiyRj; — RijRj; >0 (7.28)

The resistivity coefficients have similar properties as the conductivity
coefficients.

7.6 The Curie principle applied to surfaces and contact lines

As we go from a three-, to a two-, and a one-dimensional phase, the sym-
metry properties of the phases are gradually reduced. Symmetry properties
restrict the possibilities for coupling between transport phenomena. This
was first recognized by Pierre Curie [137], and has been referred to as the
Curie principle.

Transport phenomena are scalar, vectorial or tensorial. Chemical re-
actions are scalar, and are classified with a tensorial rank 0. Vectorial
heat-, mass-, and charge transport have rank 1. Momentum transport is
a tensorial phenomenon of rank 2. Curie saw that components of different
rank tensors have different transformation properties under rotations and
reflections of the system. The entropy production (4.13)—(4.15) for the ho-
mogeneous phase used in this book, contains phenomena of two tensorial
ranks, scalar chemical reactions and vectorial transports of heat, mass and
charge. There is no coupling between chemical reactions and the vecto-
rial phenomena in the homogeneous phase. De Groot and Mazur [20] dis-
cussed coupling in homogeneous phases from this perspective, see Sec. VI, 2;
page 57.

The symmetries change when we consider the surface. The surface can
be symmetric for two-dimensional transformations along the surface, but it
has no symmetries in the direction normal to the surface. A surface is called
isotropic when it is invariant for rotations around, and reflections with re-
spect to any normal. Scalar phenomena in the homogeneous regions have
their scalar counterpart at the surface, the typical example being chemical
reactions. Vectorial phenomena in the homogeneous region must be split
into the projection along the surface, and the component normal to the
surface. In the excess entropy production of the surface, see Egs. (5.11),
(5.13) and (5.15), the 2-dimensional projection of the 3-dimensional vec-
torial flux or force, has the same symmetry as vectorial fluxes and forces
along the surface. The normal component of the 3-dimensional vector has
the symmetry of a scalar along the surface. Similarly, a 3x3 tensor in the
homogeneous phase, gives a 2x2 tensor, two 2-dimensional vectors and one
scalar along the surface.
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We are dealing in this book with one-dimensional transport processes
with a direction normal to the surface. All contributions to the excess
entropy production of the surface are therefore scalar, they are chemical
reactions or normal components of 3-dimensional vectors. The important
consequence is that coupling is possible between the chemical forces and
electrical, thermal and diffusional forces into or across the surface. This
possibility was pointed out by Bertrand and Prud’homme [59,60] and Be-
deaux and coworkers [2,4]. We shall elaborate on this in the following
chapters. The coupling between the chemical reaction and the electric po-
tential jump at the surface is a large effect, leading for instance to the
Nernst equation for the surface, see Secs. 5.4 and 10.7. It is known from
biology, that chemical reaction energy can be transformed to give directed
transport across a membrane (so-called active transport, see [23,24,52]).
This type of coupling is possible only at the membrane surface, according
to the Curie principle.

The three phase contact line has only scalar contributions to its excess
entropy production, Egs. (6.11)—(6.13). All these scalar fluxes may cou-
ple. The normal component of an excess vectorial flux along the two-phase
surfaces at the contact line, will for instance, couple to a chemical reac-
tion along the line. This may have a bearing on electrochemical reactions,
which often take place between reactants and products that are distributed
in different phases, see Chapters 10, and 13-17.
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Chapter 8

Transport of Heat and Mass

We present flux equations for transport of heat and mass in a simple het-
erogeneous system. Transport coefficients for homogeneous phases have
been measured or modeled. We give the Onsager coefficients in terms of
such coefficients.

Heat and mass transport is central in mechanical as well as in chem-
ical engineering. Several books have been written on such transports,
e.g. [69,84,138]. Also, in nature there are frequently temperature and
density gradients, and as a consequence, transport of heat and mass. Our
presentation aims to add to these descriptions, by giving complete sets
of transport coefficients for heterogeneous systems. Onsager coefficients for
heat and mass transfer shall be specified, both for the homogeneous regions
and for the surfaces between them. They shall also be related to measured
coefficients, like the thermal conductivity, the diffusion coefficient and the
Soret coeflicient.

We consider the simplest heterogeneous system to bring out the physical
phenomena; a series of two homogeneous phases and a flat surface between
them. We are concerned with transport of heat and one component in the
direction normal to the surface. The other component is not moving and
is used as the frame of reference. The dividing surface is defined as the
equimolar surface of this component and is also not moving. The descrip-
tion in terms of the measurable heat flux, Jé, and the molar flux of the
moving component, J,,, brings out the importance of the enthalpy. At the
surface, the molar enthalpy, H,,, of the moving component usually changes
abruptly. This leads to substantial heat effects at the surface and a cor-
responding discontinuity in the temperature profile, and the measurable
heat flux.

111
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8.1 The homogeneous phases

We are seeking a set of flux equations that can be related to experiments.
The entropy production for transport of heat and one component is, see

/ 0 1 1 6/14m,T
o= Jq— — |+ Jn T (8.1)

where u,, and J,, are the chemical potential and flux of the moving com-
ponent, respectively. A second component is at rest with respect to the
surface*. The linear relations for the forces are:

01
8_,@? = ’f'qué + Tqum
) (8.2)
1 /Lm,T
—T O :quJé‘FTmme

The Onsager relation is rq, = rmge. These equations give the gradients in
temperature and concentration ¢, of the moving component:

or

o= T (J; + rq—’”Jm)

T'qq

-1 —1
On _ 1 (O™ ra O (O \ ()
Ox T\ Ocp Tqq O Ocrm, Tqq
(8.3)

Temperature and concentration differences across the system lead to simul-
taneous heat and mass fluxes.

We determine from experiments the thermal conductivity at zero mass
fluz, \, and the measurable heat of transfer’, q’,, at constant temperature.

J! 1 J!
)\——[ u } = — and qL-(—q> — _lam
dT'/dx Jm=0  I?rqq Im ) ar—o Tqq
(8.4)

*Opa, T /O for the non-moving component can be found using Gibbs—Duhem’s equa-
tion, see Appendix 3.A. It does not play any role in the further analysis.

tDe Groot and Mazur [20] use the “reduced heat of transfer,” and the reduced heat
flux, see Appendix 4.A.
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The measured interdiffusion coefficient and thermal diffusion coefficient are

defined by:

—1
D, = — _Im _ 10pmr o — " am
0cm/0x | yp_y T Ocm Tqq

-1

_ 1 0umr w2
=7 (Tmm —1qq (q1,) )

T Ocm
) (8.5)
Dp—— | TIm _ _Tma/Taq _ I'mqTqm
T — - D) T'mm
em0T/0z |4, _ e T Tqq

9, 2\ !
= cmglﬂ (Tmm —1qq (4) )

With these coefficients, the gradients of the temperature and the concen-
tration of the moving component become:

or 1 .
a7 = > o= @mTm)

(8.6)
8Cm DT 8_T . 1

— = —Cp— —J,

ox "Dy 0z Dy "

The relations Eq. (8.6), which are equivalent to the linear relations Eq. (8.2),
contain transport coefficients which are known for many systems. The On-
sager resistivity matrix can be found from such tabulated transport coeffi-
cients using the following formulae:

2
* 1 Oum
and T, = (40n) + Bom, T

AT? TD,, Ocp
(8.7)
The Soret effect is mass transport that takes place due to a temperature
gradient. The ratio of the thermal diffusion coefficient and the interdiffu-
sion coeflicient is called the Soret coefficient, sp. In a stationary state

Jm = 0, and the Soret coefficient can be determined from the ratio of the
concentration gradient and the temperature gradient:

7 dcm /O ~ Dr  aqy, (Owmr !
e <cmaT/aw>Jm-o " Dy T < D 55

1 I

Togg = —5 Tom = Tmg — —
qq /\T27 q q )\TQ

We can alternatively measure the ratio of the heat flux and the molar flux
at constant temperature to find the heat of transfer ¢,, and then calculate
the Soret coefficient. Heat transport due to a concentration gradient is
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called the Dufour effect. This effect is the reciprocal effect to the Soret
effect. The Dufour coefficient is

aﬂm A
dem,

T Dr (8.9)

J/
DD = - <7q) = q:;mDm = CmT
dT=0

From the positive nature of the entropy production, it follows that the dif-
fusion coefficient and the thermal conductivity are positive, cf. Eq. (7.21).
The thermal diffusion coefficient, the measurable heat of transfer and the
Soret coeflicient can be positive or negative. From the inequality (7.22),
using Eq. (8.7), we obtain

2 2
< — < '
(rmg)” < TmmTaq ()\TQ) = ( N2 T TD,, dcw | NT?
aM1TL,T
Ocm,

—-0<

(8.10)

The chemical potential will always increase when the concentration
increases.

8.2 Coefficient values for homogeneous phases

Diffusion coeflicients vary by orders of magnitude when one compares gases,
liquids and solid phases, see Table 8.1. Within one phase, the variation
is not so large for similar species. Diffusion coefficients are measured by
spectroscopic and analytical techniques [70,139,140].

Table 8.1 Examples of diffusion coefficients in binary mixtures D,

Component m | Reference component | D/m?s™!
CH, nitrogen gas 5x107°
NaCl water 1.3x107°

Sucrose water 4.5 x 10710
C steel 1x10720

One can obtain an estimate for D from the self-diffusion coefficient,
D, which is measured with NMR. The self-diffusion coefficient describes
the Brownian motion of a single particle at equilibrium, and can therefore
also be defined for pure components. The self-diffusion coefficient of water
(in water) is 2.3 x 1072 m2s~! at 298 K [141].
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For gases, the kinetic theory gives Dy = #v/3, where ¢ is the mean
free path of the molecule and v is the mean thermal velocity. In a one-
component gas ¢ = (ﬂ'aQCmN )71, where a is the diameter of the particles,
and v = \/3RT/M. With values ¢ = 30 nm and v = 300 ms~" typical for
air one finds D, = 3x 1075 m2s~!. This estimate can be compared to the
diffusion coefficients for methane in nitrogen in Table 8.1. For low density
gas mixtures the diffusion and the self-diffusion coeflicient are the same.
For liquid mixtures they are not.

The Soret coefficient in gases is usually small. Nevertheless, the Soret
effect has been used to separate isotopes, a difficult separation. Isotopes
differ by their masses only (mg and m;). As a first approximation, Furry
and Onsager [142] used

o 035(777,2 — ml)

ST = e Fr) (8.11)

to describe a mass effect. This expression was used to design separation
columns for radioactive isotopes. Isotope separation in salt mixtures was
measured by Lundén [143].

The interaction energy or the enthalpy is also important for the mag-
nitude and sign of sp [144]. A formula for the thermal diffusion factor,
« = Tsp, which has proven accurate for mixtures of two hydrocarbons,
was proposed by Kempers [145].

T 0Ox __( iva >H1/V1_H2/V2
iVi +x2Va ) x1(0p1/0z1)p,1

1T 8T B
Here x; is the mole fraction, while V; and H; are the partial molar volume
and enthalpy, respectively. We return to this model in Sec. 12.5.

The Soret coeflicient is often positive for the lighter component (negative
for the heavier component) as predicted from Eq. (8.11). Intermolecular
interactions may alter this. The Soret effect is larger in liquids than in
gases, and the magnitude increases, the closer one comes to the critical
point [21]. A similar formula to Eq. (8.12) [21, 146] was used to predict
composition variations with depth in oil reservoirs [147]. The variation was
equally large as the separation due to gravity for methane in decane [147].
Some Soret coefficients for non-electrolytes are given in Table 8.2 [138].
More data for electrolytes are given by Agar [148] and Fitts [30].

The effect of temperature gradients on mass transport can not only be
determined by experiments, but also by molecular dynamics simulations,
see Chapter 22, and Fig. 22.7 [149]. In these simulations a temperature
difference is maintained over a box with two kinds of particles, by ther-
mostatting the velocity of the molecules at the boundaries. The heavy

ar = (8.12)
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Table 8.2  Soret coefficient for some binary mixtures. The mole fraction x,,, =
cm/c applies to component m.

Component m | Reference component T T/K | p/bar st/ Kt
Methane propane 0.34 346 | 60800 0.042
Methane cyclopentane 0.0026 | 293 1 —0.016
i-butane methylcyclopentane | 0.5 293 1 —0.0096

Cyclohexane benzene 0.5 293 1 —0.0063

Carbon dioxide hydrogen 0.51 223 15 0.00046

component concentrated on the cold side, and the light component on the
warm side. The consequence of the temperature difference was thus first
a mass flux, and eventually a concentration gradient. At stationary state,
there were no longer mass fluxes relative to the walls.

Remark 8.1. In an experiment to measure the thermal conductivity, one
starts in an equilibrium state. This implies that the concentrations are
constant. After switching on a temperature gradient, one first measures
Am = —Jg /(0T /0x) = XA+ qycmDr. The temperature gradient proceeds
to give a mass flux, which results after a while in a non-equilibrium dis-
tribution of the concentration, such that the mass flux again becomes zero.
In this stationary state one measures A. This is why we will refer to Ay,
as the initial thermal conductivity and to A as the stationary state thermal
conductivity. The initial thermal conductivity is larger than the stationary
state thermal conductivity, because ¢, Dr > 0.

Exercise 8.2.1. Ezrpress J, and J, in terms of —T~*(9T/dx) and
~T YOy 1/0x.

e Solution: By inverting Eqgs. (8.2) we have:

1 0T 1 Oty
! - = _ 5
o = laa ( T2 6w> - lgm ( T Oz >

and 1 0T 10
Hm,T
Jm = lm I lmm I ’
4 ( T2 817) + ( T Ox )
with
r -7
l == mm lm = l m = qm
“ TgqTmm = TmqTam ! ! TgqTmm — TmqTqm
Tqq

lmm -
qurmm - qurqm
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7/°C

4m

Figure 8.1 The stationary state temperature profile across a room and a
double window in the absence of convection.

Exercise 8.2.2. Consider a room with air and a trace (10 ppm) of perfume,
see Fig. 8.1. Near the wall, the temperature is 20 °C (x = 0). Near the
window at a distance of 4 m, the temperature is 10 °C. One may use ideal
solution conditions. The measurable heat of transfer of perfume in air is
g, = 700 J/mol. The thermal conductivity is constant. Calculate the
concentration difference of perfume between the window and the wall in the
stationary state. The room has heat leakage to one side only, as illustrated
in the figure.

e Solution: In the stationary state there is no perfume flux. This
implies that, cf. Eq. (8.8),

dem dr an, dl'  cmqy, dT

= —CmST —H—

dx de ~  TOpmr/dcm de ~ RT? dx

The heat flux is constant so that T'(z) = 20—2.52 and a similar expres-
sion for the molar density profile. This gives a temperature gradient
of —2.5 K/m. The concentration gradient is therefore approximately
dem /dz = 7000 (8.31)"" (300)722.5 ~ 0.025 ppm/m. This gives a
concentration of 0.1 ppm higher at the window than close to the wall.
Perfume concentrates at the cold side, it is heavier than air.

8.3 The surface

Consider next two homogeneous phases like the one described above, sepa-
rated by an interface. The phase at x < 0 is labeled with superscript i, and
the phase at > 0 is labeled with superscript o. The excess entropy pro-
duction for the transport of heat and mass across the surface is, according
to Eq. (5.15):
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. 1 1 . 1
S = IlAis_ /OAS om ; __Ais m T®
0% =J; 7T+Jq ,T+Jm< T shm, T ( )>

1
+ ']7?1 (_FAs,oﬂm,T (TS)> (813)

The notation of the forces was illustrated in Fig. 5.5. The force-flux pairs
in the excess entropy production may be divided into two groups. The first
group contains coupling of fluxes and forces on the incoming side of the
surface and the second group contains coupling of fluxes and forces on the
outgoing side. Because the processes on the two sides of the surface occur
in series, it is expected that they are weakly coupled. We shall therefore
neglect coupling across the surface. In that case, the force-flux relations
become

1 o o
L S,iogni s,i 71
AI’ST =1ydd T gmIm

8.14
1 - . . ( )

_FALSNM,T (TS) = Tfr’;qul + Tfﬁlm‘]vln

for side 1 of the surface and
1 . :

AS’OT =150d o .
1 S S,0 10 S,0 (0] ( - )

_FAS,OIUJm-,T (T ) = T?ﬁq']q + Tn’zm‘]m

for side o. All coefficients have the dimensionality of the resistivity co-
efficients for the homogeneous phase, see Egs. (8.2), times a length (the
surface thickness). All resistivity coefficients have superscript s to indicate
the surface. The next superscript gives the side of the surface for which the
force is evaluated. The number of independent resistivities is six.

Remark 8.2. The force-flux relations for the surface serve as boundary
conditions for integrations of temperature and chemical potential across ad-
jacent bulk phases.

The measurable heats of transfer can be defined in a similar manner as
for the homogeneous system:

] J/i T‘s’i Ts
ae - () -
Jm A s T=0 Tq,q (Tb)

J/O ,,.s,o Ts
and @0 (T%) = | =~ :—# (8.16)
I ) A,or=0 Tqq (T%)
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With these definitions, Egs. (8.14) and (8.15) can be written as

1 3,1 i *1 71
Ai,s_ = 7‘;7(; (Jél - qum)

X T (8.17)
ﬁAi,SNm,T (T°) = TZZ;Q:;;J; = Toimdm
for side 1 of the surface and
1 S,0 (e} *0 (o]
ASvOT = Tqq (Jé —m Jm)
(8.18)

= Dot (T%) = P0G = 738 T

for side o. The measurable heats of transfer are ratios of fluxes in the
homogeneous phases, so their values at the surface are equal to the values
in the homogeneous phases next to the surface. The only new coefficients,
that are needed to describe transport through the surface, are then the four
diagonal coefficients in Eqgs. (8.14) and (8.15).

8.3.1 Heats of transfer for the surface

The description in the beginning of the section uses the temperature of the
surface as a variable. We can eliminate T* for stationary state conditions,
when the totgl heat flux J, = Ji' + H,, J;, = J;° + Hp, Jp,, and the molar
flux J,, = J;, = J2, are constant. The jumps across the surface of the
inverse temperature and the chemical potential, become with the addition
of Egs. (8.17) and (8.18):
1 i i .
Boor =15 (T =) 475 (T2 ~a58 )

= (rgibrse) i [rsiati 4158 @+ Ao Hn)] i

S\ __ .81 *1 7/ s, $,0, %0 T/0 S,0
ﬁAi,oMm,T (T )—rq’qquq — T Im Ty G Ty = T Im
S-S S,0 %0 (s, S,0 S,0 %O A
- (quqm+qu qm) Jq (T”‘;lm_'_r”‘;lm_'—TQQ qm A170]{7”) Jm

(8.19)
The matrix of coefficients is no longer symmetric. The reason for this
is that we have eliminated Jé" without making a corresponding change
in the forces. This can be done by using A opm, v (T°) /T° instead of
Aioptm, T (T%) /T5. To simplify, we now replace superscript o,i of T by o
only. The difference is

1 1 1
_Aio m T°) = _Aio m T°) — AioI{mLAs om 2
e Biottn (T%) = Aot (T°) = MioHpByore  (820)
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By introducing this into Eq. (8.19), we find:

1 .
Aiom = 150 d0 415k T

997 q
1 ' (8.21)
e Bottm, (T°) = 150 T 4 il T
where
Toa =T FTE Tom =g = o™ — 150 (4 + DioHim) (8.22)

s,1

Tmm = Tfﬁim + Tf{“gn + Ttsfquhon (2q:;$ + ALOHm)

The heat of transfer for the whole surface, derived from the measurable heat
flux at the left hand side of the surface can then be defined as

" s,1 S,1 %1 S,0 ( %0 R
ws,d _ <Jq ) Tgm _ Tga%m + Taq (@ + DioHm)
A, T=0

= - = 3 .2
= (5.23)

S s,i s,0
Taq Tqq + Tqq

As is clear from this relation ¢! is unequal to ¢i. In this context, A; T =
0 does not mean that A; " = 0. Using the measurable heat of transfer,

Eq. (8.21) becomes
AioT = TTrs (i — qi5iTm)

. ool (8.24)
_ﬁAivolu'qu (TO) = _T’:T%O Ai7OT + (T’f‘;le - Tqu;ﬁ‘:’lqz?l) Jm

It is also possible to eliminate the measurable heat flux on the left hand
side of the surface in Eq. (8.19). Instead of Eq. (8.21) we then obtain

1 ‘
Dios = 150l + it

. (8.25)
_FAi,oﬂm,T (Tl) = ,r.z,qujéo + T:,’;,n«]m
where
Toa =T T T Tom = Tong = ~Tag (G — DioHm) = 15045 (8.26)

S,I  — .81 S,0 RN *i_ )
Tmmm = Tmm + Tmm — ’f‘q’qu,on (2qm A1,0*[—‘[771)

For the heat of transfer for the whole surface, derived from the measurable
heat flux at the right hand side of the surface we find

wo _ (I7 _ Tim _ Tag (9 — DioHm) +rig e
Qo = 7 =-——" = - (8.27)
m /) A; (T=0

s s,1 S,0
Taq Tqq + Tqq
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Equation (8.25) in terms of the measurable heat of transfer, becomes

AioT =TTOr5, (J)° — 55 Jm)

1 L g (8.28)
_FAi,oﬂm,T (Tl) = _TTTO Ai,o{Z—‘ + (rfﬁrm - ZqQZf’Oqu’O) Jm

An interesting identity which follows from Egs. (8.23) and (8.27) is

*S,0

G — g’ = —AioHn, (8.29)

This shows that the difference of the measurable heats of transfer that can
be defined for the whole surface, is equal to the enthalpy difference across
the surface. The rather common practice to take the coupling coefficient
equal to zero, suggested by the small ¢* and ¢, is therefore in violation

with this identity [61]. Given the fact that the enthalpy difference across a
phase boundary is normally substantial, this can give a serious error.

Remark 8.3. In a practical situation, only one of the equation sets,
Eq. (8.21) or (8.25), is needed to describe the transports at the surface.
We shall see in Sec. 11.83 that one set has larger coefficients than the other,
and may therefore be easier to determine.

Remark 8.4. In Sec. 12.2, we derive an equivalent relation, cf.
Eq. (12.64), for the difference of the measurable heats of transfer across
a finite film in a homogeneous phase. In that case, the enthalpy differences
are, however, much smaller. An interesting consequence of the validity of
both these relations is that one may combine them and obtain the same re-
lation for transport between two arbitrary planes between which there is a
sequence of homogeneous films with surfaces in between.

Exercise 8.3.1. Consider again the room with a trace of perfume from the
previous exercise. We want to take into account that perfume adsorbs to
the window. The perfume does mot cross the window to disappear in the
air outside. The temperature of the air just outside the window is —10 °C
while the temperature in the room 4m away from the window, T™, is again
20 °C. How do the linear laws (8.17) and (8.18), which neglect the coupling
resistances across the surface, simplify in a stationary state? The mass
fluzes are again zero. The thermal conductivity of air A with perfume is
0.01 W/Km, and the thermal resistivities for both sides of the window r;;;
and rg? are 0.002 m?/WK. What is the resulting temperature profile and
how does this affect the perfume concentration difference?

e Solution: Since there is no perfume flux in the stationary state,
J' = J° = 0, the total heat flux is equal to the measurable heat
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flux. We know furthermore that the total heat flux and therefore the
measurable heat flux is constant throughout the system, J(;i =J =
Jy- The force-flux equations become

1 s 1 .
Ajg— = r;’;Jé and Ago= = r;’q"J;
m i 1 i
Ajg= = ;’;q ‘J; and Ago— = r;’q"q*(’J;

By adding the first two equations, we find 1/7° — 1/T" =
(TZ’qi + rz’qo) Jy- As a consequence, T — T = —T°T! (rz’qi + rz’qo) Jé =
—360J¢;. Furthermore, we know that in the room 7% — T
—(4/N)J; = —400J;. The sum gives 30 = TV — T° = 760.J; or
Jy, = 0.04 W/m?2. The temperature difference across the room is
therefore T% — T = 400 x 0.04 = 16°C. In the previous exercise,
the temperature difference was 10 degrees across the room, which
made the concentration 0.10 ppm higher at the window. Now the
perfume concentration is 0.16 ppm (60%) higher at the window. This
example shows that the surface can play a significant role.

Remark 8.5. The example is, of course, artificial in the sense that we do
not allow the air to circulate. This would homogenize both the temperature
and the concentration. The surface above has a thickness of mm rather
than nm. A surface does not have to be microscopically thick to qualify as
a surface in the Gibbs sense. The only important condition is that the bulk
region adjacent to the surface is much thicker than the surface, and that
the change of the temperature in the bulk over a distance comparable to the
thickness of the surface is small, just as in the above exercise.

8.4 Solution for the heterogeneous system

For an analysis of the heterogeneous system, we write Eq. (8.2) after some
algebra in the following form

01

T (Jg = QrnJm)
0 Hm * *
ox T T9qQmJq = [rmm + Hmrqq (245, + Him)] Jm

= quanJq - roum (8.30)



8.4. Solution for the heterogemeous system 123

where we used J; = J; — Hy,J;, and the thermodynamic identity

Opm /T Ot
o1/T '™ T ar

= i + TSy = Hy, (8.31)

Furthermore, we defined the total heat of transfer by:

J' 4+ HpyJm, m
an_<Jq) _(q > gt H _Tqm 1 H,
Im ) ar—o Im dT=0 T'qq
(8.32)

and defined the resistivity 7., in the last equality in Eq. (8.30).

In the stationary state, energy and molar densities are independent of
time. As a consequence the total heat flux, J;, and the component flux,
Jm, are constant, both as a function of time and position. This makes
Eq. (8.30) suitable for integration. The measurable heat flux is not constant
as a function of position due to the variation of the enthalpy density as a
function of the local temperature and the concentrations.

For the surface, we obtain in a similar manner from Egs. (8.14) and
(8.15)

1 i i i s *i
AiaST = 7“3111 [Jq - (qm + Hm) Jm] = Tqq (Jq - Qme)

Ai,s Hm

B g (i HL) Ty (15 05 (20504 )] o

qu T, —’I“Z;LJ (8.33)

for side 1 of the surface and

1 *0 o S,0 *0
AS,OT_T7 [‘] _(m+Hm)J ]7 Tqq (Jq_Qme)

AS,O%’” = 00 4 HE) Jg — [0 + S0 HS (2420 + HS)] T

SOQ* T, — 50 T (8.34)

for side o. The coefficients TW and 7, are defined in the last identities.
We are now set to solve the temperature and concentration profiles
across a heterogeneous system. Consider therefore two homogeneous phases
with an interface between them. The zero along the z-axis is chosen to
coincide with the position of the dividing surface. The left homogeneous
phase is between —d;, and 0 and the right homogeneous phase is between

0 and dy,y:. The system is in a stationary state, so that the total heat
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flux, J,, and the mass flux, J,,, are constant throughout the system. The
temperatures at the ends are Ty, = T(—d;n) and Tour = T(dout), and the
chemical potentials are pin, = pm(—din) and towt = tim(dout). In order to
simplify the calculation, we assume that the resistivities and the enthalpies
(and as a consequence the heats of transfer) are constant. It then follows
from Eq. (8.30) that the gradients of 1/7T" and u/T in the two homogeneous
phases are constant. By integrating these equations over the homogeneous
phases, we find:

_ o S,0 s,1 o )
(df’“trqq T Tgg T gt meqq Jq

oy 755) Q32+ (75 ury) Q3] T
Hout _ Min _ Hout _ % + @ _ /Lfn
Tout 111 Tout Te T° Ts

[0 o M Min
() (B 1)

= [ty + 755) Q35+ 05+ drly) @3]

= (dowt™$y + 750+ 150 + dinth) I (8.35)

These equations make it possible to calculate T+ and piout given Tiy, fhin,
Jq and J,,, or alternatively J, and J,, given Ty, fin, Tour and floye. In
general, four of these quantities make it possible to calculate the two others.
Once the six quantities are known, it follows for the inverse temperature
that

—1 i *1
T(x) - L + (& + din) g (Jq - Qme) for —dip <z <0
1 1 i s,i *1
=T + (dinrly +753) (Jg — Qi Tim) (8.36)
1 1

— = + (2 = dout) 79y (Jg — @y Im)  for 0 <z < douwt
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For i, /T we find similarly that

Nm(fﬂ) Hin i i ;

() = T_m + (x + din) (quQqu — TMLJm) for —dp,<z<0
/inn Hin i s i . .
Ts = T, + (din'rqq + qu) Qqu — (dinrﬂy‘ + 7«##) -

Hm (.I) Hout o o o

@) = T, + (z — dout) (quQm Jg — T’MMJm) for 0<x <dou

(8.37)

Equations (8.36) and (8.37) give the temperature and the chemical potential
profiles through the system.

The above calculation, taking some quantities constant, should be seen
as an illustration. For temperature dependent coefficients Eq. (8.30) must
be integrated numerically to obtain the temperature and the chemical po-
tential profiles in the homogeneous phases.

The Soret (or Dufour) effect is not a big effect in gases or liquids. It can
therefore often be neglected in descriptions of transport in homogeneous
systems. When it comes to heterogeneous systems this picture changes
dramatically. The coupling coefficients for interface transports, here repre-
sented by rz’qi “ and ros Q> are large, as follows from Eq. (8.29). These
terms are the origin of the power that can be created in a thermal osmosis
plant, see Chapter 18.

It has been verified that the temperature of a catalytic surface can be
different from that of the adjacent homogeneous phases [125,150,151].

8.5 Scaling relations between surface and bulk resistivities

In order to compare surface and bulk main resistivities, we divide their
ratio by the thickness of the surface, §. A dimensionless scaling coefficient
is obtained®. For the left hand side of the surface, this gives:
; il

k'= s (8.38)
Such a ratio can be defined for the surface main resistivities. The Onsager
coeflicient that describes the thermal resistivity for side i of the surface can,
using such a scaling coefficient, be written as

kgt
qaq Al (Ti)2

THansen [152] does this for the conductivities rather than for the resistivities. It is
better to do this for the resistivities, as the resistivities are in series.

ros = kior (8.39)
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where A is the thermal conductivity and 7" is the temperature of the bulk
material on side i. The mass transfer coefficient for side i, is similarly (for
systems with constant activity):

» . . . Dict
P = KLor, = k6= (8.40)

u g u® R
Similar expressions may be written down for the other side of the sur-
face. The scaling coefficients measure how surface resistivities differ from
bulk resistivities. The surface is only interesting as a separate system if it
has o substantial resistivity to transport, that is, when k' is substantially
larger than unity. When %! is of the order unity or smaller, one may ig-
nore the surface resistivity. In the above formulae, it is the product k4
rather than the scaling coefficient that has a physical significance. There
is some freedom in the choice for the thickness of the surface § but not
in the product. For many heterogeneous systems, the transition from one
homogeneous phase to the other is very abrupt. For the interface between
them, a thickness of 1.5 times the diameter of the molecules is commonly
used [93]. In Chapter 22 we will discuss how to define a thickness for a
vapor-liquid interface appropriate for the interpretation of the results of
molecular dynamics simulations [39].



Chapter 9

Transport of Heat and Charge

We present flux equations for transport of heat and charge, with the aim
to be able to integrate across heterogeneous systems. We give the Onsager
coefficients in terms of the measured coefficients and discuss some coeffi-
cient models. We show how thermal energy can be used to produce electric
power.

This chapter concerns transports of heat and charge. Coupling oc-
curs between such transports in many solid state electrochemical systems,
e.g. batteries and fuel cells. The coupling is important because it is the
origin of work in these systems. It is the only way in which one can pro-
duce work from low temperature heat reservoirs; in thermoelectric power
generators. Thermoelectric effects have been known since the 19'" century.
Seebeck found in 1821 that heating of one junction of a bimetalic couple
and cooling another gave rise to an electromotive force in the circuit. Thir-
teen years later Peltier found that passage of an electric current through a
bimetalic circuit caused adsorption of heat. The coupling between trans-
port of heat and charge explains the function of the common thermocouple
and thermoelectric heat pumps [153]. Such devices consist of two or more
conductors or semiconductors.

We give the basic equations for such transports across two homogeneous
conductors, joined together by a surface. More complicated examples are
given in Chapters 13-21. The electric current density is constant through
the system, and we have no mass flux.

The aim is to give equations that can be integrated through the hetero-
geneous system, to obtain the performance of the total system. The surface
is always the frame of reference for the transport processes. Experimental
or other conditions determine the entropy production of the surface and of
the homogeneous phases.
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9.1 The homogeneous phases

Consider an electric conductor. The temperature changes as a function
of position and so does the electric potential. By convention, the elec-
tric current from left to right is positive. The entropy production for the
homogeneous phase is obtained from Eq. (4.15), which here reduces to:

d 1 1 do
=J [ —= | —=— 9.1
? q(de)+]< de) (9-1)
The resulting equations for the forces are
d 1 )
T quJé +Tq0)
(9.2)
1do .
TTdr Toqlg + 7o)

These coeflicients can be identified with coefficients that are obtained from
measurements. Measurements define the stationary state thermal conduc-
tivity (Fourier’s law):

J! 1
= g _
A= <dT/d‘T>j—0 T?rqq 9:3)

and the Ohm’s law resistivity

r=— <M> =T <T¢¢ - rqjﬂ) (9'4)
dT'=0

J qq

The Peltier coefficient, 7, is the heat transferred reversibly with the electric
current (cf. remark under Eq. 7.25)

J! ) r
T=(—% - _F% (9.5)
(J/F dT=0 T'qq

Neither Jé nor j depend on the frame of reference, so 7 is absolute. Be-
cause the Peltier coefficient concerns reversible heat transport, it has been
associated with an entropy, the transported entropy of the charge carrier:

T=T85* (9.6)

Here S* is the transported entropy of the charge carrier. We can express
the resistivities in terms of the transport coefficients found from experiment
as

1 1 2
Tqq = oy chb:Tabq:_La Top = 7 T+7T— (9.7)
T2\ FT2)\ T 2T\
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By introducing these expressions into Eq. (9.2), the gradients in T' and
¢ become

ar  Jg LT
dz A AF
(9.8)
dp S dT
dr ~  Fdr

The Onsager relation rq¢ = r4q Was used. By convention, the transported
entropy is positive when entropy is transported in the direction of the posi-
tive electric current. Transported entropies are kinetic, not thermodynamic
properties. Electronic conductors have transported entropies between —1
and —20 J/K mol [154]. Some transition metals like Mo, Cr and W have
positive transported entropies, even if the charge carrier is an electron. The
maximum value in molybdenum is S7_ ;=17 J/K mol at 900 K [154]. For
the same temperature, S;lypb = —5 J/K mol. The transported entropy of
electrons in lead is a commonly used reference value. The variation in the
transported entropy was to some extent explained by the number of elec-
trons available for transport above the Fermi energy level (ep) at a given
temperature. Mott and Wilson, see Cahn [155], proposed that

2
gv = TkpT [ﬁ} (9.9)
EF

" 3 ek |dep

Here « is the specific electric conductivity, e is the absolute charge of the
electron, kp is Boltzmann’s constant and 7 is the mathematical constant.
The derivative is taken at the value of the Fermi energy level, ep.

The transported entropy is a function of the temperature. This is de-
scribed by the Thomson coefficient:

T

d (7 ds*
=7 (7) = 9.10
T o7 (9.10)
If the transported entropy is zero at 0 K, we can find the transported

entropy at any temperature by integrating 7 from 0 K to 7'.

T w(D)
S _/O Fdl = T2 (9.11)

The result gives an absolute value for 7(T") /T for a material. The Thomson
heat [7] is the heat added to a conductor to keep its temperature constant
per faraday of positive charges passing the conductor from left to right.

Exercise 9.1.1. Consider an electric current of 10A/m? through a piece
of lead. Entropy will be transported, and if the system is thermally isolated,
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a temperature gradient will build up. Calculate the mazimum temperature
gradient that arise in the metal. Use a thermal conductivity of 5 W/Km and
an average temperature of 300 K. The transported entropy is —5 J/K mol.

e Solution: Eq. (9.8) gives the heat flux in terms of the temperature
gradient and the electric current

dT J
o el
Jg = —Apb 7y TP

With a constant electric current, the heat flux through the system
will vary (the variation is given by the energy balance for the isolated
metal). The smallest value of the heat flux is zero. In that case
all thermal energy is converted to work (electric energy). It follows
then that dT/dx = mppj/FApy. By substituting the values of all
coefficients we obtain dT'/dz = —3 x 1072 K/m.

9.2 The surface

Consider next the surface between the two phases, i and o. The excess
entropy production of Eq. (5.15) reduces to

: 1 1 A; ¢
s __ 7h 10 . i,o
o = Jq ALST + Jq AS’OT +] (- T ) (912)
There is one heat flux into the surface, Jéi, and one heat flux out of the
surface, Ji°, but j = j' = j°. We use the assumption that there is no
coupling between fluxes on different sides of the surface, cf. Sec. 8.4. The
forces become:

1 - o
Ai’sf =rydy + 1540

1
As — — pS0 Jlo + s

o =T 1500 (9.13)

Ao = PTY T+

These expressions are analogous to Eqs. (8.14) and (8.15) with a constant
mass flux. The Onsager relations are: 7§, = r3; and g, = r3,. Nota-
tion is further illustrated in Fig. 9.1. Each resistivity is a function of the
temperature of the surface. The definitions of the Fourier type thermal
conductivities for the two sides are:

. Ji 1 : Iy 1
A= — ! =——— and A’=- ( 4 ) = 70,50
AivsT ]:0 TITST‘qLZ AS7OT JZO T T qu

(9.14)
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Figure 9.1 Standard notation used for transport across surfaces.

The Peltier coefficients are defined in the same manner as for the homoge-
neous phases:

. Jh 5, (T°
ﬂ,l(TS) = _q - _F ;qbl( )
IF) 5 v 70 (T*)

J/O TS TS
and °(T%) = ( 1 ) =-F Sﬁ( )
Ao T=0

j/—F Tqq (T%) (6-15)

These coefficients are ratios of fluxes in the homogeneous phases and are
therefore equal to the corresponding values in these homogeneous phases
at the temperature of the surface. The ohmic resistivity of the surface is:

JANING) T4l Tholos
s —<—, e =T 154 — i (9.16)

J qq Tqq

The resistivities can be expressed in the transport coefficients just defined
as:



132 Chapter 9. Transport of Heat and Charge

) 1
S,1 __ S,0 __
Tqqg = TiTs )\s:i and Tqq = TSTo )80
7t °
s _ .5 __ s __ s __
Tig = Toi = C FTiTs \si and Top = Tpo = "~ TsTo)s0

(9.17)

S s 4 ©\° 1 n ™\% 1
Tog = 7oz | T — — — | =
90 Ts F ) Tixsi F ) Toxse

The jumps in the intensive variables into and across the surface are:

. 1 . . g
AT =T —T = — (J" - wli)

)\s,i q F
AeoT =T —T5 = ——— (gro _ o (9.18)
5,0 S0 q F

Aio = ¢° = ¢' = —%Sf‘Ai,ST - %S;AS,OT — 7%

When the surface temperature differs from the temperatures in the adjacent
phases, finite contributions to the cell potential result.

9.3 Thermoelectric coolers

The Peltier heat is defined for junctions [27]. The Peltier heat of a surface
(the junction) is defined by the heat needed to keep the surface at constant
temperature when one faraday of positive charges is passing it from left to
right:

J/i —_ Jlo )
™ (T%) = - L= =7°(T%) =« (T®) (9.19)

(),
The Peltier heat of a surface is the difference between the Peltier coeffi-
cients in the two conductors, 7 — 7'. The Peltier effect is used to make
coolers, like for instance wine coolers. In a thermoelectric cooler, an electric
current is used to transport heat from a low temperature reservoir to a high
temperature reservoir.

Let us calculate the electricity needed to cool a glass of wine (25 cm?)
at 300 K by 5 K, using a Mo—Pb element with the values for S* given in
Sec. 9.1. The heat capacity of wine (water) is 72 J/K mol. The Peltier
heat of the device is 7° — 7' = [17 — (=5)] 300 J/mol = 6.6 kJ /mol. There
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are 25 - 1073 - 55.5 = 0.14 mol water in the glass. The number of joules
needed for cooling is taken from the junction of the element 0.14-72 .5 =
6.6 kJ/mol - Q/F, where @ is the number of coulombs and F' is Faraday’s
constant. The relation demands 760 C, or 0.84 A in 900 s.

The reciprocal effect of the Peltier effect, the Seebeck effect, can be used
to generate electric power from geothermal and other heat sources. In that
case a temperature difference exists (see below). It is easier to measure an
electric potential with high precision than a heat effect at zero temperature
rise. The Seebeck coeflicient can therefore be more accurately determined,
and can be used to determine the Peltier coefficient via Onsager’s reciprocal
relations, see for instance Flem and coworkers [78,80].

9.4 Thermoelectric generators

A thermoelectric generator takes advantage of the heat flux between a high
and a low temperature reservoir to generate electric power. The genera-
tor consists of a p- and an n-semiconductor in series. Their junction is
kept at the low temperature T}, while the other ends (the terminals) have
temperature Tpg. The system is illustrated in Fig. 9.2. An electric cur-
rent is produced, and a potential can be measured between the terminals.
The distance between the thermal reservoirs through both the p- and an
n-semiconductor, [, is small, usually only a few mm. The geometry of the
system is such that x = 0 at the terminal and = = [ at the cold end in the
p-semiconductor (phase i). The n-semiconductor (phase o) bends back and
goes from x = [ at the cold end to x = 0 at the terminal, parallel to the
p-semiconductor.

The electric potential of the generator is obtained by integrating from
terminal to terminal:

SrdT 07 Srdr .
NG = /(}———— P)aotdot [ (-2 -rg)ar 020

Combining the integrals, taking 7% = T° = T°, we obtain:

! ar , .
Agp = / —ng— — (r'+r°) j| dz —r%j (9.21)
0 dI
where 7g is the Seebeck coeflicient of the device:
A¢ 1
__ 8 | Ll g 9.22
5= | T ) (9.22)

where we took the transported entropies independent of the temperature
to obtain the last identity. The electric potential difference is generated be-
tween the terminals, because there is a difference in the transported entropy
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T

Figure 9.2 The thermo-electric generator composed of a p- and n-
semiconductor, between thermal reservoirs with temperatures Ty and T;.

of the charge carriers in the conductors. The maximum electric potential
is obtained when j = 0. The electric potential for j = 0 (the reversible po-
tential) is given by the net heat added to the system from the surroundings
divided by F (i.e. the first law applies for the total system). For a finite j
the potential becomes, using temperature independent electric resistivities,

Ap=ns(Ty —Tr) — (I +7° +1r°) j =ns(Ty — T1) — Trotarj  (9:23)
The thermoelectric power

P=jA¢=ns(Ty —TL)j— Ttotal)” (9.24)

has a maximum Pax = n%(Th — T1)?/470tal as a function of the current
density. The current density delivered is determined by the resistance of
the external circuit. Harman and Honig [153] gave the general expressions
for temperature dependent transport coefficients.

Exercise 9.4.1. Calculate the Seebeck coefficient at 900 K for Mo Pb Mo
and find the maximum potential generated by a geothermal source of 90 °C
lying next to a glacier.

e Solution: By introducing the transported entropies given below
Eq. (9.8), we find ng = 21 uV/K. With AT = 90K, E = 180uV
for a single cell. By stacking many cells, one can generate a potential
difference that supplies electric light to a nearby greenhouse.

Exercise 9.4.2. Find the entropy production in a thermoelectric generator.
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e Solution: The entropy production for one semiconductor (arm), say
the i-phase is:

dT i\ dT Sedl N\ 1.
— _ oy g [ BN S, —_
? (A i F> T2da ( ”) T’

Ndr\? L
=—= |- —r
2 \dz) T
The reversible contributions to the entropy production containing S;
cancel. The entropy production for the whole device is

ds; /X AT 1
m"r:Q AN il Y a2 d
dt /0 <T2(d:v) +TTJ> v

where A is the sum of the thermal conductivities of the homogeneous
phases (the surface is isothermal) and  is the cross-sectional area.
The terms in the entropy production are proportional to the square
of the gradient in temperature and the square of the current density.
The entropy production times the temperature of the surroundings
gives the lost work per unit of time. The power is, on the other hand,
a linear function of the temperature gradient. We therefore expect a
maximum energy efficiency for a given temperature gradient.

We have seen that the examples in this chapter give relatively small effects.
Still, the effect may be useful for dedicated purposes. The electric poten-
tial created by a temperature difference is order of magnitude 1 mV, and
relatively much electricity is needed to provide cooling. The efficiency of
these devices can be considerably improved if S* is raised. This gives a
motivation to study thermogalvanic cells, see Chapters 13 and 14.

We have found that the main reason for energy conversion is the differ-
ence in the transported entropies in the two phases. This is exploited in
devices like coolers and generators. The larger the difference is, the larger
is the efficiency of the device in its conversion of energy from one form to
another.

9.5 Solution for the heterogeneous system

In order to solve the heterogeneous system, it is convenient to use the fluxes
that are constant through the surface. These are the electric current j, and
the energy current J, = J, + jo = Jl; + jé. The entropy production in the
homogeneous phases in terms of these fluxes becomes (cf. Eq. (4.17)),

@) e
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The resulting equations for the forces are

d 1 J 4 .
7 = Teedu Tegp)
dz T
v (9.26)
d ¢ .
T = Toedu + 7540

By comparing with Eq. (9.2), we can identify

Tgq =Tees Taqp = Toq =Tep + Plees  Top =T + 20Tes + ¢°ree  (9.27)
Inverting these relations, we have

Tee = Tqqs Tep = The = Tqp — aqs Top = Tod — 20Tqe + g (9.28)

where we used that both matrices, used in Egs. (9.2) and (9.26), satisfy the
Onsager symmetry relations.
The excess entropy production of the surface, Eq. (5.17), becomes

c®=J, (Ai,o%) + <_Ai,o%> (929)

where we used that J., = J¢ = J,. The continuity of both fluxes through
the surface results in the elimination of a force-flux pair of the surface. As
a consequence, the excess entropy production no longer depends on the
temperature differences with the surface. The forces become:

1 ) s

Ai’of =718, Ju + TegJ
5 (9.30)

_Ai’of = Tgedu + 1550

By calculating the same jumps, using the expressions for the forces (9.13),
one can identify

S 8, S,0 S S .S s _ 4ins,i _ 10,..8,0
Tee = Tqq + Tagr  Teg = Tgpe = Tig + Tog ¢ Tqq ¢ Tqq
(9.31)

s i g , N2 o 2 o
T56 = e — 20l — 20715, + (¢1) rig + (6°)7 gy

These equations give the three coefficients used in Eq. (9.30) in terms of
the five coefficients used in Eq. (9.13). It is therefore not possible to invert
this identification.
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We are now set to solve the temperature and electric potential pro-
files across the heterogeneous system. Consider therefore two homogeneous
phases with an interface between them. The zero along the z-axis is chosen
to coincide with the position of the dividing surface. The left homoge-
neous phase is between —d;,, and 0 and the right homogeneous phase is
between 0 and dyyut. The temperatures at the ends are T;, = T(—d;ip)
and Tyyt = T(dout), and the electric potentials are ¢;, = ¢(—d;,) and
Dout = O(dout). In order to simplify the calculation, we assume that the
resistivities in both phases are independent of the position. It then follows
from Eq. (9.26) that the gradients of 1/T and ¢/T in the two homogeneous
phases are constant. By integrating these equations over the homogeneous
phases, using Eq. (9.30) for the surface, we find:

S S G S VNS O S A
Tout len B Tout T° To T’i T’i Tz

= (doutrge + T‘Ze + dinr}ge) Ju + (doutrgqb + T:¢ + dinrie¢) .7

¢out _ ¢1n _ ¢out _ ﬁ + ﬂ _ ﬁ + ﬁ _ ¢1n
Tout E Tout To To Ti Ti E
=~ (dourrly + 18y + diney) Ju = (ot + 5y + dinTy) J
(9.32)
These equations make it possible to calculate T,,: and ¢out given Tiy, Pin,
Jy and j, or alternatively J, and j given T5,, Gin, Tout and ¢oyt. In general,
four of these quantities make it possible to calculate the two others. Once

the six quantities are known, it follows for the inverse temperature profile
that

T(lflf) B Tin + (@t din) (reJu+1egd)  for —din <z <0
% = Ttn din (Thedu +150])
% N % Freedutres)
T(lx) - % ta (rledu+72s])
1

= T + ({E - dout) (Tgeju + qub.]) fOI‘ O <zr< dout (933)
out
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For ¢(x)/T (), we similarly find

D) 20 (rb) (e b rhd) Tor iy < <0
% = %" —din, (T;eju + riwj)
s - il
B = 5 0 5+ 154d)
= 2 (0 ) (134 1500) for 0w <doue (934)

Equations (9.33) and (9.34) give the temperature and electric potential
profiles through the system. Given these profiles one can calculate the heat
flux J (v) = Ju — jé(x) everywhere in the system. Equation (9.18) makes it

i

then possible to calculate the temperature of the surface. When rl_, rie o=

ribe, Tibqb’ Teer Tep = Toer Too depend on the temperature and/or the electric

potential, numerical integration is necessary to obtain the temperature and
electric potential profiles in the homogeneous phases.

By comparing Secs. 9.5 and 8.4, we see that J, and J, play comparable
roles in the solution for the heterogeneous system. The two constant fluxes
are practical for the integration procedure. After integration, we need to
reintroduce Jé to be able to describe experiments or device performances.
In order to find the terminal potential of a thermoelectric generator under
operation, and internal gradients of T'(z) and ¢(x), we replace J, in the
equations above by J; + j¢.
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Transport of Mass and Charge

We give flux equations for transport of mass and charge in an electrochemi-
cal cell. We give the Onsager coefficients in terms of measured coefficients,
and present expressions for electrode potential jumps. We show how power
production is related to the coupling coefficients.

This chapter concerns mass and charge transports. Such transport oc-
curs in electrochemical systems, e.g. electrolysis cells, batteries and fuel
cells, but also in biological systems. The coupling between mass and charge
transport is frequently large, meaning that simple transport laws are inad-
equate. In order to bring out the meaning of coupling, we consider again
only coupling of two fluxes with two forces. The aim is to give equations
that can be integrated through the heterogeneous system, to obtain the
performance of the total system. We lay here a basis for the description of
such transports, building on Guggenheim, Fgrland et al. and Katchalsky
and Curran [23,27,63]. The concentration overpotential, but not the acti-
vation overpotential, is described. More complicated examples are given in
Chapters 13-21.

The cell used to illustrate the principles is the isothermal concentration

cell,
Ag (s) |AgNO; (aq)| Ag (s) (10.1)

The electrodes are made of pure solid silver, which is a good electric con-
ductor. The electric potential in both electrodes can therefore be taken
constant. On the left hand surface, we have oxidation of silver:

Ag — Agt +e (10.2)

The electrolyte is AgNOs in water, and there is a varying concentration of
the salt across the cell. Silver ions go into solution from the anode surface
and are deposited on the cathode surface as silver after the reverse reaction,

139
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Ag AgNO; (aq) Ag

C/kmol m3

x/m

Figure 10.1 An isothermal electrochemical cell with a concentration
gradient.

Agt + e~ — Ag. Electric current is passing the cell from left to right. In
the stationary state, both surfaces have the same velocity. All fluxes are
calculated with the surfaces as frame of reference. The velocity of the silver
both in the anode and the cathode relative to these surfaces is j/Fcag,. We
continue to deal with one-dimensional transports through a heterogeneous
system, in the direction normal to a flat surface, in the same manner as
described in Chapters 8 and 9. The fluxes at the surface not only have a
bearing on the form we choose for the entropy production at the surface,
but also on the form chosen in the homogeneous phases.

In order to demonstrate the importance of coupling we consider two
examples of coupled mass and charge transport, a salt power plant and
electric power from volume flow.

10.1 The electrolyte

Consider first the aqueous solution of AgNOg, see Fig. 10.1. The solution
is electroneutral, so the concentration of salt is equal to that of the cation
and of the anion:

CAgN03 = CAg+ = CNO; (10.3)
The mass balance for the salt is:

o0 o0
7 CARNO, (x,t) = —%JAgNo3 (z,1) (10.4)

so the two ions diffuse together.
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The entropy production, cf. Eq. (4.15) is:

_ 1 3,uAgNo3 . 1 0¢
o= JAgN03 (—TT +7 _T% (105)

The temperature is constant, so we drop subscript T" for piagno,. Chemical
potentials for strong electrolytes were defined in Appendix 3.A.3. As will
be explained in Sec. 10.3, the electric potential ¢ is equal to ¥ + ppg+/F,
where v is the electric potential referred to vacuum (the Maxwell potential).
We shall use the ¢-potential, because of its closer relation to measurable
quantities. The force-flux relations are:

10 .

T g HaeNO, = TuuJ AgNO, + TpgJ
Lo (10.6)

_T% = T(;b‘u,JAgNO:; + T(;B(;b,]

In the surface frame of reference, water is at rest. We define the experi-
mental coefficients first. The diffusion coefficient, Dagno,, in Fick’s law is
defined when j = 0:

JAgNO 1 Opagno
Dayno., = — <73 = — 10.7
gNOs 8cAgN03/6:v j=0 TTHH (9CAgN03 ( )
The ohmic resistivity of the homogeneous solution is
0¢p/0
TC —_ — ( (b/ $> =T (T¢¢ — —Td),LLT,LLd)) (108)
J dpiagnoy =0 Tup

and the transference coefficient of AgNQOj is the flux of salt divided by the
electric current density over F':

J
fagno, = <ﬂ) ) (10.9)
’ ilF dpagno; =0 Tup

With these definitions, we can identify the resistivities in the force-flux
matrix in terms of the measured transport coefficients by:

B 1 OpagNo, e tagNo, OpagNo,
TDagno, OcagNo, o Ton FTDagno, Ocagno,

o tagno, \~ OtagNo, /OcagNo,
oo =7t TF TDamno
g 3

Tup

(10.10)
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The concentration gradient and the electric force become, using the
measured transport coefficients:

dcagNo, _ Jagno, | lagNo, J
Oz Dagno,  Dagno, F (10.11)

0 _ _tagNo, JHASNO, _ .,

ox F Ox J

The first term on the right hand side in Eq. (10.11b) gives the reversible
chemical work done by the system on expense of its internal energy. This
can be seen by introducing Eq. (10.6) into Eq. (10.5) and comparing com-
pensating terms, see also Eq. (7.25). The transference coefficient can be
determined by a Hittorf experiment [97]. In this experiment, an electric
current is passing a cell of a uniform composition. A differential amount
of salt will accumulate on one of the sides, and can be taken for analysis
to determine the number of moles transported per moles of electric charge
that is passing. The anode produces one mole of silver ion, and the cath-
ode consumes one mole per faraday of electrons passing the outer circuit.
These changes plus the transport in the electrolyte lead to a change in
composition on both sides. The total flux of silver nitrate is found from
Eq. (10.11a). The equation says that, in order to find tagno,, one must
correct for diffusion. This can be done by measuring the concentration gra-
dient for small values of j for a decreasing period of time and extrapolating
to a zero period of time.

Equation (10.11b) can be used to find tagNo, in the limit j — 0, when
the chemical potential is known at the two electrodes. The electric potential
difference can be measured with high accuracy. This value may be more
accurate than that obtained from Hittorf experiments.

The transport number of an ion is the fraction of the electric current
carried by the ion:

J Jxo-
trgr = F <A—g+> and tyo = —F <N—O3>
J dpagno; =0 ‘ J dpagnoy =0

(10.12)

The two ions move in opposite directions, but together they are responsible
for the total electric current, therefore

tagt +tnos = 1 (10.13)

The electrode surface reactions are here reversible to Ag™ ions on both
sides. The NOj3 ions do not leave the electrolyte. The flux of the Ag™ ions
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is therefore equal to j/F plus the salt flux, while the flux of NOj ions is
equal to the salt flux alone:

JAg+ = ]/F+ JAgNO3 and JNO; = JAgN03 (10'14)
We obtain as a consequence
tagNo, = _tNO; (10.15)

The transference coefficient for salt can thus be expressed in two alternative
ways:
tAgNOS = _tNO; =—-1+ tAg+ (10.16)

A model for transport numbers in terms of mobilities is discussed in
Sec. 10.6.

Remark 10.1. The transference coefficient for a salt in the electrolyte is
determined by the transport number of the ion for which the reaction at the
electrode surfaces is reversible [27]. Transference coefficients are therefore
not a material property of the electrolyte alone. The transport numbers,
however, are properties of the electrolyte.

10.2 The electrode surfaces
Consider again the electrode reaction
Ag — Agt 4+ e (10.17)

The surface dissolves as the reaction proceeds. This particular reaction is
normally in equilibrium, but for the example, we include its reaction Gibbs
energy. The excess entropy production of the isothermal anode surface
becomes:

. ca Ag A Apedp+ AGR/F
" = TS, <_%) H(_ <0 - / > (10.18)

cf. Eq. (5.15). The Gibbs energy change of the neutral components is
ApGY™ = —pij, (10.19)

The silver phase on the left end is denoted a (from anode), the electrolyte
phase is denoted e. The terminology was further explained in Fig. 5.5. The
frame of reference, moving relative to the laboratory frame, is the equimolar
surface of silver. The electric current density is constant. The reaction rate
is given by r*?* = j/F.
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The electric potential in the anode ¢* is equal to the Maxwell potential
minus the chemical potential of the electron divided by F', ¢* = ¢*—pu2_ /F,
see also the Appendix 4.A and Sec. 10.7 [23,27,63]. In the electrolyte one
similarly has ¢° = ¥° + u2g+ /F. A reversible electrode has o%* = 0,
meaning that Agepagno, = 0, and

ATGs,a
Aaep = ¢° — ¢* = -

= Daeth =9° =9 =

A, G5
— 10.2
- (10.20)

where
ATGS@ = ﬂ2g+ + :ug* - :uﬂaAg (1021)

Equation (10.20) is the Nernst equation. The thermodynamic force is minus
Npedp + NG /F = Ay ot + AG>?/F divided by the temperature, see
Sec. 10.7.

There are thus only two independent fluxes and forces:

As,eMAgNO3 o

Dol AN o o, 415
, N (10.22)
T (Aa’e¢ TTF ) = Tonagno, T 6]

The adsorption coefficient for the motion of AgNOg from the electrolyte to
or from the surface is:

JReNO 1
AgNO;4 ( As,eﬂAgNOS i e ( )

The stationary state ohmic resistivity of the surface becomes

s s,a_s,a
rSe = _ (Aa7e¢ + AnGh’d/F> =7 ,r.S7a _ TCb#T,Mb
= . s,a
J As,c#AgNo3 =0 o0 Tup

(10.24)

The transference coefficient is the ratio of two bulk fluxes and is therefore
equal to the value in the electrolyte

e,a s,a
r
theno, = | 20 o (10.25)
JilF A 0 Ty 3
s,0MAgNO3z =

With these definitions, we can identify the resistivities in the force-flux
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matrix in terms of the measured transport coefficients by:

e
rSe — 1 rs,a _ rs,a _ AgNC)3
[ A IR T S,2 ’
TEAgNOS F‘TgAgNO3

(10.26)

2
Ts7a B TS7H + (tZgNo3 ) 1
- S,a
¢ T F TleNo,

The chemical potential difference of AgNOj3 out of the surface and the
surface potential drop become:

1 tAgNO, J
AsetiagNo, = —7ma—Jagno, %F
AgNOg4 AgNO, (1027)
AnGs,a _ ZgNOSA
F F

S,a

Npcd + J

s,eAgNO,; — T

According to the last term of Eq. (10.27a) and Eq. (10.25), the electric
current transports salt in direction of the anode surface. This leads to an
increase in the salt concentration near the surface. The concentration can
increase until ZgNOB = 0. The chemical potential drop has then increased
to its maximum value. The driving force for desorption is then balanced
by the migration of ions with the electric current.

The above analysis can be used in an analogous manner for the isother-

mal cathode surface.

Exercise 10.2.1. Calculate the stationary state (JZ’;NOS = 0) chemical

potential jump from the silver surface to the silver nitrate solution, for an

electric current density of 10 A/m?. The mobility coefficient of AgNOs in
s,a

and out of the surface is KAQN% = 7.5 x 1078 mol?/sJm?. The transport

y > € J—
number for nitrate is tNO; = 0.6.

e Solution: Using Eq. (10.27a), one finds the chemical potential dif-

ference equal to — jt1e\1 o; /F ZZNO;{ That gives a chemical potential

jump from the surface to the solution of —800 J/mol.

The jump in chemical potential gives a change in electric potential at
the surface, which is called the concentration overpotential, i.e. the change
in the surface potential drop caused by lack of equilibrium between the
surface and the nearby electrolyte solution [156]. In order to describe the
activation overpotential [156], we need to consider the activated process
on a mesoscopic level [51]. It is then possible to find the Butler—Volmer
equation from o°. This is however outside the scope of this book.
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10.3 Solution for the heterogeneous system

The electrodes are good conductors and we can therefore take the electric
potentials ¢* and ¢° as constant. The chemical potential of the pure silver
in both electrodes is the same on both sides at constant T" and p, pj, =
Wag- The origin of the z-axis is set at the silver-electrolyte interface. The
thickness of the electrolyte layer is de. The electric potential difference
across the cell is

(bc _ ¢a _ (bc _ (bc,c +¢c,c _ (bc,a +¢c,a _ ¢a
= Aau,e(l5 + Ae(b + Ae,r:(l5

1 S,C s.a s e s .
= ~FlaeNo, (ﬂA’gNo3 - uA’gNo3) — (r¥* +7°de +1r5°) j  (10.28)

For the last identity we integrated Eq. (10.11b), assuming that the transfer-
ence number as well as the resistivity of the electrolyte are constant (taken
at the average salt concentration). Furthermore we used Eq. (10.27) for the
anode surface and the analogous equation for the cathode surface. Finally,
we used pj, = pfi, so that ARG+ A,GH¢ =0, and Ay e + Accgp = 0.

Assume next that 744 and 7,4 in the electrolyte are constant (depend
only on the average salt concentration). In the stationary state, the salt
flux is zero. From Egs. (10.6) and (10.22), we obtain the electric potential
difference

¢ — ¢t = —T (rj;; +der, + r;;) j (10.29)
and the chemical potential difference
s,C s,a _ 8¢ e,c e,c e,a
HagNo, — HAgNO, = HAgNO, — HAgNO, T HAgNO, — HAgNO,
+ HZ’;N% - MZZNO3
= As,e/lngNO3 + AeMAgNO3 + Ae,sMAgNO3
= =T (155 + dersy +135) J (10.30)

In this approximation, the chemical potential difference is linear in z and
given by

Haano, (7) = 2041 (2) = 2415 (3) = Higno, (0) — 2T, (10.31)
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Figure 10.2 The principle of a salt power plant that uses reverse electrodial-
ysis. The concentration difference of sodium chloride, between the sea water
and the fresh water, drives an electric current and creates an electric power.
Sodium ion is transported through cation exchange membranes, and chloride
ions through anion exhange membranes.

10.4 A salt power plant

In order to see the importance of coupling coeflicients for work production,
consider first a salt power plant. This plant uses an electrolyte concentra-
tion difference to give electric current. The plant that uses reverse electro-
dialysis is illustrated in Fig. 10.2. Salt power plants can also use reverse
osmosis, see Chapter 18. The plant operates at the sea level. Sea water and
fresh water are fed into alternating compartments that are separated by ion-
exchange membranes. The membranes alternate between cation exchange
membranes (A) and anion exchange membranes (C). One cell unit consists
of a salt water compartment, an anion exchange membrane, a fresh water
compartment, a cation exchange membrane and a salt water compartment.
Several units in series add to the cell potential. The figure shows two units.
The gradient in chemical potential of salt drives chloride ions through the
anion-exchange membrane and sodium ions through the cation-exchange
membrane. The electric field that arises causes the electric current be-
tween the electrodes. The chloride electrode, on the left hand side, may be
of titanium oxide. On the right hand side, hydrogen rather than Na will
be produced, typically on a nickel electrode. We assume equilibrium at the
electrodes.

For each membrane, the electric potential difference is given by an
expression like Eq. (10.28). For the first membrane A in Fig. 10.2,
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tNacl = tNa* =1.

tN+
Ap=——=1
¢ F

where we took the electric resistance of the membrane, r™d,,, to be large
compared to other resistances. The absolute value of the coupling coeffi-
cient, |rug| = ruutna+ /F, has its maximum when ty,+ = 1, see Eq. (10.9).
Diffusion of salt reduces the electric power. Such a loss of power is pre-
vented with this type of membrane arrangement. Eventually, there will
be some salt in the fresh water compartment to lower the chemical poten-
tial difference. But some salt is also required to give an acceptable ohmic
resistance in this compartment.

[unact (fresh) — punacr (sea)] — 1™ dmj (10.32)

10.5 Electric power from volume flow

Work can also be obtained from volume transport between two pressure
levels. This transport can lead to charge transport in an outer circuit.
Consider the transport of water across a cation exchange membrane in the

cell
(Pt) Hy, H,O(1) [HM|Hs, HoO(1) (Pt) (10.33)

A platinum catalyst is located on the electrode-membrane interfaces. The
membrane HM is a proton conductor, for instance a Nafion membrane that
is used in fuel cells (see Chapter 19). The membrane needs water to conduct
well. Hydrogen gas disproportionates on the left hand side giving protons
in the membrane and electrons in the metal. The protons react on the
right hand side to form hydrogen gas. We assume now equilibrium at both
electrodes. The entropy production of the membrane is, cf. Eq. (4.14):

B 1 Opiy . 10¢
r=a (-9 ) +i (752 (1034

The proton concentration in the membrane is everywhere fixed by the cation
sites of the membrane, so the flux of protons is identical to the electric
current j. The temperature is assumed to be constant so we drop the
subscript T in . The flux equations are:

B 10 1 9¢
T et e g (10.35)
B 1 96 '

= — Lk — fhw — Ly ——
J (WT(?:C'M (WT@,T

The frame of reference for transport are the membrane surfaces. In this
frame of reference, water can move due to a pressure difference between the
two sides.
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The electric conductivity of the membrane is

Lo
e— 299 10.36
K== (10.36)
Following the same procedure as in Secs. 10.1-10.3, we arrive at an expres-
sion for the water flux

0

—Cw+ —=J (10.37)
z

where D, is the diffusion coefficient of water in the membrane

L,,L o
Dy, = (L,, — Ztezen ) Ziw 10.38
(L - R ) S (10.38)

while the transference coefficient of water is defined as:

T L
ty=F (—) = p2ee (10.39)
J /) dpe=0 Lyg

When the water concentration is the same on the two sides, and a
hydrostatic pressure difference exists, duw = Vi dp, where Vi, is the partial
molar volume of water. We solve Eq. (10.35) using L¢, = L,¢ and obtain:

de : de - -

L¢ ditw  J tw/ J lw J
Ap =— R TE Yy = —— dppy—=d° = ——= Vi Aep—=—d°
¢ /0 (L¢¢ dx Ke) v F Jy Hw e F Izloli())

The pressure driven flow is able to generate an electric potential, however,
this is small. This phenomenon is also called friction electricity. The mag-
nitude of the work is proportional to ¢y, or in other words, to the coupling
coefficient Lg,,.

The transference coefficient can be found by measuring the water flux
or the volume flow caused by electric current through the membrane, or by
measuring the electric potential difference with different water pressures on
the two sides [157]. The relation between the two experiments is given by
the Onsager relation:

) (),
Aep =0 jduW:O

This is known as the Saxén relation. Volume flow by electric current is called
electro-osmosis, while an electric potential generated by pressure difference
is called a streaming potential [27].

(10.41)

BIEN
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10.6 Ionic mobility model for the electrolyte

In an electroneutral system, the independent composition variables are the
salt concentrations. The electrolyte can be regarded as electroneutral.
Jackson [158] calculated that electroneutrality was obtained in a liquid
junction within 1079 s, the time an ion takes to diffuse over a typical De-
bije length. We are normally dealing with much larger time scales, compare
Exercise 7.2.2. It is still more common to use ions as basic variables for
fluxes and forces. We shall therefore explain how to go from one description
to the other. This is useful for comparison with data in the literature.

The electrochemical potential for an ion was defined by Guggenheim
[63,95].

fip = pig + 24 FP
fe = po — 2_F

where p4 and p_ are the chemical potentials for the cation and anion
respectively, ¢ is the electrostatic potential referred to vacuum (the Maxwell
potential), and z; and z_ are ion valences (1 for both Ag* and NO3 ).

In the ionic formulation the entropy production is given by:

(10.42)

19 19
“Tox (“Ag“LM)] xog { 7oz (o F‘/’)}
(10.43)

g = JAg+

By substituting Ja,+ = j/F+Jagno,, JagNo, = JNO; and Pnoy THagt =
HAgNO,, We see that this equation is equivalent to (10.5), given that

6=+ Lhgt (10.44)
F
The difference A¢ is therefore equal to the electrochemical potential dif-
ference divided by F' of the ion that enters the electrode reaction, or the
(measured) electromotive at reversible conditions [23,27,63]. The ionic
fluxes, that follow from the entropy production (10.43), are:

19 10
Iagr = —LH o (pags + Fo) = L 2= (#nos — F)

o L (10.45)
Inog = —L 7 g (agr + F¥) = L == (iiyo; — F¥)

In this formulation, Nernst—Einstein assumption holds for each ion. By
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introducing measurable forces, we obtain:

10 Fo
JAg* — —L+_——MAgN03 _ (L++ _L+_)__¢
T O0x T Ox
(10.46)
19 F 8¢

Inoy = —L7 i gptaeno, — (LT = L7 )7an

By expressing the salt flux and the electric current in terms of the ionic
coefficients, we obtain:

JagNO, = _Lii%%ﬂAgNog — (Lt - Li*)g%
= _L##%%HAgNO:; - LW%%
j= = VL o, — (1 2 )
= _de%%ﬂAgNos - L¢¢%% (10.47)

which gives as relations for the conductivities in the salt representation:

Luyy=L"", Lyg=Lg,= (LY =L 7)F, Lgyp= (LT —2L " +L 7)F?

(10.48)
The conductivity matrix (L, Lue, Leu, Lee) is the inverse of the resistiv-
ity matrix (7., Tug, Tou, Tee) in EQ. (10.6). In the ionic mobility model one
neglects L™~ = L™, which is of the second order in the salt concentration,
see below.

Remark 10.2. The relations between the ion fluzes, the salt fluxes and the
electric current depend on the reversibility of the electrode surface reactions
for the ions. Formulae, which follow by writing the entropy production with
salt fluzes and the electric current, therefore depend on the electrode surface
reaction.

A common model for the Onsager coefficients of an electrolytic solution

uses mobilities of ions, here u2g+ and uS,___. The mobility of an ion is the

NO;
ratio between the stationary velocity of the3 ion in a constant electric field,
divided by the electric field. This model is useful for calculation of liquid
junctions, cf. Chapter 16. It neglects coupling between the ion fluxes. Up
to linear order in the salt concentration, the resulting ionic conductivities
are

T
L~ = _CNO; ’U’NO;’ L_+ = L+_ = 0, L++ = FTCAg*“’Ag*

F
(10.49)
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The ion concentrations are equal to the salt concentration, cf. Eq. (10.1).
This gives for the conductivities in the salt representation [97]

T
Ly, = chgNoauNo;’ Ly = Lyug = —TCAgNoguNo;
(10.50)
Ly = FTcagno, (“No; T “Ag*)
The transference number of an ion becomes
ZionCion Uion
tion = ———— (10.51)
Yz
where the summation is carried out for all ions. Using z_ = 24 = 1 and
given that the ion concentrations are the same, this gives
Uno— U
vo- ALTHEEE Ael (10.52)
¢ Unoy tUagt Uno; T Uagt
The resulting electric conductivity is, cf. Eq. (10.22),
K= = = =2 = Feagno, (uNo; n uAg+) (10.53)
The transference coefficient for AgNOj is, cf. Eq. (10.16),
Unojy
t =t = - 73 10.54
AgNO;4 NOj; uNO; +uAg+ ( )

In an ideal electrolyte solution the diffusion coefficient for the salt be-
comes, cf. Eq. (10.7),

Dano. — 1 Opuagno, _ R(LopLyp — LopLug) _ 2T Uag Unog
No. = — —
&8s Truu 8cAgN03 CAgNO, Ly F(uAg+ + uNO;)

(10.55)

where we used pagno, = ,uOAgNOS + 2RT In cAgNos/co, cf. Appendix 3.A.3.
This estimate of the diffusion coefficient has been used widely in electrolytes
[114]. Measurements show that D AgNO, and tNo; are weakly dependent on
the concentration. Mobilities depend on the concentration, but the ratio
of mobilities is only weakly dependent on the concentration. Transport
numbers and mobilities at infinite dilution [159] are given in Table 10.1.
More data can be found in the literature [159].
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Table 10.1  Transport numbers and ionic mobilities at infinitely dilute solution
for some selected ions.

Salt, MX tM+ HMX/CMX Unp+
/1020hm~*mol'm? | /107 8m2?s~ V!
HCl1 0.8209 426.16 36.23
LiCl 0.3360 114.99 73.52
NaCl 0.3870 126.50 5.19
KCl 0.4905 149.85 7.62
KBr 0.4846 151.67

By introducing the mobilities in the expression for the electric potential
drop across the electrolyte, we obtain using Eq. (10.11):

2RT  Unoj; 1y CABNO, (de)
F upg+ + Uno; cagNo, (0)

Ao = - %dc (10.56)

for an ideal solution. The mobility model is further discussed in the chapter
on liquid junctions, Chapter 16.

Exercise 10.6.1. For a low density of ions the coupling coefficients, that
are proportional to the salt density squared, can be neglected. Motivate the
relation between L™, LT and the mobilities on this background.

e Solution: The mobility of an ion times the electric field on the ion,
gives by definition the ion velocity. The electric field on e.g. the Ag™
ion is —0¢/0x = —0(¢ + ppg+/F)/Ox. This ion therefore gets as
velocity —upg+d¢/dx. If we then multiply this with the molar con-
centration one finds the positive ion flux. The resulting expression for
the Onsager coefficient is LTT = Tepgrupg+ /F = Teagno,upg+/F.
We also obtain L™~ = Teyg-tyo- JF = TcAgNosuNO;/F for the
flux of nitrate ion.

Exercise 10.6.2. Calculate the stationary state chemical potential gradient
of AgNOs in a solution of concentration 100 mol/m3. The electric current
density is 10 A/m?. Use as diffusion coefficient 10~9m? /s, transference
coefficient 0.6 and temperature 300 K.

e Solution: By using Eq. (10.5) one finds for the chemical potential
gradient 2RTtAgNOSj/DAgNOSCAgNOS; which gives the large value
2.9x103 kJ /mol m.
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10.7 Ionic and electronic model for the surface

Using the chemical potential for the ions in the electrolyte and for the
electrons in the conduction band in the silver, the excess entropy production
rate of the surface becomes

Aps(pte- — F ca Ase + F
I <_ o ¢>)+ 5, (_ o (g w))

e T T
AS e (,UNO* — Fl/)) : A..G52
e,a _ ’ 3 i 2
+ o . + 5 ( - ) (10.57)

in the last contribution on the right hand side, we used the reaction rate
that is equal to j/F. After substituting Jz’; =J/F+J3eno,: Tt = =i/ F

e,a __ te,a . .
and JNOE = JAgNO3 this equation becomes

(2 = Foe) + (i + Puot) — o™ — it + A, G5
FT

Ase (UNO; + '“Agﬁ)

7 (10.58)

e,a
+ Jagno,

Next, we substitute ¢°* =y + 2 /F, ¢ = 4 — ™ /F, pagno, =
Hno; T Hagt and A, G>* = p>* + ;LZZ+ + A,G**, which results in

s,a e,a As,e/lfA NO . Aa,e¢ + AnGSaa F
0" = JpgNo, <—$) +J (— T / (10.59)

This is Eq. (10.18), which we used. This further clarifies the relation be-
tween ¢%? ¢*° and ¥>?,1¥*° in the homogeneous phases and the relation
between A, G%* and A,.G>* at the surface. Equation (10.59) uses the inde-
pendent fluxes and forces for the surface. It follows from Eq. (10.59) that
the surface potential drop under reversible conditions is

L s,a
ARGS? Hig

Aped = — = 10.
o= = (10.60)
The corresponding Maxwell potential is
‘uc,a + ,u:f _ lus,a
Agety = — 287 = (10.61)

F
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Chapter 11

Evaporation and Condensation

We study the conditions at the liquid-vapor interface during stationary evap-
oration or condensation. A pure fluid is described first. The equations that
determine the temperature profile and the wvariation in the chemical po-
tential, are given. The description of evaporation and condensation of a
mixture follows. We present resistivity coefficients for the surface obtained
using non-equilibrium molecular dynamics and compare them with values
found using kinetic theory.

Evaporation or condensation occur when there is a temperature dif-
ference across a liquid-vapor interface, or when the pressure in the vapor
differs from the vapor pressure of the liquid. Distillation is a process where
mixtures are separated by differences in such variables. Evaporation of
seawater by the sun is driven by a temperature difference. Significant tem-
perature jumps have been measured across the surface during evaporation
of water, octane, methyl-cyclohexane [160-162], aniline [163] and water-
glycerol [164] around room temperatures, but also during crystallization of
He-3 from the superfluid phase [165]. A reduction in the pressure above an
oil-gas mixture, leads to evaporation of volatile components. Due to such
a pressure driven evaporation process, temperature differences of several
tens of degrees can arise in the system. This may cause damage to the
pipe or block it by gas clathrate formation. Knowledge about the detailed
conditions at the surface of the evaporating or condensing liquid, and the
coupling between temperature and pressure driven processes is important
for handling technical problems in a proper way. In this chapter we shall
give governing equations for such phenomena. Bond and Struchtrup [166]
have reviewed the literature on evaporation.

Consider first a liquid in equilibrium with its vapor. The thermody-
namic equilibrium conditions for the surface are:

157
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pé=p  and TE=T' (11.1)

where p; is the chemical potential of component i, and T is the temper-
ature. Superscripts g and 1 denote the gas (vapor) and the liquid phase,
respectively. These conditions are, according to observations of Fang and
Ward [160-162], not fulfilled when rates of evaporation or condensation are
large. We shall see how stationary evaporation and condensation can then
be described by non-equilibrium thermodynamics. A detailed analysis in
this context was given earlier for a one-component system [36] and for a
dilute mixture [37]. Bedeaux and Kjelstrup [38] verified that the results
of Fang and Ward could be described using this approach. We are inter-
ested in expressions for the variation in the temperature and the chemical
potentials close to and at the interface. We divide the system into three
subsystems; the liquid phase, 1, the interface, s, and the gas phase, g, where
the liquid is on the left, z < 0, and the vapor on the right, x > 0, of
the origin. We describe a pure fluid and a two-component mixture. Val-
ues for the various transport coefficients are given, using results of non-
equilibrium molecular dynamics simulations [40,67] and of kinetic theory
[32-34].

We have shown elsewhere [50], using mesoscopic non-equilibrium ther-
modynamics, that evaporation and condensation can be described as an
activated process. This approach is able to reproduce interesting results
by Tsuruta and Nagayama [49] which they obtained using non-equilibrium
molecular dynamics simulations. This is an interesting direction for further
work.

11.1 Evaporation and condensation in a pure fluid

11.1.1 The entropy production and the flux equations

Take the evaporation of a one component fluid like pure water. The evapo-
ration takes place from a funnel that is partially filled, see Fig. 11.1. Fluid
is supplied at a constant rate at the bottom of the funnel, while gas is with-
drawn at the top at the same rate. We do not consider viscous effects, and
the pressure is constant throughout the system. The flux of fluid through
the interface is J. The entropy production for the homogeneous phases is
given by Eq. (4.15), which reduces for the one-component liquid to:

o (1 1 o1t
1 _ 1 _ 1
U_J‘;a_x(ﬁ)_Jé

T s (11.2)
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Figure 11.1 Sketch of experimental setup to measure temperature profiles
during evaporation. Vapor is withdrawn from the cell at the same rate as
liquid is supplied. The thermocouple can be lowered to measure temperatures
near the surface of the evaporating liquid. There is a curvature of the meniscus
in the funnel container for the liquid, but the surface can be regarded as flat
on a molecular scale.

The resulting flux equation is:

oT!

J) = o (11.3)
where ) is the thermal conductivity. These equations are also valid in the
vapor phase with the sub- and superscripts 1 replaced by g. The thermal
conductivity of the liquid is usually considerably higher than that of the
vapor.

The flux of, say water, J, is constant in stationary evaporation or con-
densation. The flux is the same in the liquid, across the surface and in
the gas. The measurable heat flux from the liquid into the surface, Jél, is
however, not the same as the measurable heat flux out of the surface into
the gas, J;g, because heat is not conserved. The total heat flux through
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the surface, J,, is on the other hand, constant. The total heat flux is the
measurable heat flux plus the enthalpy carried by the water flux:

Jg=JE+H8]=J} +H'J (11.4)

As frame of reference for the mass flux we have the equimolar surface of
water [62].

The entropy production for heat and mass transport into and out of the
liquid-vapor interface in a one-component system is, according to Eq. (5.15):

O e

e {ug(Ts) - uS(TS)} aLs)

Ts

For a stationary state J' = J& = J. We can eliminate the heat flux in the
liquid phase from the entropy production, using Eq. (11.4). Using Gibbs—
Helmholtz’ equation
9 (u/T)
9(1/T)

for the liquid as well as the vapor, we obtain to linear order in the forces

= H (11.6)

e [HE(T) = ()] =y [T — (1)

=
i {aua/T) [ugm;ulm} }T_Tl <Ti ) %)

[ )
(11.7)

The resulting entropy production in the surface becomes the sum of two
independent terms:

s 11 pB(Th) — pl (1)
ot = I [T—‘ﬁ] +J[_T

_ 1 Aygu(T")
o (1) o [ s

There are thus only two independent driving forces for transport of heat and
mass across the surface, a thermal force and a chemical force. The chemical
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potential difference across the interface is evaluated at the temperature of
the adjacent liquid. In the stationary state, the Helmholtz energy of the
surface, which is equal to the surface tension for a one-component system,
is independent of time and there is no exchange of surface energy with
the liquid or the vapor. As a consequence, the surface temperature is
not needed in the description of stationary evaporation and condensation.
Alternatively, we may eliminate the heat flux in the vapor. Along the same
lines we then find for the entropy production

, 11 &(T8) — pl(T®
f_ﬂ[ } JPM()M()]
TS
1 A1 (T%)
:Jﬁxg(f)+J{——%ﬁf— (11.9)
The standard state for the liquid is the pure liquid at pg (1 bar) (see
Appendix 3.A). The chemical potential of the pure liquid in equilibrium
with and ideal vapor at the liquid temperature is
(T
pN(T) _.ug”(Ij—+l?T1n£%£—l (11.10)
0
where p*(T') is the pressure of the vapor in equilibrium with the liquid at
the temperature T'. This pressure is referred to as the vapor pressure of the

liquid or the saturation pressure. The chemical potential of an ideal vapor
at the temperature T and at the real pressure, p, is:

E(T) = p#%(T) + RTIn £ (11.11)
Po

By subtracting Eq. (11.10) from Eq. (11.11), we find:

A gN(T) p
_ e . Rln
T p*(T)

(11.12)

This expression assumes the gas to be ideal. For a non-ideal gas one must
replace the pressure by the fugacity (see Appendix 3.A). The curvature
of the meniscus in Fig. 11.1 is too large to have an impact on the chem-
ical potential. By substituting this relation into the entropy production,
Egs. (11.8) and (11.9), we obtain

‘ 1 P 1 p

s _ 7/ - _ — | = /1 — -

o = J! Al,g(T)+J|: Rlnp*(Tl):| JyAlg (T) +J[ Rlnp*(T%)]
(11.13)
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If the temperature is continuous and the vapor pressure of the liquid is
larger than the pressure in the vapor, there will be evaporation. When it is
lower, there is condensation. A temperature difference may also give rise to
evaporation or condensation. Some temperature conditions may give rise
to a vapor which is supersaturated with respect to the liquid [36].

Exercise 11.1.1. Derive that Ay u(TY) = (p — p*(T")/c9 for any gas,
using Gibbs—Duhem’s equation. Show that this is equivalent to Eq. (11.12)
for an ideal gas.

e Solution: According to Gibbs—Duhem’s equation for the liquid and
the vapor, du = ¢~ 'dp — sdT. In global equilibrium with both phases
present, the chemical potentials are uniquely determined by the tem-
perature. Thus, for the temperature of the liquid, 7", the correspond-
ing saturation pressure, p*(T"'), and chemical potential, u*(7"), are
known. We write

Apgpl(T) = p8(T") = p(T") = pB(T") — p*(T") + p*(T") — p!(T")
By using Gibbs—Duhem’s equation, it follows that
AT = (p = p*(Th)) /e# + (p*(T') = p) /¢

Because ¢! > ¢8 it follows that Ay gu(T") = (p — p*(T"))/c8, which is
what we set out to derive. By using the small difference between the
gas pressure and the vapor pressure of the liquid, we also have

In [p/p*(T")] = W[l — (p"(T") — p)/p"(T)] = —(*(T") —p)/p*(T")
The ideal gas law then gives
Rl [p/p"(T)] = (p — p*(T)) /T
which shows the equivalence.
Exercise 11.1.2. Derive the thermodynamic identity (11.6).

e Solution: We have

[g%ﬁﬂ -7 [ g%)]p*“: 7 (g_;) d(i% s




11.1. Evaporation and condensation in a pure fluid 163

where we used the chain rule in the second equality. The chemical
potential satisfies
dyp =Vdp — SdT’

The derivative is, accordingly,

which proves the thermodynamic identity.

The flux equations that follow from Eq. (11.13), are either

1
Arg (f) = e e Y gt

) (11.14)
—Rln o (T =rpgJE+rsd
or 1
Apg (T) = Jl sl
(11.15)

—Rln—P — sl i sl g

p*(T%) nqvq

Onsager relations apply, so ry# = ri;¢ and TZ’LIL = rz’é. Using the relation
between the heat fluxes in the vapor and the liquid given in Eq. (11.4)
and Eq. (11.6) one may derive the following relation between the interface

resistivities for both sides of the surface:

s, _ 8,8 — .8
Tag = Tqqg = Tqq
s,l _— 81 _ s S _— 5,8 _ S
Tqp g Tqu A'UGZDHqu Tyq AvapHqu (1 1. 16)

ol = 58— 20 oy HrSE + (Ao H) 15,
where we used the Omnsager symmetry relations and where Ay, H =
He — H'is the enthalpy of evaporation. Because of the Onsager relations
there are only three independent coefficients that describe the transport of
heat and mass across the surface in stationary evaporation and conden-
sation. We shall use the name interface resistivities or interface transfer
coefficients for the surface coefficients®. When the heat and the mass trans-
fer coeflicients are negligible, the temperatures on both sides of the surface
become identical, while the pressure becomes equal to the vapor pressure.
The liquid and the vapor close to the surface are then in equilibrium with

*In Refs. [36-38] we absorbed a common factor T in these interface resistivities.
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one another. The temperature and pressure are then related by Clausius—
Clapeyron’s equation. For larger interface resistivities, the pressure will
deviate from the vapor pressure of the liquid, and the temperatures of the
liquid and the vapor close to the surface will differ from each other.

The temperature, the pressure and the mass flux can be measured.
It is then convenient to write, using the Onsager relations, the flux-force
relations in the following form

1 *,8
AT o (J;g q>*8J)
(11.17)
p 4 %,S, ng S, S, *,8, 2
_RIHZT ) ~ 1 g—TngJF(mE—qug(q g))J

where the thermal conductivity at zero mass flux and the heat of transfer
at the vapor side of the surface are defined by

/g 'g s,8

A58 = — |: Jq :| _ 1 and q*,s,g _ <Jq > — _TQH
= = Tipg,se = = T8
AT ],y T'Tergg J Ay T=0 Tqq

In the absence of a mass flux, the heat of transfer can also be found from
the known temperatures and pressures:

RT'T81n (p/p* (Tl))
AT

*,8

38,8 —
q = —

(11.19)

J=0

where we used the Onsager relation.
Using the measurable heat flux, one may alternatively write the flux-
force relations in the following form

1 *,8
N )
(11.20)
p %81 Alng s,1 s,1 *,8,1 2
—RIn o (T8) T e + (TW —Tyq (q ) ) J

where the thermal conductivity at zero mass flux and the heat of transfer
at the liquid side of the surface are defined by
n
Jq
AT
Let | 5

1 s,1

_ 1 and *,8,1 __ J_q _ _T‘I#
- TITg s,1 q - J - s,1
0 Taq AT=0 T'aq

(11.21)

Al =
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In the absence of a mass flux, the heat of transfer can also be found from
the known temperatures and pressures:
_[BTTEIn (o (%))

- AT (11.22)

*,8,1

where we used the Onsager relation.

Bedeaux et al. [36,37] and Kjelstrup et al. [167] used these equations
to discuss the possibility of an inverted temperature profile in front of the
surface of an evaporating fluid.

11.1.2 Interface resistivities from kinetic theory

Considerable work has been done on evaporation and condensation, using
the kinetic theory of gases, cf. [36,37] and references therein. The resistivity
transfer coefficients of Eqs. (11.14) according to kinetic theory are [34,36,
168]:

104
S ST
4c5q(TS)R(T®)?Vinp (T) 257

NG 16
S8 — 58 — 14— 11.23
Tak = THa T TS (TS v (T5) \ 7 (11.23)

g 2BVT <01 L1 23)
H Céq(Ts)VmP(Ts)

Here vy, (IT°) = /2RTS/M is the most probable thermal velocity and
M is the molar mass. The condensation coefficient, o, is defined as the
fraction of incident particles which, after collision with the liquid surface,
are absorbed by the liquid. Compared to the expressions we gave in [36]
we replaced all the temperatures by the temperature of the surface and
took the equilibrium coexistence density of the gas. In view of the fact
that the interface resistivities are properties of the surface they should only
depend on variables characteristic for the surface. The surface temperature
is such a variable. In molecular dynamics simulations with a relatively
short-range Lennard-Jones spline potential [67] we found this choice to give
better agreement with kinetic theory.

The expressions are most appropriate for hard spheres near the triple
point. The number of moles of particles that collide with the liquid surface
is proportional to the mean thermal velocity, v;,,, times the molar density
in the gas, ¢8. The prefactor is characteristic for the quantity transported,
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and follows from a comparison with the flux-force relation. Experimental
values of o between 0.1 and 1 have been reported [169]. The actual value is
somewhat controversial. In an ideal gas, the most probable thermal velocity
is equal to \/6/_5 times the velocity of sound. Only one resistivity depends
on the condensation coefficient. The set of resistivities is thus most suitable
for comparison with kinetic theory. Once r;% is known, it gives a unique
way to fit the condensation coefficient. Polyatomic gases have also been
described by kinetic theory [35], but similarly convenient expressions are
not available.
The heat of transfer of the surface becomes

vew B[ BT+16 .
=g <257r+104) RT (11:24)

and the thermal conductivity at zero mass flux is

_ 100+/7cg, (T°) Ry (T°)

A8
(257 + 104)

(11.25)

Neither of these coefficients depend on the condensation coefficient. An
important property of the heat of transfer ¢**#% found by kinetic theory is
that it is negative.

The scaling coefficients k, and k,, (see Sec. 8.5) can be found with kinetic
theory as basis. The thermal conductivity and the self-diffusion coefficient
in a low density gas are given by

A = 50 (T (THTIRVEE and Doy = (T vy (T%)/VG
(11.26)

where ((T°) = (ma?c,(T°)N)~! is the mean free path, or the Knudsen
length in equilibrium at the temperature of the surface. The scaling coefhi-
cients for heat and mass transport of the surface are therefore

T8 A o(Ts
kg = 24~ 28 :0.63905(( ))

AW 5
(11.27)
s 8 (T9)D, s
= % = 1.44720 (0~ — 0.39856) (f(g )>

The order of magnitude of both scaling coeflicients is determined by
0(T%)/5. When the thickness of the surface is of the same order as 1.5
times the diameter of the particles the ratio ¢(T%)/§ is roughly equal to
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the volume of the particles divided by the available volume per particle
(=~ c!/e8 ~ 1000 for water). The scaling coefficients show how effective the
surface is as a barrier for transport: A surface with a thickness of about
a nanometer insulates just as well as a vapor layer of about a micrometer
thick. The scaling coefficient for heat transfer is independent of the con-
densation coefficient, while the scaling coefficient for mass transfer depends
on this parameter.

11.2 The sign of the heats of transfer of the surface

In the analysis above, we used the stationary nature of the problem to
reduce the number of independent flux-force pairs to two. Alternatively,
one can use all four force flux-pairs in Eq. (11.5). Neglecting the coupling
of forces and fluxes from different sides of the surface it follows, analogous
to the derivation of Eqgs. (8.14) and (8.15), that

1 1 s, 1 771 s,1
Ts Tl = RayJq + Rou

(1) = (T%) o) on | pel
T = By + R
(11.28)
11 — RS8J'8 4+ RS8J
Te  Ts aq “q qu

PETS) — (%) S
e AR

where we used J! = J8& = J. The heats of transfer in the pure fluids are
zero. This gives

s, _ s, s, 1 S,8 _ PS8 __ S, *%,8 __
R =Ryl =~ =0 and R3=R3E=-R35*¢=0 (11.29)

qqq

Eq. (11.28) therefore reduces to

1 1 sl 711 P (T%) — #I(TS) sl
ﬁ_ﬁ:Rq’q‘Ié’ _T:Rdu‘]
- ) (11.30)
1 1 . u8(T®) — ps(T* .
Te  Ts Rq’qg‘];g’ -7 RygJ

Addition of the inverse temperature differences gives

1 1
75— g1 = Raadq + Raf I = (R + RyF) Jif + RygAvapHJ - (11.31)
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Addition of the chemical potential differences gives

pE(TS) — ph (1) (1) — (T

Ts T
8 Ng ‘ul 1 1
A/T)\T T )p_pl \Ts T
ps(Th) — (1) sl 1
= —T - quAvapHJ(;
g Tl _ 1 Tl
= L) oy HIE — R ()
_ (Ri[;b—i_RlSjg) J (11.32)

It follows that

ug(Tl) B MI(TI) s,1 s,1 S, s,1 2
S ) RN T+ (RW +RSE 4 R (Ayap H) ) J
(11.33)

By comparing Egs. (11.31) and (11.33) with Eq. (11.14) and Eq. (11.12),
we conclude that
S, _ sl S, S, 8 _ 8,8 _ RS,
qug - qu + qug’ qu% - Tug; - quApr
) (11.34)
S, _ s, S, s,1
Tm% - Ruu + RM% + qu (AWPH)
Since RZ’;, Rys and AyqpH are positive, ¢**# is negative. This is an in-
dependent confirmation of the result found in kinetic theory. Its absolute
size is given by the fraction of the thermal resistivity located on the liquid
side of the surface times the latent heat, A,qpH. It is clear that ¢*>% has
no relation to the transported heats in the liquid and the vapor, which are
both zero. Using Eq. (11.16D) it follows that

s,] _ 8,8 _ ps,l S,8 s, _ .81 _ _ ps,g
Tqg = Tqq _qu+qu’ Tgu = Tig = qu AWZDH

, (11.35)
P = By + Bk + RUE (AvapH)

This implies that ¢**! is positive. An important property that follows from
Egs. (11.34), (11.35) and the definition of the heat transfer coefficients is

q*,s,g _ q*,s,l — _A'uapH (1136)

Compare with Eq. (8.29).
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Using the ideal gas value of the enthalpy in the vapor, H®8 = 2.5RT",
and the estimate H' = —1.5RT® for the liquid, the latent heat becomes
AyopH =~ 4RT®. Together with the expressions (11.23) from kinetic theory,
one obtains

Rs,l — T‘SJE — ﬁ 1+ E
M AyapH  A0R(T3)2¢84(T5) iy (T) 5T

S, 8 — 4.5, T;E — ﬁ 7 94
Riff =3 - 5" 55

W ApapH — AR(T5)2¢8(T5)Vip(T5) \ 8~ 257
N 1 31
s,1 S, & __ 0S8 .S = = -1 =_ 7 99
RHH + RMI% - THM TqHA'uapH - C%q (Ts)Vmp(Ts) <U - 57T 32)
(11.37)

The thermal resistivity on the vapor side is thus about 10 times the thermal
resistivity on the liquid side. This depends on the choice of H'. If we reduce

H' to zero this ratio decreases to 5. When we choose H' = —2.5RT* it
follows that RZL + Rj;% is negative for ¢ = 1. This is why we used the
not unreasonable estimate H' = —1.5RT*. Because J' = J& = J, it is not

possible to give expressions for RZL and Rj;% separately.

S
i
Remark 11.1. One might think that kinetic theory gives only the resistiv-
ities on the vapor side of the surface. This is not correct. Kinetic theory
uses boundary conditions, which model the whole surface. The above anal-
ysis shows this very clearly.

11.3 Coefficients from molecular dynamics simulations

In non-equilibrium molecular dynamics simulations (NEMD), the computer
is used to solve Newton’s equations for a many particle system. The parti-
cles interact with a Lennard-Jones type potential. The way such simulations
are done is described in Chapter 22.

It was verified by Rgsjorde et al. [39] and by Simon et al. [112] that
the surface temperature was the same function of the surface tension in
stationary state simulations as in equilibrium simulations. This implies
that the surface is in local equilibrium (see also Chapters 22 and 23).

NEMD was also used to determine the interface transfer coefficients of
a pure fluid [40,67,170] and of a two-component fluid [171]. The Lennard-
Jones spline potential was used to describe the interparticle interaction in
these simulations. The potential minimum and the diameter were chosen
identical to those of argon in the one-component fluid.
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Figure 11.2 The main coefficients for heat transfer, log = log = rf?'c',, from
NEMD simulations in m2s J=K—!, as a function of the surface tension. The
dashed line is the value predicted by kinetic theory. Reproduced from J. Colloid

Interface Sci. 299 (2006) 452—-463 with permission from Elsevier.

Figures 11.2-11.4 show the results of the simulations for the interface
resistivities in the pure fluid [67]. The resistivities are plotted as functions
of the surface tension. The surface tension increases as we move from the
critical point (7 = 0) to the triple point in the phase diagram.

In Figs. 11.2 and 11.4 the values predicted by kinetic theory are plotted
as dashed, dotted or dash-dotted lines. All interface resistivities go to zero
towards the critical point, when v = 0. As the liquid and the vapor be-
come indistinguishable in that limit, this is to be expected. The variation
observed in the figures as a function of the surface tension is therefore phys-
ically reasonable. The surface tension is a unique function of the surface
temperature. A high surface tension corresponds to a low temperature. At
the triple point, the vapor is closest to being ideal. The surface has its
maximum resistance to transfer of both heat and mass close to the triple
point.

Figure 11.4 shows that the coupling coefficients, rg;#, r;¢ on the vapor
side and r;}lw rz’é on the liquid side, satisfy the Onsager symmetry relations
within the accuracy of the simulation. These simulations [67] were the
first simulations which verified the validity of the Onsager relations for the
surface. In Fig. 11.5, the resulting heats of transfer are plotted. These are

labelled g8, g;7"¢ and q:;;f’l, q;’qs’l to indicate the cross coefficient from
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Figure 11.3 The main coefficients for mass transfer, re and TZIM from NEMD
simulations in J m2s mol™2K~1, as a function of surface tension. Repro-
duced from J. Colloid Interface Sci. 299 (2006) 452-463 with permission from

Elsevier.

which they were calculated. A special feature of ¢**# is its negative sign.
The origin of this negative sign was explained in the previous section. One
similarly finds that ¢*®! is positive. For condensation, this means that
there is transport of heat by mass transport both through the vapor and
through the liquid away from the surface. During evaporation, it means
that there is heat transport by mass transport to the surface both through
the vapor and through the liquid.

In the simulations the coefficients were derived for a condensing system,
but they are equally valid for an evaporating system. They describe evapo-
ration and condensation of a Lennard-Jones spline, one-component fluid for
most conditions encountered in practice. We have found that the flux-force
relations are linear, in spite of the very large temperature gradient across
the system used in the simulations (10% K/m). It is therefore likely that
the flux-force relations will be linear for the considerably smaller gradients
that are encountered in practice.

The simulation results for the interface resistivity for heat transfer,
Toe = rzvql, and the coupling interface resistivity, ry# = r;¢ and T(S;}IL = rf;é,
agree very well with the values predicted by kinetic theory, see Figs. 11.2
and 11.4. The agreement is better close to the triple point. In the just
mentioned figures this is not so visible because the resistivities are small
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Figure 11.4 The coupling coefficients for heat and mass transfer, e, e
and r';L rZ'q from NEMD simulations (in m2s mol~'K~1), as a function of the

surface tension. The dotted and the dash-dotted lines are the predictions from
kinetic theory. Reproduced from J. Colloid Interface Sci. 299 (2006) 452-463
with permission from Elsevier.

close to the critical point. In Fig. 11.5 for the heats of transfer, which are
the ratios of two interface resistivities, this lack of agreement close to the
critical point is more clearly visible. This agreement of the simulation data
with kinetic theory is special for the Lennard-Jones spline potential. There
is no such agreement for the simulations for octane [112] or for a cut-off
Lennard-Jones potential [167]. In recent simulations using a longer range
Lennard-Jones spline potential, we found that in particular the size of the
coupling coeflicient increases substantially above the kinetic theory value.

The value predicted by kinetic theory for the interface resistivity to mass
transfer on the vapor side, rj;8, contains the condensation coefficient. It
was possible to fit this coefficient using the values obtained for the interface
resistivity in the NEMD simulations using a Lennard-Jones spline potential,
see Fig. 11.6. The accuracy of the resulting values is about 20%. The value
increases from a value near 0.1 near the critical point to a value of about 0.8
near the triple point. The value is reasonable, and agrees with molecular
dynamics simulations by Tsuruta and Nagayama [172].

Kinetic theory and NEMD are helpful in the sense that they give a
mechanistic picture of the collision of particles in the vapor phase with
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Figure 11.5 The heats of transfer, g;;>¢, ¢;7¢ and q;;', q*s' from NEMD
simulations (in kJ mol™1), as a functlon of the surface tension. Reproduced
from J. Colloid Interface Sci. 299 (2006) 452-463 with permission from

Elsevier.
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Figure 11.6 The condensation coefficient for molecular dynamics simulations
of a fluid using a Lennard-Jones spline potential as a function of the surface
tension. Reproduced from J. Colloid Interface Sci. 299 (2006) 452-463 with
permission from Elsevier.



174 Chapter 11. Fvaporation and Condensation

the liquid surface. The NEMD simulations for the relatively short-range
Lennard-Jones spline fluid reproduced the interface resistivities from kinetic
theory along the coexistence curve from the triple point until about halfway
to the critical point. The density of the vapor is lowest close to the triple
point. It is therefore not unexpected that the agreement between simulated
and computed results is best near the triple point. As the Lennard-Jones
spline vapor is still far from ideal in the triple point, the agreement is better
than what one might have expected.

The values of the interface resistivities found from both NEMD simula-
tions and from kinetic theory lead to discontinuities in the temperature at
the surface of a few tenths of a degree rather than a few degrees. As shown
by Bedeaux and Kjelstrup [38] it is necessary to use much larger interface
resistivities to explain the temperature differences of several degrees found
by Fang and Ward [160-162] or Phillips and coworkers [163,164,173]. The
non-equilibrium van der Waals square gradient model contains a free pa-
rameter related to the behavior of the thermal resistivity in the interfacial
region. This makes it possible to model larger interfacial resistivities [108].
It is interesting to study their relative size, but it does not resolve the
question of why they are possibly so large.

Exercise 11.3.1. Consider stationary evaporation of water. The liquid
enters the evaporation chamber at x = —2 cm with room temperature (300
K), and is evacuated by an under-pressure of 2 Pa at x = 2 cm with room
temperature. The liquid-vapor interface is at x = 0. The temperature at
the liquid side of the surface is 0.9°C. At the vapor side of the surface, the
temperature is —2.8°C.

Calculate the temperature profile, the heat fluxes and the mass flux, using
a saturation pressure of 600 Pa and a heat of evaporation of 45 kJ/mol
[174]. Find the transfer coefficients for transport across the surface. Use
rod = rgl = 0.01Auq,H 130 for the coupling coefficients. The thermal
conductivity of liquid water and water-vapor are 0.61 and 0.018 J/Kms
[114], respectively.

e Solution: In the liquid as well as in the vapor we have
0Jy/0x = dJ, /0x + d(hJ)/dx = =0 (\OT/dx) dx + d(hJ)/dx = O

cf. Egs. (11.3) and (11.4). As A, h and J are all constant it follows
that T /dz is constant, so that T is a linear function of position.
Therefore, we have

T'(z) = T'(0) + (/0.02)(T"(0) — 300) = T"& 4 (x/0.02)(T"& — 300)
T8(z) = T%(0) — (2/0.02)(T%(0) — 300) = T®' — (2/0.02)(T®" — 300)
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The resulting heat fluxes in the liquid and the vapor are constant,
cf. Eq. (11.3), and given by:

J} = —30.5(T"¢ — 300) = 793 and J/# = 0.9(T*"' — 300) = —26.7

in J/m2s. Heat needed to provide the enthalpy of evaporation is
conducted to the surface from the gas as well as from the liquid.

The constant mass flux is obtained from the energy balance

J/l _ J/g
J = iTpI} = 0.017 mol/m’s
The driving forces are
AT 274.05 — 270.35 »
8L =-05x10"* /K
TLeTel ~  270.35 x 274.05 x 107/
Rlnz% =8.314 x In <%) = 2.8 %1072 J/mol K

With knowledge of the fluxes and forces, there are three unknown
coeflicients in the flux equations for the surface. Substituting also the
relation given for the coupling resistivities, we find

AT . S S
SR = —26.TrE + 00115 = — (267~ 0.00017A 0 H) 138
p— S, _ _4
= —19.0r5F = —0.5 x 107* /K
_Rln;% = —26.7r5§ + 0.017r7 = —0.267Avap Hrg + 0.017r3%

~120007% + 0.017r%% = 2.8 x 1072J /mol K

By solving the two unknowns from these equations, and obtaining the
coupling resistivity using the expression given above, we find

S,g __ —5 2 S,g __ .8,8 __ -2 2
Tog =2.63 x107° m?s/JK, g =ry¢ =118 x 107° m*s/mol K

r58 =20.2 J m’s/mol’K

These values are about 3 orders of magnitude larger than the values
one would obtain from kinetic theory. The temperature and pres-
sure differences predicted by kinetic theory for this case are too small
to measure.
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The exercise above used tabulated thermodynamic and transport data for
water, but the temperature jump and pressure difference were chosen as
an example. The calculated transfer coefficients are therefore not realistic.
Water has a very large heat of evaporation. In such a case, one must
use a heat of transfer that is substantially smaller than the enthalpy of
evaporation in order to obtain a measurable temperature difference. The
ratio of ¢*%% and A,qpH of 0.18 predicted by the kinetic theory for the
monatomic fluid, is then much too large. In the exercise, the value 0.01
was used. Larger values would lead to negative values of r3;& for the given
temperature difference, which is not allowed.

11.4 Evaporation and condensation in a two-component fluid

11.4.1 The entropy production and the flux equations

Consider again the liquid funnel in Fig. 11.1, but now with a solute in the
solvent. The solvent can be for instance, water. The solute can be an
electrolyte, like NaCl, an organic compound with a low vapor pressure, like
glycerol, or an organic compound with high vapor pressure, like ethanol.
The liquid is on the left, z < 0, and the vapor on the right, x > 0. The
entropy production for the liquid phase is given by Eq. (4.15):

a0 (1
1_ g1
(o —J;% (ﬁ) +Jsol

The subscript “sol” indicates solute, and J. | is the (molar) flux of the solute.
The flux equations are

(11.38)

1 aﬂ;ol,T
T Oz

9 1 1 1 1 1

| (11.39)

Lt

The chemical potential of a non-electrolyte solute is:
phor = ooy + RT In(choyior) (11.40)

where ¢l | is the molar concentration of the solute, y , the activity co-
efficient (equal to unity for Henrian solutions), and ,LLS(")II is the chemical
potential in the standard state (of 1 molal), see Appendix 3.A. We assume
ideal solution, y!; = 1, and neglect the Soret effect, r}zs = rlsq = 0. This
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reduces the above equations to:

J = — 1 8_T1 =)\l 8_T1
q (T1)2 7‘}1(1 or sol” 9
11.41
1 Oy R 9 ac! (H4y
Jl — _ sol, T — sol _ _Dl sol
sol T, Ox cyrts Ox ol O

The last equation is new compared to Sec. 11.2. It gives the flux of the
solute in the liquid phase. In the vapor phase all the above equations are
the same with the super- or subscript 1 replaced by g.

In the description of the surface we use the equimolar surface of the
solvent as the frame of reference for the fluxes. The solvent flux, J,,, is
then constant through the surface, but the solute flux is not necessarily
constant through the surface. Usually, there is adsorption of solute at the
surface:

drsol
dt

Adsorption of solute at the surface reduces the surface tension. In a station-
ary system, the concentration of solute and its absorption at the surface
are constant everywhere, so that not only J,, but also Js is constant
throughout the system. The analysis in this chapter is restricted to this
case.

The measurable heat flux from the liquid into the surface, Jl;l, is not,
the same as the measurable heat flux out of the surface into the gas, Jég,
because the enthalpies differ in the two phases. The total heat flux in the
system, Jy, is the conserved flux. The total heat flux is the measurable
heat flux plus the enthalpy carried by the solvent and the solute fluxes. In
a stationary state J, is constant throughout the system and one has:

:Jéol_’]g

sol

(11.42)

Jg = JIE+ HEJy + HE

sol

Jsol = J + Hy,Jy + HipJsol (11.43)

The entropy production for the liquid-vapor interface in the two-
component system is analogous to Eq. (8.13):

1 1 1
o® = J(;IAI,S (T) + JégAs,g (T) + Jsol [_ﬁAI,gﬂsol,T(Ts)

1 ,
+ Jw [—ﬁAI,gNw,T(Tb)} (11.44)

The chemical potential differences are evaluated at temperature 7T, cf.
Eq. (5.19). The heat flux in the liquid may be eliminated using Eq. (11.43).
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Following the procedure outlined in Sec. 11.1.1, this results in
S 1 1 1
0® = JEALg (T) + Jsol [_ﬁAl,ngol,T(Tl)] + Jy [_ﬁAl,ng,T(Tl)
(11.45)
where the chemical potential differences are now evaluated at the temper-
ature of the liquid, 7'. For the solvent and the solute we will again use

Egs. (11.10)—(11.13) to express the chemical potential differences in the
partial pressures. The force conjugate to Jy is therefore:

3

1
_ﬁAl,guwT(Tl) = —Rln T (11.46)
and the force conjugate to Jso is:
1 1 PEal
_FAL&UJSOLT(T ) =—Rln g*l(Tl) (1147)

The partial pressures are divided by the partial pressures for saturated
vapor at the temperature of the liquid, T'. When the vapor is not ideal,
we must use the fugacities instead of the pressures, see Appendix 3.A.
Expressions for activity coefficients in non-ideal gas and in liquid mixtures
can be found in Perry [114].

The flux equations derived from Eq. (11.45), together with Eqs. (11.46)
and (11.47), are:

I =l (i) + 158 (—Rln L ) + 138 (—Rln DS )
q qq 8 T gs pf;] (Tl) quw p%v* (Tl)
S 1 \ pg . pg
Jsol - l?gAl, (—) + l;’sg (—Rln *501 > + l:’f (—Rln *7‘”)
AT Pear(T") P& (1)

P VN (L D (S . T Ny (R 2
w wq—lg T ws pg* (Tl) ww p%v*(Tl)

sol
(11.48)

The reason to use conductivities in this case is that this simplifies the

definition of the heats of transfer and of the co-transfer coefficient. In the

following subsection, we will also give the linear laws using resistivities. In

addition to the heat of transfer for the solvent, we define the heat of transfer
for the solute:

Je 158

e = (J—q) =5z

W/ AT=Apso1=0 ww

g _ (I8 g2

Gsol = < ) = 7s.
* Jsol AT=Apw=0 lssg

(11.49)




11.4. Ewvaporation and condensation in a two-component fluid 179
We also define the co-transfer coefficient:

Jsol > 158
5,8 — _ Ysw
S ) ar=npm=o it

By introducing the heats of transfer and the co-transfer coefficient, the
linear relations become:

g s,8 1 *S,87s,8 pfol *S,878,8 p%v
Jq = lq’q Al 7))~ Qoor 158 R1In =55 — qi>8I58 Rln —%
sol w

PR
sol “ww Ok (1151)

1 g
Jsol = @uBIS8A L, <T> —[%8R1In pzzl — 728158 Rln p
sol w

g*
sol w

*S,878,8 A 1 $,87s,8 pfol 8,8 p%}v
']W = Gy’ lu}w Lg T ~ Tsol lu}len Tgw lu}len

These equations govern evaporation and condensation of a binary ideal
mixture.

11.4.2 Interface resistivities from kinetic theory

Kinetic theory gives equations of transport also for more components [34].
Take the case of a solvent with one solute. Kinetic theory uses two con-
densation coefficients, oso and oy, for the solute and the solvent particles
respectively. The condensation coefficients give the fractions of particles
absorbed by the liquid surface. The rest is reflected with a Boltzmann
distribution of velocities at the temperature of the liquid [37].

The resistivity coefficients are the inverse of the conductivity coeffi-
cients, given by

5,8 5,8 5,8 s,8 5,8 5.8
i a8 G0 Teg Tgs  Tqw 1 0 0
5,8 5,8 5,8 5,8 5,8 sg | —
e, 13 g | < | rsp s ryg =10 1 0 (11.52)
5,8 5,8 5,8 5,8 5,8 5,8
lwq lws lww qu s Tdw 0 0 1
With these resistivities, the linear relations become
A 13 S8 J'8 + rS8 J oo+ r58.]
L,g T — TqqgYq qs “sol qu’w
e
—Rln —%% = p58.J/8 4S8 ] )+ 58T, (11.53)

pi’;‘l (Tl) sq 7 q

g
—Rln % — PSEJIE S o+ 155
W
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Kinetic theory now gives [37,168]:

sg _ VT

'S =

M AR(T®)2cég (T9) vmp(T*)

104 [ /28?2 & [My
1 il sol 1 w4 SO
X{ +25ﬂ'{()\g) & Vi,

A
(%)

| Ry7
S8 — 1+ 32
"as 16c§q(TS)Vmp(TS){ *

‘ Ry7
sE = 1432
Tw 16c§q(TS)Vmp(TS){ *

rS8 — 58 — VT 1+ 16/\5;01 1+ i 4 Msol
a8 S BT (T3)Viyp(T) SwAe LV My
I TN Ay
ot 8T8 (To)Viny(T) SmAe &V Mol
R s L
16¢24(T) Vi (TS)

(11.54)

In these expressions vy, (1) is the average of the most probable velocities
of the two components at temperature T°°:

Vinp = (1 Vsolmp + 5 Vw,mp) /€2 (11.55)

with

Veolmp = V/2RT* /Moy and  Veymp = /2RT5/ M, (11.56)

Expressions Eq. (11.23) for the one-component system gave the interface
resistivities as function of variables characteristic for the surface. In the
equations (11.54) we therefore again used the surface temperature and the

TThe formulae given in [37] contained errors which are corrected in the expressions
given below, see [175].
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densities at equilibrium at this temperature, rather than the temperature
and densities of the gas as used before [37,175].

The thermal conductivity is the sum of the contributions due to both
components,

A8 =5+ A8 (11.57)
where
1 1
A = 3£501V5017mpcfolcsgolﬁv and Mg = gﬁwvw,mpcwa v (11.58)

Here ¢; and Cf, are the mean free path and the partial specific heat at
constant volume of component ¢. The molar density in the gas is

A= +& (11.59)

Even though this is not explicitly indicated everywhere, the equilibrium
value is used for all quantities in Eqgs. (11.54)—(11.59) at the temperature of
the surface, T°. This is an improvement compared to the expressions given
in [37,175].

A special case of interest is the dilute solution, when only a small amount
of solute is present. In that case

g ~ g g
501 < Cw c )\sol

S R R T R e (11.60)

The resistivity coefficients then simplify to

r$e — \/E - 1+ 1_04
% = TR(T2E, (T vy (@) " T 257

e PRVE (L 13\ [T
T vme(T9) 4) N My

2RVT 1 23
$g — VP -1 - _ ==
Tww = 8 (T) (UW T 32)

Ceq (TS)Vmp

PS8 — pSi8 — \/E 1+ 16)‘aolceq 4/Msol
qs sq 8TSC§q (TS)Vmp(TS) 57T)‘gcsol Mw

ol = it — VT 1+ 16
o W9 8Ty (T5) Vi (T9) om

R R\7
s 16¢8¢(T5)Vinp (1)

(11.61)

Even though this is not explicitly indicated everywhere, the equilibrium
value is used for all quantities in Eqgs. (11.60) and (11.61) at the temperature
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of the surface, T®. The resistivities 13, rpé = 38 and r3,8, are identical to
those given in Sec. 11.1.2 for the one-component case. A small concentration
of solute does thus not change these coeflicients. In the linear relations for
the forces and fluxes, Eq. (11.53), one may use the fact that J2, is small,

like ¢§ ;. This implies, given the value of the coupling coefficients, that

1
Al,g (T) = T'Z’qge]ég + T‘Zzug)’]w
(11.62)

% P
—RIn 7=~ =138 J8 + 158 J
pR(In) e e
The heat and solvent fluxes are consequently not affected by the solute if
it is sufficiently dilute. The analysis in Sec. 11.1 is adequate for that case.
For the solute one has
pgol

—Rln 2ok — 5875 4 p9

= o 58 Jsol + 158 Ty 11.63
pil (Tl) q“q o ( )

In this expression, it is important that 75 is inversely proportional to ¢

so that the term r$8J2  is of the same order of magnitude as the other two
terms. Therefore, if the overall concentration of solute is small, one may
have a backup of solute in front of the surface. This may lead locally to
considerable concentration gradients, in which case the coupling to J& | will
become important. It was shown that the solute concentration is negligible,
as long as the equilibrium temperature and concentrations in the vapor

satisty

g
Csol AHy vap £

— 11.64
E(1 S TRT 4, (11.64)

where dg is the thickness of the vapor phase [37]. This is a rather small
upper bound on the concentration of the solute in most cases. It is often
difficult in practice to purify fluids sufficiently to avoid solute trace elements
[176]. Non-equilibrium molecular dynamics simulations avoid this difficulty
[171].



Chapter 12

Multi-Component Heat and
Mass Diffusion

In this chapter we describe multi-component mass and heat transport in
a heterogeneous system. After a general introduction about the homoge-
neous phases, we discuss the Mazwell-Stefan equations for multi-component
diffusion in the presence of a temperature gradient. We then discuss the
transport of mass and heat through the surface and combine the descrip-
tion of the two homogeneous phases with the one for the surface. We also
discuss multi-component diffusion in the homogeneous phase using various
frames of reference.

Diffusion takes place in all chemical mixtures and is often the rate
limiting process. The simplest equation that describes diffusion of one
component in another is Fick’s law, Eq. (1.2). The diffusion of one com-
ponent is often influenced by concentration gradients of other components,
however. In other words, there is coupling of diffusion fluxes. Such cou-
pling is efficiently described using the Maxwell-Stefan equations [42,69].
Also heat is transported along with components, so diffusion couples to
heat transport.

In the following section, we explain how we can obtain Maxwell-
Stefan equations including coupling of heat and mass transport, within
the context of non-equilibrium thermodynamics. We also show how
these equations are related to other descriptions of multi-component
diffusion, and how they can be combined to deal with interface
transport.

183
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12.1 The homogeneous phases

Consider an isobaric, nonisothermal system with three components in a
homogeneous phase*. There are then three independent driving forces in
the system, one thermal and two component driving forces. In order to deal
with the components on the same footing, however, we write the entropy
production using four forces:

g:Jil_JEﬂ_A_Ji‘u_B_ 9 pc
92T Aoz T Bz T C9zr T

_p 01 caduar  csOusr  ccOpcr (12.1)
99T AT "oz BT oz T "ox '

where the velocity of component i (i = A, B or C) is defined by v; = J;/¢;.
We have suppressed the superscript i or o, indicating the phase, as the
expressions are the same in both phases. For stationary states, the total
heat flux, J, = J; + HaJa + HpJs + HcJc, and the molar fluxes, Jj,
are constant throughout the system. The component forces are related by
Gibbs—Duhem’s equation

Oua,r Ous,T dpc,r
A ox teB ox tec ox

=0 (12.2)

Only two of these forces are therefore independent.
Following Eq. (12.1), the equations for the thermodynamic forces can
be written as

01
2T Tqqy + TqAVA + TqBVB + TycVe
ca Oua,T ,
T Tos TAqJg + TAAVA + TABVB + TACVC
(12.3)
cB OuB,T
T T ow TBqJq + TBAVA + TBBVB + TBCVC
cc Ouc, T ,
T T om T rcgq + TCAVA + TeBVB + rocve

The sum of three terms on the left hand side of Eq. (12.3) is zero accord-
ing to Gibbs-Duhem’s equation. Onsager relations were shown to apply
in Eq. (12.3), when the forces depend via Gibbs-Duhem’s equation, see

*For a discussion of the nonisobaric system with an arbitrary number of components,
see Kuiken [31], and Krishna and coworkers [42,69].
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de Groot and Mazur [20], page 67. This gives:

TAq = TqA, TBq =T¢B, TCq = TqC
(12.4)
TAB = TBA, TAC =TCA, TBC =TCB

As Egs. (12.3) hold for any arbitrary measurable heat flux and arbitrary
velocities of the components, it follows that the resistivities in the matrix
are dependent, and satisfy

rTAq +TBg +7Tcq =0

TAA +7TBA +7cAa =0

(12.5)
rag + 7B +7c =0
rac +rec +rec =0
From the Onsager relations, it follows that also
TqA +7¢B +1qc =0
raa +7raBp+7ac =0
(12.6)

TBA + BB +7BC = 0

rca +rce +rcc =0

There are thus only six independent resistivities. Once these have been
obtained from experiments, the others can be calculated using the above
relations. The resistivity matrix has an eigenvalue equal to zero, and thus
a zero determinant. It cannot therefore be inverted into a conductivity
matrix!

For our further analysis, it is convenient to write Eq. (12.3) in the fol-
lowing form

oT 1
iy (Jh — caqiva — cBqpvB — ceqéve)
caOpar _ cagqy 0T

= ~_R ~R ~R
T Ox T2 Oz AAVA ABVB ACVC

(12.7)

cB OuB,T cqg OT
BOMBT _ _BIBOT  po s — Rppvs - R
T 02 T2 9y BAVA — RppvB BCVC

cc Opc,r ceqe OT
codher 469 piava — Repve — R
T oz T2 Bg cAavA — Repve — Recve
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where the thermal conductivity, the measurable heats of transfer and the
resistivities for component fluxes at constant temperature are defined by:

_ 1 g =-lu
Ty’ 77 g
and Rk =rjk — Lalak oy Jsk= A, BorC (12.8)
Tqq

The measurable heats of transfer satisfy, see Eq. (12.5a),

caqn +cBaqp +ccgc =0 (12.9)
The resistivities for mass flow at constant temperature satisfy, see
Eq. (12.5),

Raa + Rpa + Rca =0

Rap + R + Rcg =0 (12.10)

Rac + Rpc+ Rec =0

From the Onsager relations, c¢f. Eq. (12.6), it follows that also

Raa + Rap+ Rac =0
Rpa + R+ Rec =0 (12.11)
Rca + Rep+ Rcc =0

Using Eqgs. (12.9) and (12.11) in Eq. (12.7), one may verify that the right
(and therefore the left) hand sides are independent of the choice of the
frame of reference. Possible choices of the velocity v,es of the frame of
reference, see Section 4.4 [20], are the center of mass, the average volume,
the average molar velocity and the solvent velocity. We discuss these choices
in Sec. 12.4.

12.2 The Maxwell-Stefan equations for multi-component
diffusion

The Maxwell-Stefan equations give a convenient way to describe multi-
component diffusion [31,42] because the description is independent of the
frame of reference, and the diffusion coefficients contain binary interdif-
fusion coeflicients. Such coefficients are easily available from experiments
[139].
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The Maxwell-Stefan diffusion coefficients, Dji, are defined from?

TATB TATC ITBIC
Ra = —cR , Rac=-cR , Rpc=-cR
Das Dac BC

(12.12)

where x; = ¢;/c is the mole fraction of component i, and the diagonal
coefficients, Raa, Rpp and Roc, are found from Eq. (12.11). The Maxwell-
Stefan diffusion coefficients are symmetric, Djx=Dy;. The heats of transfer
can be written in terms of the thermal diffusion coefficients, D7 ;, such that
they satisfy Eq. (12.9), as

7 oyt Dj Pj Pk '

Here p; = ¢;M; is the mass density in kg/m?® and M; the molar weight in
kg/mol of component j. Using Eqs. (12.9) and (12.12) we can write the
linear laws (12.7) in the following form

or 1 ) )
=X [J] — cBqly (vB — va) — cogl (ve — va)

rp OuB,T rpqp 0T  xa7B TBIC

et L - — — 12.14

RT 0z RT2 9z T Dap AT VB T P (Vemve) (12:14)

¢ Oper . weql 0T | wazc B TBIC B

RT 0z~ RIZ0r T Dao VAT Vo)+ g (B Vo)

We left the equation for Oua r/0z out as it is redundant. It follows from
the last two equations using Gibbs-Duhem’s equation. To keep the ex-
pression a bit more elegant we did not substitute the expressions for the
measurable heats of transfer in terms of the thermal diffusion coefficients.
Only velocity differences enter. The description is thus independent of the
frame of reference.

Binary diffusion coefficients are reasonably well known [31,69,139,177].
Heats of transfer are not so well known. Approximate expressions have
been given by Kempers [145,178] and by Haase [22] for binary mixtures, see
Sec. 8.2. Given the Maxwell-Stefan diffusion coefficients, one can calculate
the resistivities Rap, Rac and Rpc, using Eq. (12.12) and then the diagonal
coefficients, Raa, Rpp and Roc, using Eq. (12.11). Using also the thermal
conductivity and the heats of transfer, the resistivities rqq, 71 = 74 and
rjr = 115 follow from Eq. (12.8).

TWe follow Krishna and Wesselingh [42] in this definition rather than Kuiken [31] who
uses the pressure p instead of cRT.
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The chemical potentials of the components;
wi = pd(T) + RT Inz;y; (12.15)

where p{(T) is the standard chemical potential, z; is the mole fraction and
v; is the activity coefficient, give relations between the chemical potential
at constant temperature and the gradient in mole fraction:

x; Opyr  Ox; (1 Bln%)

RT 0z Oz Jlnx; (12.16)
Remark 12.1. The use of the Maxwell-Stefan formalism for diffusion has
a number of important advantages: In the first place, the diffusion coef-
ficients are symmetric for the interchange of components, this is contrary
to all other descriptions of multi-component diffusion. In the second place,
the formalism is valid in an arbitrary frame of reference, also contrary to
other descriptions. A third property, found experimentally and which is
very useful, is that the Mazwell-Stefan diffusion coefficients are rather in-
dependent of the concentrations [31,42]. Finally, it is also found that the
coefficient for two given components remains more or less the same if the
third component is changed. This makes it possible to model diffusion in
multi-component miztures with data from binary miztures.

12.3 The Maxwell-Stefan equations for the surface

Maxwell-Stefan equations for the surface have their basis in the entropy
production of the surface. Equation (5.15) is used to give a formulation in
terms of velocities:

s i 1 o 1 i Ai,SM’,T
o* = JIA (T) + A (T) + > T (—TJ)

j=AB,C

o As,oMj,T
+ 2 5 <_T

c®
+ > (—T—JSA&OMT) (12.17)

All velocities in the equations for the excess entropy production have the
surface as their frame of reference. Assuming that there are no coupling
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coeflicients from one side of the surface to the other, the equations for the
thermodynamic forces can be written as

. _ — 8,1 TN S,1 1 S,1 _ i s, _ 3
Ais (T =15q7q T TaVA T TBVE T ToVe

A . .81 i S, 1§ S,1 _ i S,1 1
—ﬁAus#A,T = TxqJg TTAAVA TTABVE T TAcVe
(12.18)
cl . . . . P s
B . _osi oA S,1 i S,1 _ i S,1 i
— e BisHB.T = 1By +TEAVA +7BEVE T TBCVO
, st st si i si i
—ﬁAhS,uc,T =7¢qdq T TEAVA T TCBVE T récVe
and
A l _ S,OJ/O + S,0_ o + S,0_ o + S,0_0
so\p |~ T4q Yq TeAVA TTBVB T TycVe
A
__ 5,0 7/0 S,0 _ o S,0 _ o 5,0 .o
— s Dsolia = TXg g’ T TEAVA T TABVE T TACVE
(12.19)

(o}

C 5 5 s s

B A __ .80 7/0 5,0 _ o $,0 . o 5,0 _ o
T s SsolBT = TBgYg TTEAVA T TBRVE T TBCVO

CO

— g Asoor = TEUE +TEVE + 1ERVE + T80V
where the Onsager relations apply for the same reason as for the homoge-
neous phase.

We will now first consider the i-side of the surface. Equation (12.18) is
used to find the surface equivalent form to Eq. (12.7):

. _ 74 S R S DU (R O ¥ TS DR [ s S |
AisT = i (Jq €ada VA — ¢BYB VB ~ Cclc Vc)

é gt P o o
A AL _ _ “AYA . Copsio i psid i psi i
ﬁAI,SMA,T _ kX AisT — Ry — Rypvp — Rycve
12.20
d ct q*’i ( )
B A _ _CBIB A psii opsii psioi
ﬁAl,suB,T = T Tirs AisT — Rg vy BBVB BCcVC
A A q*,i o . o
C A. _ CHC . _pSl i pSti . pS i
ﬁAusﬂc,T = T iTs AisT — Rgavia — Répve — Recve
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where thermal conductivity, the heats of transfer and the resistivities for
component fluxes at constant temperature are defined by:

s,1

)\Svi = ; Ci- f’i = _Tﬂ
- TiTS s,i? qu - s,i
T'qq T'qq
rs,irs,i
and Ry =¢% - L% g i k= A BorC 12.21
n =T~ s for jk= A Bor (12.21)

Tqq

The Rj,; matrix is again a symmetric matrix, and the coeflicients can be
determined via Maxwell-Stefan diffusion coefficients for the surface, as was
done in Eq. (12.12), except that they must be multiplied with a surface
characteristic length, to account for the different dimensionality. The heats
of transfer are ratios of bulk fluxes at a constant temperature and have in
this model the same value as in the adjacent bulk phase i. They satisfy the
relation given in Eq. (12.9)

ciAq;;’i + cquE’i + cicqé’i =0 (12.22)

It can similarly be argued that a ratio of R;,; coeflicients is equal to the ratio
of the resistivities in the bulk phase i. This implies that also Egs. (12.10)
and (12.11) are valid for these coefficients

Ry + Rigp + Rey = Ry, + Ry + Rig =0
R + B + Reh = RE) + Bi + Rib =0 (1229)
Ric + Ry + Rge = Riy + Rep + Rge = 0
While we have for their ratios
R;,; _ R;k
R B,

for j,k,i,m= A, BorC (12.24)

It follows that a relation similar to Gibbs—Duhem’s equation in the homo-
geneous i-phase is valid for the chemical forces:

A spia T + A s + b Aisper = 0 (12.25)

This may be shown by adding Eqgs. (12.20b)—(12.20d) and using Eqs. (12.22)
and (12.23). A relation like Eq. (12.25) can also be derived for the other
side. These relations must not be confused with Gibbs-Duhem’s equation
for the surface, cf. Eq. (3.32).
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Remark 12.2. The reason that we find a relation analogous to Gibbs—
Duhem’s equation is the assumption that the ratios of the interface resis-
tivities are the same as they are in the homogeneous regions next to the
surface. This assumption may not be correct or only approximately cor-
rect. It is made because it may serve as a first order approximation that
helps reduce the number of new independent resistivities introduced by the
surface.

Using Eq. (12.23) we can now write Eq. (12.20) in a form that is equivalent
to Eq. (12.14):

C

ToAistn,r = —7ns AT = Bigy (Vi = vi) = RBio (Vo = Va)
cic cicqé’i i . . i : :
T Distior = =7z AisT = R, (Vi = ve) = R (Vs = Vo)

(12.26)

We left the equation for A;sua r out because it is redundant in view of
Eq. (12.25). These are now the Maxwell-Stefan equations for the surface.
The surface coefficients are equal to some characteristic length times the
corresponding coefficient in the homogeneous phase.

For the o-side, the analysis is identical to the one given above for the i-
side. The corresponding formulae are obtained from Eqgs. (12.20) to (12.26)
by replacing i by o in the superscripts and A;s by Ag,. The formulae
equivalent to Egs. (12.14) and (12.26) become, for instance,

1 . *
Ao = — £ [0 = i (4 —vR) = Rai” (v — V)
3 cAqr° . ,
B e = - BN T - By (4 - vB) - Ry (v — )
c% B ~7 -,
LA opicir = LA T - R (43 - v2) - RES (4~ )
(12.27)

We note that the ratios of the resistivities in Eq. (12.26) and also in
Eq. (12.27) are equal to the ratios of the corresponding resistivities in the
adjacent homogeneous phases, as can be seen in Eq. (12.24). This implies
that on each side of the surface only two new coefficients are needed when
the coefficients in the homogeneous phases are known. On the i-side A%
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and R]S;A would for instance be enough. In an analysis of heat and mass
diffusion through a surface one should combine Eq. (12.14) for the homo-
geneous phases with Eqgs. (12.26) and (12.27) for the surface.

12.4 Multi-component diffusion

We continue to show how the Maxwell-Stefan equations are related to other
ways of describing multi-component diffusion.

12.4.1 Prigogine’s theorem

Prigogine showed in 1947 that an arbitrary frame of reference can be chosen
for systems in mechanical equilibrium [15], see Sec. 4.4. This property is
known as Prigogine’s theorem. Using Eq. (12.5), we can write Eq. (12.3)
in the form

01
ox T = Tqq J‘; + TqA (VA - Vref) + TqB (VB - Vref) + TqC (VC — Vref)
ca OuA,T
T %x = TA‘I‘]; +7raa (VA — Vief) + 7AB (VB — Vret) + 7aC (VO — Vief)
cg Oup,T
—F e = rBqJy + TBA (VA — Vre) + BB (VB — Vief) + IBC (VC — Vref)
cc Ouc,t
— A = regdy + e (VA = Viet) + 7¢B (VB — Vret) + 7cC (VC — Viet)

(12.28)

where vt is an arbitrary reference velocity. This shows that we can use
an arbitrary frame of reference for the transports, see also [20] Sec. V.2.
A system in mechanical equilibrium becomes isobaric when the external
forces vanish and the viscous forces are negligible.

By introducing molar fluxes relative to the arbitrary frame of reference,
Jjret = ¢j (Vj — Vief), the above equations can be written as:

oT 1
Ty (Jh = Gr A xet — G TB ret — q5TC ref)
caOuar  caqy 0T  Raa Rap Rac
— = - — - JAref — ——JIBret — ——JC et
T Ox T2 Ox cA ’ CB ’ co ’ (12.20)
C_BaﬂB,T:_CBQEa_T_RBAJA f_RBBJ f_RBCJ . -
T Ox T2 Ox cA e CR Bre cc Cire
ccOpcr  ccqp 9T Rea Rcs Ree

= JAref — ——JB ref — ——JC ref
T Oz T2 Ox cA e CB e co e
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where thermal conductivity, the heats of transfer and the resistivities for
component fluxes at constant temperature are defined in Eq. (12.8). The
heats of transfer and the resistivities for component fluxes at constant tem-
perature satisfy Eqs. (12.9)—(12.11).

The result is that we can measure six independent coefficients in any
frame of reference, and calculate the other coefficients using Eqgs. (12.9)—
(12.11). Subsequently we can use the coefficients in all other frames of
reference with Egs. (12.29). In order to clarify this procedure, we consider
the solvent frame of reference specifically.

12.4.2 Diffusion in the solvent frame of reference

When there is an excess of one component, say component C, it is conve-
nient to use the velocity of that component as a frame of reference, v, =
Vsoly = Vc. In this solvent frame of reference Jgref = Josolv = 0. One
term in the entropy production disappears. The remaining set of linear
laws reduces to

or 1

% - _X (J(; - quA,solv - qEJB,solv)
ca Opar _ cagpy 0T Raa Rap
Ca OBAT _ TAA T oty — 2B s ot 12.30
T Oz T2 Ox cA Ajsol CB B,sol ( )
c Ops,r _ _‘BYB or RBAJ B RBBJ
T oz T2 8:10 A A,solv B B,solv

Using Onsager symmetry, these expressions contain the six independent
transport coefficients. Solving Egs. (12.30b, c) for the molar fluxes relative
to the solvent velocity gives

Opa,r Q&_T)_ ABCACB<5MB,T @6_T>

Tasolv = —Laa T ( ox T Ox T Ox T Ox

cgea (Opar | qp 0T Ous,r | q5 0T
JBsolv = —L — —~— | —-L —
B,sol BATT (83: +T8:17 BBT O +T8x
(12.31)
where
Rpp —RaB

L == N L = L =

AT RaaRps — ReaRap AB PA " RaaRep — ReaRap
R
L = AA

RaaRpp — ReaRAB
(12.32)
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and vice versa

LBB —LAB

LaaLpg — LpaLagn B b LaaLpg — LpaLagn

Laa

R fr—
BB TaaLpe — LeaLap

(12.33)

The heat and molar fluxes may also be expressed in terms of the tem-
perature and chemical potential gradients

2 2
r_ I CAGp 97, CAGACBYR I CB4p oL
Jy A+ Laa < T t2Lap—5— T les| =% oz
ca Oua T
— (cagaLaa + ceqpLBa) —
T Oz
— (caqaLas + cBqs L) — ¢ Opin.r
T Ox
ca OT cA Oua,r
Jasolv = — (cagaLaa + cBgsLAB) = T2 5 — Laa AT T
.. cAcE ouB,T
ABT ox
cg OT cBea Opa T
JBsotv = — (caqaLlpa + cBgsLeB) 77y T2 9, LBa—F —o
 Les Cj]"g a/gB T
v (12.34)

Converting the chemical potential gradients to concentration gradients this
becomes, using ideal solution conditions,

oT Oca Jcg
Jé = -y "oy RTQDXT solv 5, RT2DgT solv
oT Oca Jcp
JA,solv = _CAD/AT7SOIV% - DAA,SO]VE - DAB,SOIV% (1235)
or 8CA 803

JB,solv = _CBDBT solv a_ Oz DBA,SO]V% - DBB,SOlV%
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where the transport coefficients are given by

* 0\ 2 * * * \ 2
¢ caqic ¢
Ap =X+ Laa (—AY?A) + 2LAB7AqA BIB | Lgp ( BqB)

T2 T
Iy ~caqalaa + cagLlpa " ~ caqalap +cegplps
AT solv — T2 ’ BT,solv — T2

D eagaLaa + cgiLas , _ caqalsa +cBgpLBB
AT solv — 2 ’ BT,solv — 2
T T

DaAsolv = LaacaR, Dagsolv = LapcaRR

Dgasotv = LacsR, DgBgolv = LapeRR
(12.36)

Here ), is the thermal conductivity in a system without concentration
gradients. Using Onsager symmetry, it follows that the Dufour coeffi-
cients, Dt v a0d Dfp v, are equal to the thermal diffusion coeffi-
cients, Dy ;Olv and Dgp ;Olv. The matrix of diffusion coefficients in the
solvent frame of reference; given in the bottom two lines, is not symmetric.
Once one has measured the diffusion coefficients one can calculate Laa,
Lap = Lpa and Lpp. By using Eq. (12.33), we then have the three in-
dependent resistivities, R;; for i,7 = A or B. Together with Eq. (12.8)
and the values of A, ¢4, g5 one can then obtain r;; for 7,5 = ¢, A or
B. The rest of the resistivities then follows using Egs. (12.5) and (12.6).
From the relations (12.9)—(12.11) between the resistivities, in the four by
four matrix, we can further obtain the complete matrix. This makes it
possible to compare these values with values obtained in any other frame
of reference.

12.4.3 Other frames of reference

Most of the reference velocities given in Sec. 4.4 are averages of velocities
of the components and can be written as

Vief = GAVA + apVvB +acve with aa +ag+ac=1 (12.37)

Exceptions are the laboratory or the wall frame of reference, where vy = 0,
and the surface frame of reference, which uses the velocity of the surface as
a reference velocity. Using Eq. (12.37), it follows that the diffusion fluxes
satisty
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Table 12.1 Coefficients for transformations between frames of reference.

ap ap ac
solvent 0 0 1
average molar TA TB To
average volume | caVa | ecgVB | ccVe
barycentric pa/p | pB/p | pc/p
aa aB ac
_JA,ref+ _JB,ref+ _JC,ref =0 (1238)
CA CB Ccc

The fluxes are therefore dependent in these frames of reference. The par-
ticular values of the averaging coefficients are given in the Table 12.1 for
all frames of reference that were discussed in Sec. 4.4.

For each choice of reference velocity, it is sufficient to use only three of
the equations in Eq. (12.7). By using Eq. (12.38), these three equations
can be written as

orT 1 apcc aBco
- — _ - J/ _ * * J rof — * * J re
Oz b\ [ q (qA CAGC qC> A ref <qB CBAG qc ) JB,ref

cA Opar _chZ oT 1
T Oz T2 O0x ca

a
Raa — _ARAC) JA ref

ac

1 a
- — (RAB - _BRAC> JB ref

CB ac
¢ OpB,T cpqp 0T 1 an
T on il B4 - —R JA re
T Oz T2 9z cp \WBA T G TUBC | Jaef
1 a
- (RBB - _BRBC> JB,rcf
CB ac
(12.39)
Defining new resistivities in the chosen frame of reference by
aa a
RaAvet = Raa — —Rac, RaByet = Rap — B Rac
ac ac
(12.40)

_ aa _ aB
RpAret = Ba — —Rpc, BBBret = R — — BB
ac ac
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Egs. (12.39b, ¢) can be written as

cA Opa,r caqy 0T 1

=- - — —RAA retJA ret
T Ox T2 O0x ca reteare
1
- _RAB,refJB,ref
cB

(12.41)

cB OuB,T ceqp 0T

— = —___R reJ re
T Oz T2 0x ca BA,ref/A,ref

1
- RBB,rchB,rcf
CB

The 2x2 matrix R;; rof is not symmetric, but the description can be directly
related to the experimental situation. By inverting the equations, we obtain
for the component fluxes

ouar . qr 0T
JAref = —Laa, refT < P +?%

CAC 0 £ 0T
LAB ref —Fp B (—IUJB7T + q—B—)

T ox T Ox
(12.42)

CACB 8 AT A 8T
JB,rcf LBArcf < Ea, +q_A_>

T ox T Ox

. Ops,T @a_T
BB, refT Ox T Ox

where

RBB,rcf
RAA retRBB ref — BA reflTAB ref

LAA ref =

—RBA ref
RAA retRBB ref — BA refITAB ref

LAB,rcf =
(12.43)
_RAB,rcf
RAA retRBB ref — BA reflTAB ref

LBA,rcf =

RAA ret
RAA retRBB ref — BA reflTAB ref

LBB,rcf =
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and vice versa

R LB ref
AA ref =
LAA,rchBB,rcf - LBA,rchAB,rcf
R _LBA,rcf
ABjref —
LAA refLBB ret — LBA retLAB vef
(12.44)
R —LAB ref
BA,ref =
LAA refLBB ret — LBA retLAB vef
LAA ret
RBB,ref = :

LAA,rchBB,rcf - LBA,rchAB,rcf

The 2 x 2 conductivity and the resistivity matrices are both asymmetric.
By expressing the heat flux and the component fluxes in terms of the tem-
perature and chemical potential gradients, we find

1 * a * * *
Jy=— {)\ + T2 (CAqA — ﬁccqc> (cAQALAA ret + cBYBLAB, ret)
1 * aB * * * oT
+ T2 (CBqB — %chc) (cAqALBa ref + CBQBLBB,rcf):| £

«  AGA « OB ca Oua,
— |{caga — —ccqc ) Laaet + | cBG — —ccqc | LA ref| = HAT
ac ac T Oz

* ap * * aB * CB 8 B,
— [(CAQA — —Cch) LAB ref + (CBQB — QCch> LBB,rcf:| % oiBT

ac T O
¢ * * 8T 02 8
JA et = —T—é (caqaLaa ret + cBGELAB, ref) e LAA,refTA —%:T
I cacs OuB,T
AB,ref T —8:17

cacB OpA,T
T ox

CB « " orT
JB ret = -7 (cagaLBA ref + cBYB LBB ref) Fr LBA ref

.y é Ops,T
BB, ref T oz

(12.45)

We express the chemical potential gradients in terms of gradients of the
concentration. We restrict ourselves to ideal solution of components A and
B. By introducing the transport coefficients in the chosen frame of reference,
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we find

1 aa *
Ap =X+ T2 (CAQZ - %CCQE> (cAqALAA ref + CBABLAB ref)

1

+ T2 (CBQB — %CCQE) (cAqA LBA ref + cBGS LBB ret)

1 ap aB
XT,rcf =72 [(CAQZ - —CCQE> LAA yef + (CBQE - —CCQE> LBA,ref]
ac ac
17 1 * ap * % ap «
DBT,mf = 7 cAqa — —¢cqc | LaByref + | cBAB — —ccqc | LBB ref
T ac ac

1 *
DA ref = Tz (cAGALAA ref + CBARLAB ref)

1
/ *
BT,ref — ﬁ (CAqZLBA,Tef + CBqBLBB,ref)

DA et = LaaretcAR, DABret = LABretcaAlR

DBA,rcf = LBA,rcchRa DBB,rcf = LBB,rcchR

(12.46)
we can write Eq. (12.45) in the usual form
Ty = N 1D O prpg O
JA vt = —CADAT,refg—Z - DAA,rcf(?;—; - DAB,rcf%L; (12.47)
JB ref = _CBD%TVrCfg_Z - DBA,rcf% - DBB,rcf%L;

Given the experimental values of the transport coefficients used in
Eq. (12.47), one can calculate Laa ref, LAB ref; LBA ref, LBB ref, ¢h» 5 and
A using Eq. (12.46). The two by two resistivity matrix, Raa ref, RAB ref,
RpA ref, RBB ref, then follows using Eq. (12.44). The two by two resistivity
matrix, Raa, Rap, Rea, Rpp, then follows using Eq. (12.40). The coef-
ficients Rac = Rca, RBec = Rc, Rcc and ¢¢ can then be found using
Egs. (12.9)-(12.11). In order to find the four by four matrix of resistivities
rjx one finally uses Eq. (12.8). Using the four by four matrix of resistivi-
ties, one can then go to all other frames of reference and also calculate the
Maxwell-Stefan diffusion coefficients.
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Exercise 12.4.1. Fick’s law in the solvent frame of reference can be writ-

ten Ja solv = —Daa soOca/O0x. With the average volume frame of refer-
ence, we write J4 yor = —DaA voiOca/0x. For what condition is Daa, yor ~
DAA,solv?

e Solution: When Daa vol & Daa solv, using Fick’s law, it follows
that Ja solv = Javol. For the solvent and average volume frames of
reference, we write

JA,solv = CA (VA - Vsolv)
JA,vol = CA (VA - Vvol)

The fluxes and the diffusion constants are therefore approximately
the same when

Vsolv = Vyol

Consider a two-component mixture where component 2 is the solvent.
We then have

Vsolv = V2
Vol = 1 Viv1 + c2Vove = vo + 1 Vi (vi — va)

We see that vgoly ~Vyol, when c1 V7 < coVo ~ 1. This is true for an
ideal solution of component 1 in component 2.

12.4.4 An example: Kinetic demizing of oxides

Consider an oxygen ion conductor of thickness | and composition (A,B)O
where A and B hold the same lattice position and charge +2. Examples of
such crystals are (Co, Mg)O and (Fe,Cr)O. A chemical potential difference
of oxygen is applied across the crystal in order to measure oxygen ion
diffusion in the lattice. This is accomplished by using different oxygen
pressures on the two sides [179-182].

Po, (2)
Apo, = RTIn o, (D) (12.48)
The oxides have oxygen deficiencies, so oxygen transfer by vacancy jumping
is likely. Such jumping will be promoted in the presence of a chemical
potential difference. Diffusion is then measured with respect to the crystal
walls, for various oxygen pressure ratios. In terms of the resistivity to
diffusion, the rate equation is

_ €0, Aluoz
T l

= RoOVret (12.49)
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where

R

Roo Dooco, (12.50)
With a pressure ratio of 100, a temperature of 1000 K and a sample thick-
ness | = 2 x107° m, the gradient in the chemical potential of oxygen across
the crystal is 1.44x10%J /mol m. A typical oxygen vacancy concentration is
0.50 mol/m?. In the experiment, one determines v,.; in Eq. (12.49), and
calculates Rpo or the diffusion coefficient from Eq. (12.50). A typical value
is Dooiloill mz/s.

The positions of A and B will change with respect to the oxygen as the
vacancies are moving, and demixing can occur. The equations above can
describe this. We take as frame of reference the (moving) oxygen lattice
Vref- At constant temperature, the force-flux relations are from Eq. (12.29)

0,
—C?A lg;’T = RAAVA ref + RABVB ret
(12.51)
cB OuB,T
-7 %x = RpaVA ref + RBBVB,ref

We use Gibbs-Duhem’s equation Y ¢;du; = 0 for the ions to expand the
description (12.49). By adding the two equations above, we then obtain;

co Opo,
DL = (Raa+ Roa)lVaset + (Rap + Rpp)vser  (1252)
At steady state, the velocity of A must be equal and opposite to that of B
in order to maintain charge neutrality, VA ref = —VB,ref = —Vss. This gives
Opa T
% = —(Raa + Rpa)vss
z ca
oupor T
—= =—(R R 55 12.53
O . (Rpa + Rpp)v ( )
0 T
POT _ ——(Raa +2Rpa + RpB)vss
ox co

The coupling coefficients are mostly unknown. When Rpp = 2R44 and
the coupling coefficient is zero, a difference in chemical potentials of A and
B of 2 is maintained [179,183]. A positive coupling coefficient makes the
difference in chemical potentials smaller, a negative will make it larger. The
process leads to demixing, and with time this may destabilize the material.
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12.5 A relation between the heats of transfer and
the enthalpy

A useful concept in the description of heat transport is the heat of transfer,
defined in Eq. (12.8). As we discussed in Sec. 8.3, the heats of transfer play
an important role for transport through a surface. In order to clarify how
the heat of transfer for the surface is related to the heat of transfer in the
homogeneous phase in Sec. 12.3, we first discuss them for the homogeneous
phase in some more detail.

The total heat flux is given by
Jq =J¢;+HAJA+HBJB+H0JC (12.54)
The total heats of transfer are therefore given by

Q=3

} =q,, +H, form= A, BorC (12.55)
Im 9T /8x=0,J,=0

(Compare Sec. 8.4). With the total heat flux as a variable instead of the
measurable heat flux, the entropy production becomes

0 (1 d lm
0 =iz (T) + Y m (—gT) (12.56)

m= A, B, C

For the steady state conditions we are considering, Jy, Ja, Jg and Jc are
independent of the position. This makes it possible to integrate the entropy
production from a to b in order to obtain the total entropy production of
the film between a and b per unit of surface area:

e fonr-a(aly o) 5, (7 78)

We note that this relation is also true when a and b are in different homo-
geneous phases separated by an interface. Using the relation between the
total heat flux and the measurable heat flux, and a thermodynamic identity
for the temperature dependence of the chemical potentials, both in point a
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and b, this entropy production can be written as

ow= [ ot =1,0) (55~ 0 )

- (um (b) —Tu&(a;T(b))>

m=A, B, C

= J/ (b) (%b) _ %@)) _ m:Z I </Lm (b;Té?Bc)z)_ fim (a))

A, B, C
(12.58)

where i, (a; T (b)) means that the chemical potential is calculated at the
local concentrations of all components in a at the temperature 7' (b). Similar
definitions are used for the other terms. The resulting force-flux relations
for the film, when we use the measurable heat flux on the left hand side,
are

1 _ 1 — pab a "(a E ab a
(b) T(a) qu()Jq()+m:A,B,chm()Jm ( )
12.59
_Mn (b) — HUn (a; T (b)) _ ab a ! a ab a
T(b) —an( )Jq( )+m:A§7B,Can( )Jm

where n = A, B or C. When we use the measurable heat flux on the right
hand side, we obtain
1 1
T®) T(a)
(b7 T (CL)) ,Um (a) a a
- ( =Ry 0)J; 0+ Y R (0)Jm

q
T a) m= A, B, C

=RE®)J,(0)+ Y. R (b)Jm
m=ABC (12.60)

Both resistivity matrices are symmetric.
We may again calculate the heats of transfer in both a and b and find

4 (a) = [J_“] _ B0
Im | aT=0,7,—0 R (a)
Rab ( )
Rab @ form= A,BorC
R (b (12.61)
q;;;zb |: — __am
AT=0,J,=0 Rab (b)
Rab (b)

form= A,BorC
Rgg (b)
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where AT =T (b) — T (a). Integrating Gibbs-Duhem’s equation (12.2) to
linear order in the differences across the film one obtains in a:

Y @™ ©) _;Zz)(a;T(b)) =0 (12.62)
m= A, B, C

and the analogous relation in b. Using this in Eq. (12.59) in a and b one
obtains for the measurable heats of transfer:

Yo em@gt @)= Y. gt () =0 (12.63)

m= A, B, C m= A, B, C

The total heats of transfer are defined using the total heat fluxes. The
total heat flux is independent of the position, so the total heats of transfer
also have this property. Using the relation between the measurable heats
of transfer, it then follows that

@ (b) — ¢ (a) = — [Hyp (b) — Hyu (a)] form = A, Bor C (12.64)

In a homogeneous phase, the difference in the enthalpy between position b
and a is usually small, so the heat of transfer does not change much across
a film. We saw in Secs. 8.3 and 11.2 that the exact same relation is valid for
the heats of transfer on the two sides of a surface. In that case, however,
the enthalpy difference is often large. This leads to large heat effects at
surfaces. The relation of the heat of transfer to an enthalpy means that the
quantity is mostly related to interaction energies, cf. Eq. (8.12). We saw in
Ch.11 how this explained the sign of the heat of transfer of the surface.

As we mentioned in Sec. 8.3, an interesting consequence of these re-
lations, for a surface as well as for a film, is that they can be combined.
We can obtain the same relation for a heterogeneous layer between two
arbitrary planes, i.e. a sequence of homogeneous films with surfaces in
between.



Chapter 13

A Nonisothermal Concentration Cell

We give equations that govern energy conversion in a concentration cell in
contact with two thermal reservoirs. A procedure for determination of the
electric potential from the temperature difference between the electrodes is
developed. We cast flux equations in a form that is convenient for integra-
tion across the heterogeneous cell.

We have seen that electric energy can be obtained from a difference
in temperature (Chapter 9) or chemical potential (Chapter 10). In this
chapter, electric energy is derived from thermal as well as chemical sources.
We want to find the electric potential profile across a concentration cell that
is exposed to a gradient in temperature when a direct current is passing.
The temperature is controlled at the beginning and at the end of the cell.
For the rest, the system is thermally isolated.

The purpose of the chapter is to develop a procedure for analysis of
energy conversion. We shall introduce terminology and examine a simple
cell. The procedure [184] is extended in Chapter 15 to a formation cell.

The cell of interest is a concentration cell:

T%° Na (Hg) |#”-alumina | Na (Hg), T7%° (13.1)

The cell conditions are illustrated in Fig. 13.1. The electrodes consists of
liquid mixtures of sodium in mercury (amalgam solutions). They are kept
at different temperatures by means of heat baths. The electrolyte, the
contact between the liquid pools, consists of NayO-AlyO3 (8”-alumina).
This solid state material has constant composition and conducts charge
by sodium ions only. The system is only an example, but the electrodes
of this cell are relevant for high temperature batteries like the Na-S [185]
and Na-NiCly-battery [186]. When a positive electric current is passing the
cell, there is consumption of sodium on the left hand side and production

205
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anode electrolyte cathode

Na(Hg) B-alumina Na(Hg)

anode surface cathode surface
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Figure 13.1 The temperature and electric potential profiles across the elec-
trode concentration cell.

of sodium on the right hand side. The electric current leads to heating
of one electrode, and as we shall see, cooling of the other electrode. Such
reversible electrode heat effects have been studied in several systems that
are similar to the present cell [187]. Ito et al. [188] studied conditions during
water electrolysis in hydroxide melts, Flem et al. [78,80] studied aluminium
electrodes in contact with a fluoride mixture.

For pedagogical reasons, we start with the most general description.
Relations between the variables will then appear (see Sec. 13.1.3).

The terminology used for electrochemical cells throughout the book is
clarified in Figs. 13.1 and 13.2. At positions a,0 and c,o in Fig. 13.1, the
temperatures are T° and T%° and the electric potentials are ¢“° and
@*°. A location is indicated by a superscript of two letters with a comma
between; the first letter refers to the phase, the second refers to the neigh-
boring phase. The total cell potential, A, between the end points is:

Atot¢ = ¢C7O - ¢a’0 = Aa¢ + Aa,e¢ + Ae¢ + Ae,C¢ + Ac¢ (132)
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Anode Electrolyte Cathode
ae ea e,c ce
a,0 ? ? C,0
s,a S,C
Aa Ae Ac
Aa,e Ae,c
AasAs,e AesAsc

Figure 13.2 Notation used for transport in electrochemical cells. The first
symbol of a location (a superscript) refers to the phase, and the second to the
neighbouring phase. A A with one subscript, x, denotes the difference across
phase x. A A with two subscripts, x, y, denotes the value in y minus the value
in x.

The terminology in this equation is clarified in Fig. 13.2. The present cell
has five subsystems. From left to right we have: the anode, the anode sur-
face, the electrolyte, the cathode surface and the cathode. There are three
homogeneous phases and two surfaces. When the electrodes are in contact
with different thermal reservoirs, the total potential is a thermoelectric
potential.

13.1 The homogeneous phases

We need expressions for T(x), una,r(z) and ¢(x) between positions a,o
and c,o in the presence of a current density, j, in order to find the ther-
moelectric potential. One solution is illustrated in Fig. 13.1. We start the
analysis with the homogeneous phases, taking the anode as the detailed
example.

13.1.1 Entropy production and flux equations for the anode

The anode amalgam extends from position (a,0) to (a,e). Charge is con-
ducted by electrons in the metal solution. A temperature gradient causes
sodium to move, leading in the stationary state to a Soret equilibrium
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for Na in Hg. Sodium must also be transported through the amalgam
to supply the reaction at a,e. Heat is transported by conduction as well
as by charge and mass transport. The entropy production is therefore,
cf. Eq. (4.15),

01 1 Ouiar 1 0¢

a __ qla |~ — a = a, N
=i (o) + 5 (352 ) +i(-r5y) @)
where J;* is the measurable heat flux, Jg, the sodium flux and pug, the

chemical potential of Na. The subscript 7" indicates that 3, is differenti-
ated at constant temperature. The equations of transport are:

a 1 a a a a a ;

0xT quJé + Ry Na + Rq¢3

1 8’u1a\1avT a a a a a
T Oz = RH‘ZJ; + RMMJNa + R#¢j (13.4)

1 8¢ a a a a a s

Ty = Bogld + BTt + By

It will also be convenient to express the fluxes in the forces

o1 1 OURa,r 1 0¢
/a:La I La _ ’ La T
& qqaxT+ q“< T Oz >+ W( TB:E)

o1 1 OuRar 1 0¢
J, =L —=+ L% | —= : L2 | —=— 13.5
Na oz T * < T Oz e T Ox (13:5)
a1 1 OuRa,r 1 0¢
=13 — _ 2 _ s L2 -7
J %402 T + Lo ( T Ox e T Oz
The conductivity matrix is the inverse of the resistivity matrix and can be
found using Kramers’ rule, see Sec. 7.4. Resistivities as well as conductivi-
ties satisfy the Onsager relations.
We are looking for expressions where T'(x), pna,r(z) and ¢(z) are given
in terms of measured transport properties, and continue to rewrite the

linear relations between the fluxes and forces. We solve for 9¢/0x from
Eq. (13.5¢) and eliminate this gradient in Eq. (13.5a, b). The result is

a a 91 a 1 aM%a,T |
Tt = laagp * lan <_T e ) F
a a 8 1 a 1 au%avT tla\fa -
JNa = l#q%T + l## <—T or ) + ?j (136)
99 7 9T ik, Odur

a -

gr TFdx F Ox
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where the Peltier heat, 7, the transference coefficient, t%,, and the ohmic
resistivity, r*, are defined by (see Egs. (10.9) and (9.15)):

J/a La
™ = (—‘1> =_F <T8¢/8I> — 2%
3/F ) ar—o, Ay, 7=0 oT/0x ) ;_, dpg, =0 L3y

t _(J§a> __p(_99/0x _ gl
ilF dT=0, dpy, =0 aﬂ%a,T/ax §=0, dT=0 Lso

a ((%/ 396)
r* = — [ L= ~
J dT=0, dpg;, =0 L¢>¢>

T

(13.7)
where we used the Onsager relations. Measured values of 7%, 3, and
7 give, using these expressions, the conductivities Lf,, Lg, = Lj, and
Lj,s = L, The conductivities with a small [ are given by

2 =12 _— L3¢L;q
qq qq a
L¢¢
L2, L3
a _jJa _ Ta q¢p " pu
L = g = Ly — —5 (13.8)
olo)
la — La. _ LZ‘bL;N
e 122 L2
o]

Values of [7 . I5,, = I}, and ]} together with the conductivities L, L7, =
L, and Li, = L, obtained from 7*, t%, and 7%, make it possible to
calculate the conductivities Li,, Lj, = Li,, and L, . The conductivity [}, ,
can be found, using Eq. (13.6b), by measuring the diffusion coefficient for

Na in Hg:

. J2 I, [ Oud
Dy = — (7aNa ) _ e (—§a> (13.9)
N Ock, /O j=0,ar=0 T O

where cf, is the sodium concentration. The remaining coeflicients I§, = I},
and [7 are determined from the stationary state thermal conductivity, A*,
and the heat of transfer ¢y° (defined in Eq. (8.4)),

q*,a - <T8M%a,T/ax) _ <J_¢;a) — l‘}l
e oT/0x §=0,J3,=0 SRa/ ar=0, j=0 i

/ (13.10)
A= — < Jq ) — i <la _ ZQ#Z#Q) — 1
OT)02) gy o T2\ I, T?Ra
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This gives a practical form of the linear force-flux relations:

8T _ 1 /a *,a a tla\fa ; ™ .
%__F |: q — 4N, <JNa_F]) _Fj:|

8:uNa,,T _ _%6_11 T (Ja %a ) (1311)

Na ?J

Ox T@x_a

o6 ™ OT 13, Oukar

gr  TFox F Ox

a -

The profiles we are seeking are expressed in terms of measurable transport
properties. The expressions above defined the measurements to find the
coupling coefficients 7%, t}, and q;I: , and the diagonal coefficients r®, Dy,
and A*. Knowledge of these coeflicients makes it possible to solve the
expressions above.

13.1.2 Position dependent transport coefficients

We shall see that the boundary conditions for the sodium flux leads to a
position dependent transference coefficient of Na in amalgam.

The transference coefficient is defined as the flow of sodium to the site of
the electrode reaction, caused by the constant electric current, for a position
independent temperature, chemical potential, or concentration of sodium;
ie. &, (z,t) = g, (t). The ratio of the two fluxes varies from position 0 at
the iron contact to position d, at the electrode surface, because the sodium
flux varies across the electrode at these conditions. This can be found from
the mass balance for sodium:

Oca(@,t) _ 0JRa(z,t)

a2 = o (13.12)

The flux of Na that is leaving the electrode, is given by the integral:

9
ot

d* .
/ e = — 8 (0°, 1) + J8,(0.1) = IR (@ 1) =~ (1313)
0
The sodium flux is zero at position 0, and equal to j/F at position d*. The
electric current is independent of the position and the time. We now use the
definition of the transference coefficient, Eq. (13.7b). When the gradients

of the concentration and temperature are zero, JX, (x,t) = t¥,(x,t)j/F,
and we have

Oca(t) _  O0JRa(x,t) O (zt)  j (13.14)

ot Ox F 9z d*F
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The solutions for Jg, (z,t)and tna(x,t) are therefore

JRa(,1) — tRa(2,t) = (13.15)

)
 dAF d
Both solutions are time independent. The concentration of sodium is slowly
decreasing, however. The solution is in that sense only quasi-stationary.
But the transference coefficient has been found to be time independent,
and to increase linearly from 0 at the metal contact to 1 at the electrode
surface.

The Peltier coefficient is also position dependent. This dependency
can be derived using the expression for the measurable heat flux, Jéa =
T (Js — JnaS%,), cf. Eq. (4.12). By introducing this into Eq. (13.7a) we

ha,\/e
<Jq/ > <JS—J\HSN3>
j/ dT=0, dlU‘Nka,T:O '7/ dT=0, dl“‘i\Ia,l 0

TS+ tha(2)S%] (13.16)

™ ()

where S7_ is by definition the transported entropy of the electrons
(cf. Chapter 9).

Remark 13.1. As the position dependence of t%, and w shows, these
quantities are not just material properties. They also depend on the bound-
ary conditions, see also Ref. [189].

Remark 13.2. The entropy and the transported entropy are functions of
the temperature and other intensive variables that characterize the local
thermodynamic state. We have neglected such dependencies here.

13.1.3 The profiles of the homogeneous anode

We can now obtain some relations between the variables. The heat of
transfer can be determined from the expression for the electric potential
gradient in Eq. (13.11), when Jx, and j are zero. This gives

06 1 e i (e L dE\]OT
8:17 = F |:Se +tNa(‘r) (SNa+ T >:| ax (1317)

The electric potential gradient cannot depend on the position dependent
transference number. It follows that the transported heat is:

Gl = ~TS%, (13.18)
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For small fluxes, we can expect that the sodium flux is a linear function
of the position. The boundary conditions then give Jg, (x) =t (x)j/F =
xj/d*F. This further simplifies Eq. (13.11) considerably. After some alge-
bra, we obtain

oT 1 , 7 1 , T J
- a_ cad | _ _— a 4 T *  Qa J
oz @ [Jq i F] e [Jq FT(S5+ S%) 7
8:ula\Ta,T _ Qa a_T _ aﬂﬁa =0
dr  Negy dr
o6 _sLor .
dr F Ox J

(13.19)

The equations say that true equilibrium is established for Na across the
electrode, as Oud, /Ox = 0. The electric potential drop consists of an ohmic
potential drop, plus a contribution from the temperature difference. The
heat transport has, likewise, also two contributions. The derivation in
Sec. 13.1.1 may seem cumbersome, but it is important to take all terms
along to find the condition of chemical equilibrium Eq. (13.19b). In a
simpler analysis, one could introduce in the entropy production, J&,(z) =
xj/d*F, to give two forces and fluxes directly. While this appears to be
simpler, it may hide the relation ¢y = —T'S%, and the condition for a
constant chemical potential of the sodium.

13.1.4 Contributions from the cathode

The formulae are the same for the cathode and the anode, but the boundary
conditions differ. The sodium flux is j/F at position d* 4+ d°® (the cathode
surface) and 0 at the position of the metal contact, d* + d® + d°. The
transference coefficient is therefore

—d*—d°
tale) =1 - ———— (13.20)

The Peltier coefficient and the heat of transport are, cf. Egs. (13.16) and
(13.18),

¢ = T[S +1%.(2)S%] and gy, = —TSK. (13.21)

The rest of the equations are similar to the ones written for the anode.
Analogous to Eq. (13.19) we find
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or 1 (. . z—dv—de ] j
7 = T s (1- ) s £
ONa,T oT  ouy
& c — a _ 13.22
ox = gy ox ox 0 ( )
0¢ _oT o

or F oz 7
Integration is now easy. In Fig. 13.1, A.¢ is negative. This corresponds to
TC,e > TC,O'

13.1.5 The electrolyte contribution

The entropy production in the non-isothermal electrolyte of 5”-alumina is

o (1 1 9¢
= J'e — || — == 13.23
o 7 9z (T)—i—j{ T(?:z:} ( )
The flux equations are
a 1 {53 (53 e
E. (T) = Ry, J + Roy
(13.24)
1 90¢ o e )
T o = Boald T Rosl
or alternatively,
e _ Je 1 e 1 9¢
I = quam (f) + LG (_Tﬁ_x>
(13.25)
. 0 (1 1 0¢
J=Lsaz, ( ) + Loy (‘fa_g)
The Peltier coefficient for the electrolyte is:
J/e ) RC LC
= = F 2 _p 1 _pgr | (13.26)
(J/F dT=0 qu L;(b N

The stationary state thermal conductivity and the ohmic resistivity are
given by:

1 T
and 7r° =

=
TRy, Li,

(13.27)
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The flux equations can then be written

oT 1 ' 1 j

T x (Jée - ”%) = (Jée - Tsﬁa%)

0 T oT . 1, or .

o~ TFox )T TN T
where the Onsager relation has been used. The electric potential difference
across the electrolyte is linear in the temperature difference. The sign of
Ao is negative in Fig. 13.1. This corresponds to a temperature increase
across the electrolyte from the anode to the cathode and an ohmic potential

drop.

(13.28)

13.2 Surface contributions

13.2.1 The anode surface

This surface has the position (s,a) in Figs. 13.1 and 13.2. After sodium
arrives at the anode surface, the reaction is:
Na(a) — Na™(e) + e~ (a) (13.29)

The electron is subsequently transferred to the conduction band in the
metal, and the sodium ion is transferred to the 3”-alumina. The contribu-
tion from the sodium to the reaction Gibbs energy is

ARGS = — 32 = — 132 (T59) (13.30)

The entropy production in the non-isothermal anode surface becomes,
cf. Eq. (5.15):

. . 1 . 1 a.e Dasiina,T (T5%)
s,a __ yla, le,a a,e ) )
7= (A“T) “a (A“T) ™ Ne Tsa

Aacd ARG
—j —r
Ts.a T's:a
For stationary state conditions the sodium flux is equal to the reaction rate,
which is equal to j/F. This gives
Aa,s/lfNa,,T (Ts,a) AnG&a _ j /L;; (Ts,a)
Tsa -r Tsa [ Tsa
We introduce this expression in Eq. (13.31) and obtain

s,a a,e 1 e,a 1 - Aa,e¢ — M;Z (TS7a) /F
o> = J <Aa’ST> + J <AS’CT> —J < Tsa
(13.33)

(13.31)

e (13.32)
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By taking along all fluxes, like we did in the bulk anode, we find that the
chemical potential at the surface, uy:, is equal to the constant chemical
potential in the anode, uy,.

We next assume, as explained in Chapter 8, that the inverse temperature
differences from one side of the surface do not couple to the measurable heat
fluxes on the other side, see also Sec. 9.2. This gives

1 s,a J/a S,a -
S (7) = migTe 132
1 s,e J/e,a S,€
Ase |7 ) = Ryg I + Ry (13.34)

1 Uayz (TSﬁ) S,a 7/a, S a s,a .
T Tsa (Aa’e¢ - F = Ry Ji e + Ry Ji + Rygj

The resistivities satisfy the Onsager relations. The relations for both sides
of the surface may be written in a form similar to Eq. (13.11)

1 a. a,e '7
AT =~ (J; R F)
AT = - (grea — pead (13.35)
’ Ase q F
1 e &2
Apod— =ps (T52) = ——=Dp T — =———=Ag T — 75%j
7e¢ F/'LNa ( ) Ta’CF 3 TC7aF ) ")
where the coefficients are now given by
J/a,C) S,a
e — .q - _F gd;
(J/F AnT=0 Rq
e (B2)
J/F A e T=0 Rgq
. ) (13.36)
ANt = ————  and N°*=—F——
leq Ts:aTa,e Rq7q T's,aTe,a
rSa — Tsa S,a qub Rd;q _ quﬁRd;q
* Ry Riq

The transport properties 7®° and 7%® are ratios of fluxes in homogeneous
phases, and are therefore equal for the surface and the adjacent homoge-
neous phase. The coeflicient 7¢, defined in the previous section, expresses
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that the charge transport by sodium ion leads to heat transport away from
the anode surface. Using Eqgs. (13.16) and the analogous relation in the
electrolyte, we have

T = —To (S5 4+ 8%S)  and 7%t = —TOUSY L (13.37)

where S, . is the transported entropy of the sodium ion in the 4”-alumina.
Substituting these relations in Eq. (13.35) gives

1 . aes J
Aa,sT = —3ea <J;d7e 4+ T (S;l + SNya) %)
AS CT _ 1 J/c7a + Tc,as* +i
’ P q Na F
1 a,e s,a 1 * a,e 1 * S,a
Aa7e¢ - F/J’Na (T ’ ) = F (Se* + SNa) Aa7ST + FSNa+ As7eT - ]

(13.38)

Using uys (T%?) = p&, — SxsDasT = pye — SxaAasT the relation for the
electric potential reduces to

1 s,a 1 * 1 * 5,a 4
Npet) — F'ul\}a = fSe, AT+ FSNﬁAS,CT — 5% (13.39)

In Fig. 13.1, A, ¢ is positive. This is consistent with the negative reaction
Gibbs energy (a tendency for Na to react) and a decrease in temperature
across the surface.

The above results now show that the expressions for the surface are nat-
ural prolongations of the expressions for the homogeneous phases. They are
simplified because there is no sodium adsorption at the surface. The simi-
larity in the description of the homogeneous regions and the surface makes
it simple to integrate across the heterogeneous system. The Peltier heats
on both sides of the surface were equal to their values in the homogeneous
phases. Only three new coefficients are needed to describe the surface, A>?,
A%€ and r®.

Remark 13.3. The Nernst equation for the surface in its two equivalent
formulations is

1 s,a 1 s,a 1 a,e e,a s,a
Ag et + fAnG = Agep — FUNa =Ageth + ol (/Le* T g+ — :uNa)

1
= A+ FAGY =0 (13.40)
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and the total cell potential is

Atot(l5 = Aaw + Aa,ew + Aew + Ae,cw + Adﬁ

1 s,a s,c 1 a,e c,e
+ ol (ArG>* + A G>) — I3 (KNa = HNa) (13.41)

13.2.2 The cathode surface

We can now write, by direct analogy, the equations of interest for the cath-
ode surface. The surface has the position (s,c) in Figs. 13.1 and 13.2. The
sodium ion and the electron are transported to the anode surface and react
according to:

Na®(e) + e (c) — Na(c) (13.42)

The contribution from the sodium to the reaction Gibbs energy is
MG = i3, = i (T°°) (13.43)

where the reaction rate is equal to j/F. The entropy production rate and the
flux equations follow in a similar manner as for the anode. The equations
to be solved are analogous to Eq. (13.35).

1 J
AesT: J/ec_ e,c <
’ )\sc |: F:|

_ 1 Ic,e _ rChe j 13.44
AT = =30 [J I (13.44)
1 o s Tec e e
Ae,c(l5 + Fﬂ;a (T ’C) = _WAG,ST Teef As CT -Tr ’C]

where we added the electric potential differences. Using Egs. (13.16),
(13.26) and (13.43), for the cathode surface gives

1 e, e, ]
AosT = 105 (J’ 4TSy | F)
1 c,e c,e * c,e .]
AseT = =353 (Jé © 4 T (S2 + Sys) f) (13.45)

1 s,C * 1 % s.C -
Acctd + FhHNa = SNa+Ac,ST + FSe, Ag T —r5¢j

which is the analogue of Eq. (13.38). The chemical potential of sodium in
the cathode is constant and equal to the chemical potential at the cathode
surface. This is similar to in the anode.
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13.3 The thermoelectric potential

When thermal reservoirs of temperatures 7T#° and T° are available, and
the chemical potential difference between the electrodes is known, we can
now find the resulting total electric potential from Eq. (13.2). For the
anode, we neglect the dependence of the various coeflicients on the temper-
ature and the chemical potential of the sodium and integrate Eq. (13.19).
This gives
da la a
AT = — " Jp = (d /2)

Aapid, =0 (13.46)

S*
A = ;, AT — r2d*j
For the cathode, we integrate Eq. (13.22) and find similarly

_ dc Ic a e C i
AT = —1 {J 7 (d* +d +d/2)F}

A, =0 (13.47)

S*_ ,
oo = 2= AT —r°de;
For the electrolyte, we integrate Eq. (13.28) and find

_ (e e
s (5r-xe2)

(13.48)

Aot = _FSKW AT — red°j

Furthermore, using Eqgs. (13.39) and (13.45) for the anode and cathode
surfaces as well as e = p, and px; = ps, we have

Atot¢ = ¢C7O - ¢a’0 = Aa¢ + Aau,e(l5 + Ae¢ + Ae,c¢ + Ac(b

. Sr . ,
B = ) + S (T30 = T 4 o0 = 75¢)

=5 F

*

S
_ I}ifr (Ts,c _Ts,a)

— (r*d® + 15 4 17°d° + 1 + r°dC) (13.49)
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The expressions for all the temperature differences (13.46), (13.47), and
(13.48), and the electrode potentials, Egs. (13.38) and (13.45), give the con-
version between thermal, chemical and electric energy in the cell. Kjelstrup
and Bedeaux [130] calculated the corresponding profiles of temperature and
electric potential in the solid oxide fuel cell. Kjelstrup et al. calculated the
present cell [184].
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Chapter 14

The Transported Entropy

We describe how the transported entropy can be determined by measuring
the Seebeck coefficient of an electrochemical cell. Selected values of the
transported entropies are presented. The transported entropies obey certain
transformation properties, because potential differences and the electric cur-
rent density are independent of the frame of reference.

We saw in Chapters 8 and 13, that the conversion from thermal to elec-
tric energy, or vice versa, depended on the magnitude of the transported
entropies in conductors of the system. For electronic conductors, this quan-
tity is normally not large, typically a few J/K mol [153,190]. This seriously
limits the efficiency of thermal energy conversion. By using ions as charge
carriers instead of electrons, attempts have been made to find cells with
larger thermoelectric powers. Large Peltier coefficients have been found in
cells with complex formations [78,191] and with gas electrodes [192].

Systematic knowledge about transported entropies has been gathered by
Agar [148,193]. The purpose of this chapter is to describe how transported
entropies can be determined, which relations they must obey, and what their
properties are. We describe how transported entropies can be obtained from
measurements in three example cells:

T', Mo(s)[Pb(1)[PbCla (1), MCI(1)[Pb(1)|Mo(s), T* (a)
T*, M(Hg)|3"-alumina|M(Hg), T° (b)
T', Ag(s)|AgCl(s) MCl(aq)[AgCl (s)|Ag(s), T* ()

Cell a has electrodes of liquid lead, and an electrolyte mixture of two molten
salts. The liquid lead pools are connected to the potentiometer via molyb-
denum wires [194]. Cell b was described in Chapter 13 with M = Na [195].
Cell ¢ has an aqueous electrolyte [196], and shall be further discussed in

221



222 Chapter 14. The Transported Entropy

Chapter 15. The metal contacts to the cells a and c are thermostatted at
temperatures 7! and T". In cell b, they are thermostatted to 7% and 7T°
respectively.

14.1 The Seebeck coefficient of cell a

Cell a has five homogeneous phases and four interfaces. The homogeneous
phases are denoted 1, a, e, ¢ and r, respectively. The surfaces between them
are denoted (s,1), (s,a), (s,c) and (s,r).

The chemical reaction on the electrodes takes half a mole of lead from
the anode surface

1 1
5Pb — §Pb2++e’ (14.1)

and adds the same amount to the cathode surface when a faraday of charge
is passed through the cell. For a positive electric current density j both
the (s,a) and the (s,c) surface move to the left relative to the (s,1) and
the (s,r) surfaces, with a small velocity proportional to j. The ions of the
two salts move in the electrolyte. Chemical potential gradients of the salts
develop in a temperature gradient after a few hours. We are interested in
the state when the chemical potential gradient of PbCly produced by the
non-zero electric current density is balanced by the thermal force, that is,
in the Soret equilibrium. In this state, there is no transport of PbCls or
MCI relative to the (s,a) and the (s,c) surfaces. We will show that one can
then find the transported entropy of lead ions in a simple way.
The entropy production in the metal phases is

01 1 0¢
= J (== i —=== 14.2
? q(@xT)+j< T@x) (14.2)
The equations for the temperature gradient and the electric potential gra-
dient are the same as derived in Sec. 9.1

or 1 (., ]
oz A (Jq 7TF)
% T 0T

dr  TF oz

(14.3)

The Peltier coefficients for the solid Mo phases and for the lead pools are:

=7t = TS;- mo and 7 =7°=TS_ p, (14.4)
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Neglecting the variation of the coefficients A, r, w, S7_ , , Si_ 5, with the

temperature, the equations give for the molybdenum phases:

d : 1
mT:—ﬁ<ﬁ—H%> and A1 = =57 AT —1'd

d T rj 1 * Tdr 4
AT = Y Jq -7 Vo and Acp = —FSQ,)MOArT—T d'j

(14.5)
and for the lead phases:

@ g L., -
AT = —— (Jé -7 F) and A = _FSe*,PbAaT_T d®j
dC /c cj 1 * c ic +
AT =——(Jf—m ya and Agp = _FSC*,PbACT_T dej
(14.6)

The molybdenum-lead interfaces were described in Sec. 9.2. The poten-
tial drops across these interfaces were, cf. Eq. (9.18):

ALag = _%S:*,Mo (T = 1) — %S:*,Pb (A A e
(14.7)

1 1 _
Bt = =S5 py (T = T0) = 27y (T = T0) = 54

e~ ,Mo

The entropy production of the interface has a similar structure as in
Sec. 13.2. For the lead-electrolyte interface, we have in a frame of reference
that moves along with the surface

' ' 1 1 1 AnGs,a
— (AMT> e <AS,CT> n [— = (Aa,cqb + T)]

(14.8)

The reaction rate is proportional to the electric current density, r° = j/F,
and so is the transport of Pb into the surface, J&, = j/2F. The contribution
to the reaction Gibbs energy from the neutral components is A, G%? =
—ppy (T5*) /2. As the quantities of interest do not depend on the chosen
frame of reference, we may use a different frame of reference than the one
used above. The linear relations are, using the same approximations as in
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Sec. 9.2,
1 a aj
Bt =~z (-5
Ag T = _ L J’e—wei (14.9)
e\ F
* 1 s,a
de¢ F Pb_ S PbAdﬁT FSPb2+AbeT_r7-7

where r%? is the ohmic res1st1v1ty of the surface. The Peltier coefficients on
the anode and cathode sides were given in Eq. (14.4). The Peltier coefficient
in the electrolyte

1 (S]
= §T Spb2+

(14.10)
expresses that the stationary state charge transport by lead ions gives heat
transport away from the surface corresponding to one equivalent of lead
ion.

For the electrolyte-lead surface we find similarly

1 J
AesT = ——  Je —7°
TN < F)

1 J
AS@T = _E (Jéc - FCF) (1411)
1 e 1

eC¢+ S Ae sT S* pbAs CT - TS’C]’

oF!P T TR
The entropy production of the electrolyte has four terms

01 1 Oupbel,, T
o / _ 2
= (a T) +JPbClZ( T ox

_ 1 dpmerr . 10¢

We will again use the frame of reference in which the electrode-electrolyte
surfaces are not moving. We are interested in the stationary state when
Juer and Jppcy, are zero. Only two terms then remain in the entropy
production, and we obtain the same transport equations as those found for
the molybdenum wires and the lead pools:

de (&3 C'j
(14.13)
Ao = iS*’c AT — red®y
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All coefficients refer to the stationary state in question. This means that
the resistivity, for instance, is the resistivity of a mixture with salt and
gradients, which was assumed to be constant in Eq. (14.13). The stationary
state Peltier coefficient for the electrolyte is given in Eq. (14.10).

The total cell potential is now obtained by adding all contributions

FAtot¢ =F (Al(l5 + A1,a¢ + Aa¢ + Aau,e(l5 + Ae(b + Ae,r:(l5

+Ach+ A+ Avo)

! * * S,T s
2 g, (T*°) = ppy (T5%)] + (Se’,Mo - Se:Pb> (T°* =T ’1)

* 1 S,C S,a
+ (Sc,Pb ZSPb2+) (T - )

_ (T1d1—|—’l”s’1—I—Tada—FTs’a—FTede—|—TS’C—|—TCdC+TS’r—|—Trdr)jF

1 S,C S,a * * S,T S
= _5 [Hl?s (T ’ ) - H;i (T ’ )] + (Sc*,Mo - Sc*,Pb) (T T=T 71)

* 1 *,e s,C S,a
<S Pb— 5(LS‘P’bH—SPb)) (T5° — T%%)

_ (’f‘ldl +,,,s,l +Tada +T,s,a +’f‘cd0 +,,,s,c +T,cdc +Ts,r +rrdr) ]F
(14.14)

where we used the assumption that the temperatures on both sides of the
potentiometer are equal, i.e. Th° = T%°. Contributions due to the tem-
perature dependence of the entropies and the ohmic resistivities have been
neglected.

When the two electrode pools are thermostatted at T%! = T2 = Ta¢ =
T2 = T2 and T = T%® = T%" = T5" = T°, the electric current is
zero, and if one neglects the temperature dependence of the enthalpy, the
expression reduces to

* 1 *, c a
FAord = [scMo -3 (Spias — Spb)] (T°—T%) (14.15)
The Seebeck coefficient can thus be defined as

Agor® 1 . 1
G ( AT )J,_O -F {SC,MO — 5 (Sphex SPb)} (14.16)




226

Chapter 14. The Transported Entropy

Table 14.1 The transported entropy of Pb?t at 798 K [194].

MCl1 | zppc, | msa / wV K™D | S ., / Jmol ! K™
LiCl 0.7 4.8 103
0.5 8.9 106
NaCl 0.8 15.2 101
0.57 8.1 102
KCl1 0.68 23.8 100
0.54 21.0 100
RbCl1 0.8 23.4 100
0.5 32.4 102
CsCl1 0.6 23.9 99
— 1 —10.1 102

The electric potential difference can be measured with good accuracy, and

so can the temperature difference.

The ratio gives a possibility for an

accurate determination of S;’sz + [194]. The alternative, to determine the
transported entropy from the Peltier heat, is less accurate.

The cell in this section was described under stationary state conditions,

when the salt fluxes are zero. The more general case was described for
different systems by Grimstvedt et al. [197] and Flem et al. [80].

14.2 The transported entropy of Pb?* in cell a

The Seebeck coeflicient of cell a is according to the above derivations:

1 " 1 e 1
ns,1 = f <Se,Mo - ESPb2+ + ESPb)

The corresponding expression for the cell of Sec. 9.1 was

e .
ns,2 = F (Se*,Mo - Se*,Pb)

Their difference was used to find the properties of lead ion

1 N 1., 1
M2 =, <Se,Pb — 3% + gst)

(14.17)

(14.18)

(14.19)
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The Seebeck coefficient for Mo(s)|Pb(1)| Mo(s) is ns2 = 20.6 puV/K.
The coefficient for main cell is, ng 1, with pure PbCly is —10.1 ¢V /K at 798
K. We use the transported entropy of electrons in lead as a reference, i.e.
S§,7Pb = 0. The transported entropy S;,’EH in pure PbCly is then found
to be 102 J/mol K. Some selected values for electrolyte mixtures are given
in Table 14.1 [194]. Surprisingly, the transported entropy of lead varies
only very little, from 99 to 106, as the cation M™T is exchanged or as the
composition changes.

14.3 The transported entropy of the cation in cell b

We saw in Chapter 13 that the total cell potential of cell b (with M = Na)
was:

Ao+ Daed + A + Accd + Actd

1 a,e c,e
Atot(b - F (/Ll\fa - Nl\fa)

1 a e

- 7 (e = )
5*7 a,e Cc,e S*a e,C e,a
= 2o (e o) - 2t (e 7o)

_ (Tada + Pl + rSie + rede + rSie + PS¢ + ’I”Cdc)j
(14.20)

The electrodes, including their surfaces, are thermostatted at temperatures
T and T° [198]. This means that T®¢ = T%2 = T%* = T and T%° =
T5¢ =T = T°. The potentiometer is at temperature T° = T%° = T°,
The potential difference becomes:

1
(Acord)jo = % (Sna+ Si- — Sge ) (T€=T7) (14.21)
The Seebeck coefficient for a cell with a metal M is therefore
1 * *
ns = 7 (Sm— Sy+ + Sr) (14.22)

Only the combination of the transported entropy of the M*-ions in the 8-
alumina and of the electrons in the iron can be obtained from the Seebeck-
coefficient. In order to allocate a value to a single charge carrier, a reference
must be chosen. It is customary to use the transported entropy in lead (Pb)
as a zero reference [27]. The transported entropy of electrons in Fe then, is
small and positive, 1 J/K mol.
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Table 14.2 The transported entropy of cations in selected materials [198].

Material Conducting | Transported entropy
ion / J K~ mol!
Na-/3"-alumina Nat 60 £ 5
K-3"-alumina K+ 60 + 3
Ag-3"-alumina Ag™ 57 £ 5
NaF Nat 81 £ 8
NagAlFg Nat 140 £ 7

Results for Na®, obtained from such measurements, are listed in
Table 14.2 together with results for some other ions.

14.4 The transported entropy of the ions cell c

The total cell potential of cell ¢, when operated at stationary state con-

ditions, can be found by adding all contributions of the separate parts, as
will be described in more detail in Chapter 15:

A(b = Al,a(l5 + Ad(b + Aa,e¢ + Ae¢ + Ae,c¢ + AC¢ + Ac,1r¢

_ _i (ur,c _ ul,a) + i (Mc,c _ Ma,c )
F Ag Ag F AgCl AgCl

1
2 (51— Sag) (AT + A T)

1 * S,T S,C S,a s,1
- i (17T )

1 1
+ _SAgCl (AaysT + AS,CT) + _S(*Jk (TS’C _ Ts,a)
F F
_ (TS’I + rad? + it + rede + rSiC + rdc + T‘S’r)j (1423)
Again, we took all thermodynamic properties and all transported entropies

independent of the temperature. By introducing the expression for the
chemical potentials and neglecting the temperature dependence of the
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enthalpies, we obtain

1 S,T s,1 1 * S,T S,C S,a s,1
A¢:f(T’—T’)SAg—ng+(T’—T + T5* — T
1 * 1 S,C S,a
— FS(r (ALST + As,rT) — FSAgCl (T =T )
1

4 S (T - T
_ (’I”S’l 40P 4 SR el SIS eSC rsvr)j (1424)

In the thermostatted cell the surfaces of the electrodes, where the electro-
chemical reactions take place, are thermostatted. Consider therefore the
case that all solid state parts of the electrode, including the adjacent elec-
trolyte layer, are thermostatted. The temperature is 7* on the anode side
and T° on the cathode side. Using Eq. (14.24) for zero electric current one
obtains:

1
Ap = Va (Sag — Sagar + Si + Sg- ) (T° = T?) (14.25)

The Seebeck coefficient for the cell in stationary state is

ns = (%) = % [SAg — Sagc1 + Si- + S’él,] (14.26)
A determination of the slope of the plot of the experimental A¢ versus
(T°—T?) allows us to determine S, _ +S>_ when thermodynamic entropies
of Ag and AgCl are known. At 298 K, Sas = 42.7 J/K mol and Sagc1 = 96.2
J/K mol. These values were used, and the results for S’ _ are given in
Table 14.3 [196]. The transported entropy of electrons was neglected. The
transported entropy for chloride ions is relatively constant as a function
of composition (apart from that in HCl(aq)). This is similar to the result
found for Pb?* in Sec. 14.2.

By taking along also MCI as a component, and defining the heat of
transfer for transport of MCl in the aqueous solution, we can find an equiv-
alent formulation for the Seebeck coefficient [27]

Ad
=

1 . . . y
A [SAg — Sagar + Se- — (bv+ S+ — ta- Sar- — tu+ ql\;ﬂm — ty+ Smcr)

s

(14.27)



230 Chapter 14. The Transported Entropy

Table 14.3  Thermoelectric properties of cell c. The temperature is 298 K and
emct is 10 mol/m3 [196].

MCL | A¢/AT | Sya St Sot ol
mV/K | J/mol K | J/mol K | J/mol K | kJ/mol
HCl 0.30 135 60 118 12.70
LiCl 0.68 148 29 120 0.01
NaCl 0.63 194 86 118 2.90
KCl 0.69 236 121 124 2.00
CsCl 0.61 266 162 120 3.75

Using the relation

Sy+ + 56— = % + Smar (14.28)

Eq. (14.27) reduces to Eq. (14.26). Equation (14.28) is an example of a
transformation property, which will be further discussed in the next section.

Before the gradient in chemical potential is established in the tempera-
ture gradient, at time ¢ = 0, one may show [27] that the Seebeck coefficient
is given by:

1 X y \
M40 = 7 | Sag — Sagor + Si- + S5 + tus ql\%m (14.29)

This expression was used to find gy;c from the knowledge of )+ and S¢, .
The remaining unknown, Sy, , was finally found from Eq. (14.28). All
results are given in Table 14.3.

Table 14.3 also gives typical order of magnitude results for thermoelec-
tric potentials. Few systems have Seebeck coefficients larger than 1 mV /K
[191]. The heat of transfer increases with the mass of the cation (HCl is an

exception).

14.5 Transformation properties

Using the invariance of various properties, for instance, the measurable heat
flux and the temperature gradient, for the choice of the frame of reference,
one can derive transformation properties. Examples of such transformation
properties were given in Egs. (14.28) and (13.18). We shall now derive more
of these properties, to clarify how they are obtained.

In Egs. (14.2) through (14.6) we used a frame of reference in which
both the molybdenum and the lead phases were not moving. In any other
frame of reference the metal ions and the metal have a finite velocity. The
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corresponding electron, ion and metal fluxes are then different, and instead
of Eq. (14.3a) one should then use in the molybdenum phase

oT 1
8_x = —X (J; + 7T2/£0Jef + 7T11:/[/I§2+ JMO2+ + qK/IoJMO) (1430)
In the original frame of reference Jy2+ = Jmo = 0 and Jo- = —j/F, so

that Eq. (14.30) reduces to Eq. (14.3a). In a frame of reference where the
molybdenum has a velocity v one has Jy2+ =veyo2+, JMo =Vemo and
Jo- = —j/F+4vce—. As neither the temperature gradient nor the measur-
able heat flux depend on the frame of reference, it follows that all contri-
butions proportional to v must cancel. With ¢y 2+ = emo = 0.5 co—, it
follows that

1 1
o 4 S + it = 0 (1431)

The transported entropies defined by
Tl =TSy o and  my %y =TSy v o (14.32)

and the heat of transfer
Ino = —T'Smo (14.33)
give
1

1
S:*,Mo + 55;/[02+,M0 = 551\/[0 (1434)

For the lead phases, we find Egs. (14.30) through (14.34), with Mo replaced
by Pb.
For a one-component electrolyte, AX, we have that [27]

Si.+ 8% = Sax (14.35)

With two components, AX in water, or AX and BX, the corresponding
relation is [27]

St + 8L = q‘%X + Sax (14.36)

The transported entropies are large; they sum to a value equal to or near
the thermodynamic entropy of the electrolyte they derive from.

In the preceeding sections, we saw that the transported entropy of the
ion that enters the reversible electrode reaction is remarkably unaffected
by the composition of the electrolyte. Similar results have been reported in
the literature. Grimstvedt et al. [197] found that the transported entropy
of silver ion was constant for a wide range of compositions in a cell with
silver electrodes and an electrolyte mixture of AgoSO4 and LisSOy4. The
values did not depend on the state of the electrolyte, whether it was liquid
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or solid (hexagonal or cubic), as long as the LitT-concentration was not too
high. Richter et al. [199,200] reported similar results for silver nitrate melts,
and Ratkje and Tomii [201] found that Sg,  was the same in a cell with
oxygen electrodes and tetragonal or cubic structures of yttria stabilized
zirconia. Why is the transported entropy for the ion that is involved in
the electrode reaction so constant? Is the transported entropy a property
of the electrode surface, rather than of the electrolyte? The relations that
arise from the invariance of the heat flux to the frame of reference indicate
that the transported entropy is determined largely by the discontinuity in
the charge carrier at the electrode interface [80,197].

Remark 14.1. The entropies of the components are thermodynamic quan-
titites which depend on the temperature and composition only. The trans-
ported entropies depend also on the heats of transfer and on the electrodes
that are used in the cell.

The heat of transfer in a one-component system is zero, but in a two-
component system like Na in Hg, we had

Ga = —TSNa (14.37)

The same relation was obtained for the heat of transfer of water in Nafion
117 (the fuel cell model in Chapter 19):

¢ =TS8, (14.38)

These relations, which apply to the homogeneous phase, allocate rather
large values to the heats of transfer.

14.6 Concluding comments

The transported entropy of an ion is large [189, 202, 203]; the same order
of magnitude as the entropy of the compound it derives from. The single
electrode Peltier heat is seldom of a comparable magnitude [197,204,205], as
the single electrode Peltier heat contains differences of transported entropies
and thermodynamic entropies. Single electrode heat effects were estimated
by Xu et al. [204].

The Peltier heats of two electrodes combine for isothermal conditions to
the reaction entropy of a cell [27]. Transported entropies cancel in such a
combination, as required from a thermodynamic analysis of the whole cell.
Cells with identical electrodes are not efficient as thermoelectric generators
for this reason. When two identical electrodes are used to make an elec-
trochemical cell, the cell entropy change is small, and the Seebeck effect is
small.
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This may change in a formation cell, which has different electrodes.
The reaction entropy can be large in a formation cell. When the reaction
entropy is negative, as in a fuel cell that runs on hydrogen and oxygen, heat
is released in the surroundings during operation. When the reaction entropy
is positive, the cell can convert heat into electric energy and be used as a
thermoelectric convertor. This is the case for certain fuel cells operating
on carbon [206]. The aluminium electrolysis cell is another example where
electrolyte excess heat is beneficial for the energy conversion [28, 80,207,
208]. Under (hypothetical) reversible conditions, the conversion from heat
to electric energy is 100% [209] in cells with a positive entropy of reaction.
This gives an argument for linking such electrochemical processes to sources
of waste heat.
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Chapter 15

Adiabatic Electrode Reactions

We describe energy conversion during synthesis or removal of solid AgCl on
a silver electrode in an adiabatic cell. Equations describing the temperature
and electric potential profiles across the heterogeneous system are given.
These make it possible to calculate, for instance, the surface temperature at
the site of the electrode reaction.

We have seen in earlier chapters that non-equilibrium thermodynamics
gives detailed information about the origin and magnitude of all contribu-
tions to the electric potential of a cell. The aim of this chapter is to find
the temperature and electric potential profiles across a cell when the reac-
tion rate or the current density is sizeable. The temperature and electric
potential profiles were determined in Chapter 13 without active use of the
energy balances. In this chapter, we shall include these balances in the so-
lutions. To illustrate the procedure, we give the solutions for a well-known
system. The results can be used to answer questions like: How can we
find the potential profile that arises from the formation of a compound at
the surface between two homogeneous phases? What is the surface tem-
perature during transport of charge? Such questions may be of interest in
electrochemical synthesis, where the conditions for synthesis of new com-
pounds are important [210,211]. As usual, we consider only stationary
state conditions.

The example chosen to illustrate the solution procedure uses silver-silver
chloride electrodes. The electrodes have adjacent layers of solid Ag and
AgCl, with AgCl in contact with an aqueous solution of MCl. Here M is
either an alkali metal or hydrogen:

T, Ag(s) | AgCl(s) | MCl(aq) | AgCl(s) | Ag(s),T" (15.1)

The electrolyte MCI is completely dissociated. A concentration gradient of
MCI arises in the temperature gradient. There are five homogeneous regions

235
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in the cell. They are denoted (1), (a), (e), (¢) and (r), respectively. The
four interfaces are denoted (s,1), (s,a), (s,c) and (s,r). Silver is connected
to an external circuit. The temperatures of the silver are 7" (on the left
hand side) and T" (on the right hand side). The heterogeneous conductor
is otherwise adiabatic.

Electrons conduct charge in the metal phases, and experiments have
shown that Ag™ conducts charge in AgCl. The splitting of atomic silver to
the ion and electron (or the reverse reaction) takes place at the interfaces
(s,]) and (s,r), between Ag and AgCl. Formation (or removal) of AgCl
from Agt and Cl~ takes place at the interfaces (s,a) and (s,c) near the
electrolyte. This event is the focus of interest.

All surfaces move with a velocity proportional to the electric current
with respect to the wall. The surfaces (s,1) and (s,r) move to the left, while
the surfaces (s,a) and (s,c) move to the right when the electric current is
positive. The silver does not move with respect to the wall. We shall not
need these velocities, and avoid having to deal with the volume change of
the reaction by describing all phenomena in the surface frame of reference,
as discussed in Chapter 5.

15.1 The homogeneous phases

15.1.1 The silver phases

We have already set the temperature in the silver phases constant. The
only product in the entropy production is then the electric force times the
flux. The electric potential difference across the silver is

06

e =" (15.2)

15.1.2 The stlver chloride phases

The entropy production of the silver chloride phases has two terms;

a (1 10

The flux equations to be solved in this phase are therefore:

oT j
I —_— _— —_
Jq = )\8:10 + 7TF
(15.4)
P m OT

o~ FTor "
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The Peltier coefficient in silver chloride is given by the transported entropy
of the silver ions:

T =n =TS8+ (15.5)

15.1.3 The electrolyte

The electrolyte can transport heat, mass and charge. The entropy produc-
tion is

_ g9 (1 _1ommair (109
U_anr T + v T Oz +J T Ox (15.6)

In the stationary state, Jycp = 0. The entropy production and the flux
equations then take the form given in Eqs. (15.3) and (15.4). Ounly chloride
ions carry charge, so that the Peltier coefficient of the electrolyte is given
by

n° = =TS - (15.7)

15.2 The interfaces

15.2.1 The silver-silver chloride interfaces

On the anode side, silver reacts to give silver ion and electron between the
pure phases of silver and silver chloride:

Ag — Agt e (15.8)

The opposite reaction takes place on the cathode side. The contribution to
the reaction Gibbs energy due to the neutral component silver is

AnG = =iy (T°) = =iy (T) + SALT - (15.9)

The reaction rate is proportional to the current density, r! = j/F. The
entropy production for the surface between the silver and silver chloride
layers is

1 1 1 1
s, _ 7/la a,l . s,1
o™ = Jg A (T) +J" Asa (T) —JeT [Al,a¢+ .G (15.10)

These fluxes are all independent of the frame of reference. The temperature
of the silver close to the silver chloride is 7. On the surface it is 7', and
on the other side of the surface in the silver chloride it is 7®!. Similar to
the procedure in Sec. 13.2 we decouple the heat fluxes on both sides of the
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surface. The heat fluxes and the potential difference can then be written
as

Tt = =NIALT 4 e

a, S a. ']
J(; - —)\a’lAs,aT—F s ’IF (1511)
Arab b St = TN - TN
la Fon - T l,S FT"‘I s,a

Solving for the temperature differences and introducing Eq. (15.9) into
Eq. (15.11) we find

1 l,a laj
=L (s

1
) .
AgoT = — 3 (J;"“ - wavl%> (15.12)

A — Ag (S:, - Skag) AI,ST SZng AsﬁT — s lj

where the Peltier coefficients are

J/l,a
L (q—> = —TI5"
J A T=0

J/a,l
7.‘.a,l =F q = T2 ls*
= —j = Agt
A T=0

Here S;_ and S7 , are the transported entropies in the silver and the silver
chloride. These coefficients are the same as in the homogeneous phases.

The equations for the silver chloride-silver interface on the cathode side
are, analogously,

. .
Aesl = —— <Jécvf - ﬂ'cvri)

(15.13)

byl F
1 T r -7
As,rT = _F (Jé C— ’CF) (1514)

L x 1 1 T .
Ac,r¢+ F/LA’Cg = ——9* AC 5T+ il (5*7 _ SA,;) As,rT _ Ts,r]
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with the Peltier coeflicients

re,r
Jq

J )AC,ST:O

Jér,c
e =F - =-T"Sr
J J AcaT=0

These coefficients are the same as those given by Eq. (15.13) when the
temperatures are the same.

= TCrg*

C,r —
T _F( Agt

(15.15)

15.2.2 The silver chloride-electrolyte interfaces

The reaction, which takes place in the interface between silver chloride and
the electrolyte on the anode side, is

Ag™ + ClI” — AgCl (15.16)

The opposite reaction takes place on the cathode side. The contribution to
the reaction Gibbs energy due to the neutral component AgCl, is

NG = WSy (T5?) = ey (T%°) = Sy DasT (15.17)

The reaction rate is proportional to the current density, r* = j/F. The
entropy production of the surface is

1 1 1 1
s,a _ J/a,cAa <= J/c,aAS ol=1= .- Aa . —AnGS’a
i (3) e (1) i
(15.18)
The flux equations are
J/a,c — _/\s,aA T + ﬂ.a,ci
q a a,s F
Jiew = _XsaA, T + 7Te,a% (15.19)
1 e e
Aa,e _AnGS’a I —— de_ —As T — rsa
<+ F Frae—® ~ Frea—set 71
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The Peltier coefficients are (see also below)

Jla,e
a,e — q __ ra,e Q%
T =F < - > =T SAg+
J J A..T=0

(15.20)
J/C a
S T
b )AL .T=0
Using Egs. (15.17) and (15.20) one may write Eq. (15.19) as
1 a,e a ‘j
Aa,sT = _@ (Jé =T ’eF>
1 J
As CT = J/ed — rea 15.21
o1 = -5 (-7 L) (15.21)
1 a,e * % s.a -
Aacd + Hhiec = (SAg+ — Sksor) AasT + SCI,A&CT ey

For the surface between the aqueous electrolyte, and the silver chloride
on the cathode side, we obtain similarly

1 .
Ae,sT = T 3ysc (Jée,c - We,ci)

A5 F
1 /C e C € ]
Asel = —3ez (g0 -0 (15.22)

N 1
Acc) — NAg(;*l Scr AesT — 7 ( Agt T S/C\Zc]) Ag T —

where the Peltier coefficients are given by

J/c,c

C = _q — *

O
AesT=0

J/C e
WC’eEF< 4 ) =TS} .+
J Ay cT=0 &

15.3 Temperature and electric potential profiles

Consider now the total cell. The silver phases have temperatures 7" and
T*. Between these phases the system is adiabatic. We pass a finite
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electric current through the cell, and shall find a solution for the temper-
ature and electric potential profiles. We assume that the system is close
to global equilibrium at the temperature T,,. This makes it possible to
find an analytic solution. It implies that we can use values of enthalpies,
entropies, transported entropies, Peltier coefficients, thermal conductivities
and resistivities at this temperature in the various equations. We neglect
contributions higher than linear order in their deviation from global equilib-
rium. Farther away from equilibrium the equations must usually be solved
numerically.

Integrating Eq. (15.2) in the anode and cathode silver layers, one
obtains

A =—r'dj and Avp = —r'd"j (15.24)

where d' and d* are the silver layer thicknesses. These thicknesses depend
on the time and in that sense the solution is only quasi-stationary. For the
stationary conditions considered d'+d" is independent of the time, however.
The resistivities have their equilibrium value, so that 7' = r*. The total
potential difference across the silver layers is therefore independent of the
time if the system is close to global equilibrium.

In the stationary state, the energy flux J,, (cf. Eq. (4.16)) is everywhere
constant. The energy flux on the left side of a surface is therefore equal
to the energy flux on the right side. The energy flux is the sum of the
measurable heat flux, the comoving enthalpy and the electric potential en-
ergy carried along by the electric current. The energy flux depends on the
frame of reference. We choose the surface as the frame of reference. For
the silver-silver chloride surface on the anode side this gives

Ju = J + Hagdy, + 0"%j = T+ ¢ (15.25)
As all the fluxes are of the first order, we may use the zeroth order value
of the electric potential difference, Aj ,¢ = ukag (Teq) /F, in this expression,

cf. Eq. (15.12). For the enthalpy of the silver we should similarly take the
value at the equilibrium temperature. This gives

I Has g = T (T s = I+ TS
__ 7la,]
— (15.26)

where we used lexg = j/F. With Egs. (15.12) and (15.13) we obtain the
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temperature and potential difference across the surface

1 1 S* Sag—Si,+ | g
AT =— | — Jha T, |Zee p =2 AT
1, <)\?,1 + Az,l) q q /\ls,l + )\2,1 F
a Sae —S* Sho+ .
FAL.¢p = uﬂgg+ gASJ e+ ;f‘fl 1 J=
1 a
Se- (e Sher N ANy
- T, /\fl (S — Sag) — Tﬁ (sAg sAg+) L — Prelj

(15.27)

The chemical potential in Eq. (15.27b) does not have the equilibrium value,
however. For the conditions used, it follows that the measurable heat fluxes
are constant in the homogeneous phases. At the interface, they jump,
and so do the temperature and the electric potential. The jumps may
be positive or negative depending on the coefficients and on the current
density used.

In the silver chloride on the anode side, Egs. (15.4) and (15.5) give to
linear order

1 la * a
stk (s L)

1
Ay = — Ag+A T — r2d?j

(15.28)

where we used the fact that in a stationary state the heat flux is independent
of the position. The thermal conductivity, the electric resistivity and the
transported entropy have their equilibrium values. Furthermore, d* is the
thickness of the silver chloride layer on the anode silver. This thickness
depends on the time and in that sense the solution is only quasi-stationary.
Using Eq. (15.26) it follows that

a * -] a
AT = - {J’l + Teq (Sae = Sigr) ﬂ d
(15.29)
1

FAG = 5554

|:Jll A Teq (SAg SZg*) %:| d? — F'f'a‘daj

At the surface between the silver chloride and the electrolyte, we have

J;a 4 HAgClngCI + ¢>°) = Jée + ¢o7j (15.30)
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To first order in the deviation from equilibrium, we obtain

= J(;C
(15.31)

where we used J3,o = —j/F. Together with Eqgs. (15.18), (15.20) and
(15.21) this gives

1 1
Ay T = — Jihe
s <)\Z,a )\s a>

1 ! . N
_ Teq |:AS a (SAg SAg*) A?a (SAg - SAgCl + SCI):| F

.

I+ HagorJigar = J — #.2201f — Jg* + Teq (Sag — Sagcr)

FAa,c¢ - ,uAg(jl + |:)\s a (SZng SAgCl) )\s aS(*jl :| J/l a F’I”S’aj

T [ w5 (Sagr = Sascr) (Sas = 3,0 )

D aSCr (SAg — Sagal + 501)] ol
(15.32)
In the electrolyte, Eq. (15.4) in an analogous way gives
1 e * e
AT = % Jof + TegSE - F d
(15.33)

A = FS&,A T —r°d®j
where we used the fact that in a stationary state the heat flux is independent
of the position. The thickness of the electrolyte layer d° is independent of
the time. Together with Eq. (15.31), this results in

AT = /\C (J/l & Teq (SAg SAgCl + Sél*) %) de
FAop = - S;;l, (J;La + Toq (Sag — Sager + S5, ) %) d° — Fredj

(15.34)

At the surface between the electrolyte and the silver chloride, we have

JiE 4 0% = Jif + HagarJjgor + 04 (15.35)
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To first order in the electric current, we may use the zeroth order value of
the electric potential difference in this expression. This gives

JI = J + HagarJ5 o1 + uAgCI i — J+ TeqSAgF JI° (15.36)

where we used J§,o = —j/F. Together with Egs. (15.23) and (15.23), this
gives

1 1 .
AC,CT == - (F A(&;,C) Jéljd

1 .
— T {)\hc (SAg SAgc1+Sél,) + e (SAg_S.Zg+):| %

* * —
A cd = pSS e — <SCI _ SAgJr SA%C])
e,cP = 5,C 5,C
AgCl )\Z )\z
*

S*
- Teq {% (SAg - SAgCl + Sél*)

St — Sagcl '
Agt 8 " J
(15.37)

In the silver chloride layer on the cathode side, Egs. (15.4) and (15.5)
give

(15.38)
Acp = —FSZg+ACT —r°d°j

The heat flux in the silver chloride is constant. Furthermore, d° is the thick-
ness of the silver chloride layer on the anode silver. This thickness depends
on the time and in that sense the solution is only quasi-stationary. The
total thickness of the silver chloride layers, d* + d°, is however independent
of the time. The resistivities have their equilibrium value, so that r® = r€.
The total potential difference due to the resistivity across the silver chloride
layers is therefore independent of the time, if the system is close to global
equilibrium. Using Eq. (15.36), it follows that

AT = -5 (J” @4+ Tog (Sag = Siapr ) %) d
(15.39)
1 N,a * -] c c Jjc ;
FAh = 1 Shg (J + T, (SAg SAg+) F) d° — Frede;
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For the silver-silver chloride surface on the cathode side, we have
Jéc + ¢y = J;r’c + HagJpg + 9" (15.40)

To first order in the electric current, we may use the zeroth order value of
the electric potential difference in this expression. This gives

JIE = JI 4 HagJhy — WS zj? — e = e (15.41)

where we used Ji, = j/F. Together with Eqs. (15.14) and (15.15) one
obtains, for the temperature and potential difference across the surface,

1 1 Sag = Spgr SN\ j
AT = — (= =T | —+ =5 )
5 ()\z T )\a r) q ( )\?r + )\i,r > F

St ., g+ _g
e Agt e A .
FAordp = —pis + ( e e g) s
Sae — St S¥ —Sa J L
i (S Sk~ ) o
(15.42)

The total temperature difference across the cell is

T" —T' = AL T + AT + A T+ AT + Ao . T+ AT + A, T

F+/\bl+)\ T T

< 1 1 da» 1 1 d°

P SR SN B U P
PYSEEED VAP S VD S A

1111 .
- Teq |:(A:1 + Ag,a + /\(s:,c + A(s:,r) (SAg - SAg+)
& 1 1\,
+ (E + )\c> (SAg Ag+) * (F * F)Sc + e o

1 1 . j
+ (F + F) (Sag — Sagar + SCI)} & (15.43)

From this equation, we find the heat flux J;l’a in terms of the temperature
difference T" — T" and the electric current.
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The total cell potential can then be found from
FA¢ = F(A1p+ Ao+ Dadp + Aucd 4+ A+ Aeycd + Achd + D + Ard)

1

= leiag — HXg — Kager T Hager + K + PR r> (Sag — Se-)

)\sl

1+Ls+l+d—a+ +1+d—c+15*
PHEID VLY e ST Y ¢ T e T T ) ast

1 d° 1 /1 a 1 1 * *
)\i,a + F + )\C ) SCI :| Teq (Af’l + )\i,r)se* (Se* SAg)

1 * *
)\?l + e + e + F) SAg+ (SAg - SAg+)

1 1 . §
’ <>\ g T) (Sagor = Sigr) (Sae = Sigr)
J
< v )\Zc) Sci- (Sag — Sagar + Seu- )J a
F(T d1+7' +Tada+rs,a+rede+Ts,c+rcdc+Ts,r+Trdr)j
(15.44)

Using the assumed constant nature of the enthalpies and the entropies this
expression can be written as

1 1

FA¢ = (Tr - TI)SAg - (Tc’c - C) Sager + |:<)\s1 + B r) (SAg Se*)

Vs (e L L L
AT AR ) AT ST T e TARE TR T xe TR Paet

1 d° 1 « N,a 1 1 w rax
)\s,a + F + )\s,c) SCI*:| Jql’ - Teq |:<)\S71 + )\s,r > Sc* (Sc* - SAg)
e e 1 r

1 d d 1 .
Sttt f) Sagt (Sas — Sig+)

« J
a + F + )\ZC) SCI* (SAg SAgCl - SCI* ):| F

1 1 . .
+ (As,a + W) (SAgCl - SAg*) (SAg - SAg+)
- F

P

le+TSl+Tada+Tsa+TdC+TSC+TdC+Tsr+Tdr) .
(15.45)
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For the temperature difference T%° — T*°, we have

T —T% = A, T + AT + Ay T

e 11
Jll’a
TN T )\) a

Il

|
7N
£
S o =

©

+

11 . i
—Teq [(E—FF) (SAg—SAg+) + SCI*
1 1 . j
+ F + )\s 3S,C (SAg SAgCl + SCI*) F (1546)

With fixed end point temperatures, we see that the heat flux out of the
cell is proportional to the electric current passing the cell. Substitution of
Egs. (15.43) and (15.46) into Eq. (15.45), gives

1 &1 1 a1 i
FA(b__[<E+Aa+)\2’a+)\i’c+F+A )(SAg—SAg+)

1 : de * /l,a
+<)\f71+)\sr>s +<)\5a+F+)\ )(SAg_SAgCl“V‘S(nf) Jq

1 d* 1 1 d° 1 * 2
-T Na Ns,a 3s,C Nc S,T S -8
’ K/\Sl ettt e T )( Ag — Shgt)

1 1 . 1 1 N
# (5t 55+ (e + g ) (9ae = Sascn +500)

d® . s J
+ oS- Scr] i

_F(rldl+rs,l+rada+rs,a+rcdc+rs,c+rcdc+rs,r+rrdr)1
(15.47)

With the heat flux from Eq. (15.43), this equation gives the potential of
the adiabatic cell.

The solution given in this section is for a system close to global equi-
librium at a temperature T,,4. It uses values of enthalpies, entropies, trans-
ported entropies, Peltier coefficients, thermal conductivities and resistivities
at this temperature. The solution quantifies what happens when a current
is passing the cell. The local temperature and potential may rise or fall
depending on the relative value of the coefficients. It provides insight in
the possible behavior of the system. Further away from equilibrium, the
equations should be solved numerically.
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Chapter 16

The Liquid Junction Potential

We describe a concentration cell with two aqueous electrolytes at constant
temperature. The magnitude and origin of the liquid junction potential is
determined.

A precise description of liquid junctions in electrochemical cells is impor-
tant in analytical chemistry [27,212-216]. Liquid junctions, or salt bridges,
are used to separate electrolyte solutions. They are also used in reference
electrodes. The exact relationship between the unknown concentration of
a species in a test solution and the cell potential is of interest. The test
solution contains the salt MX, and the cell has a X~ -reversible electrode
and a reference electrode. Assume that two measurements are taken of the
cell potential, A¢; and A¢s. The Nernst equation has been used to link
the concentrations of two test solutions, giving:

(Adn),_o — (Adn),_y = O

M) (16.1)

In
F CM+ (2)

In this chapter, we shall find the cell potentials A¢; and A¢s for a typical
cell, (16.2), so that we can test this relation. We shall calculate all the
contributions to the cell potential for a cell with a liquid junction and
compare the results with experimental values, see [214-216].

The most common reference electrode in analytical chemistry is the
Ag(s)| AgCl(s) electrode. It is often used in combination with a liquid
junction or a salt bridge. The concentration of salt, normally KCI, in the
junction is high, usually 4 kmol m™3. The salt KCI is used because the
mobilities of the cation and the anion are almost the same. The salt bridge
or the liquid junction is therefore assumed to give a negligible contribution
to the cell potential. This contribution cancels when two potential values
are subtracted, as in Eq. (16.1). We shall quantify this statement, using

249
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HCI in the test solution. Since the mobility of protons is higher than the
mobilities of other ions, a junction between HCI and KCl solutions is suited
for an analysis of how and when the liquid junction contributes to the cell
potential. The experimental cell is thus

Ag(s)| AgCl(s)|HCl(aq, cua)||KCl(aq, ckcr)|AgCl(s)|Ag(s) (16.2)

The right hand side of the cell, |KCl(aq, ckc1)|AgCl(s)|Ag(s), is the refer-
ence electrode mentioned above. To simplify matters, we have chosen the
Ag(s)|AgCl(s) electrode also on the left hand side. The solution compart-
ments contain solutions of uniform composition of HCl and KCl, respec-
tively. Inside the junction, denoted ||, the concentration of HCl decreases

from the value in the left reservoir, cgél, to zero in the right reservoir,

cgél = 0, while the concentration of the KCI increases from zero in the left

reservoir, C%{%l = 0, to the value in the right reservoir, cgél. We consider
the situation when the cell compartments next to the junction have a large
volume compared to the junction, and are well stirred, so that all concen-
tration gradients are located to the liquid junction. This is called restricted
diffusion. In practice, the liquid junction is a capillary with a porous plug
that prevents convection in the high density KCI solution.

The problem of the liquid junction is old, dating back to Planck [217,218]
and Henderson [219,220]. Extensive discussions of liquid junctions and their
use in salt bridges were given by Kotyk and Janacek [212] and Fgrland
et al. [27]. We shall derive the contribution to the potential difference
following the systematic procedure of the preceding sections, and update
earlier results [27] by more recent ones [215].

The cell temperature is constant. The disappearance of silver (silver
chloride) on one side is therefore balanced by the appearance of silver (silver
chloride) on the other side. The remaining salt contributions from the
electrode can be integrated with the electrolyte contribution to the total
cell potential, giving:

(Aﬁb)j:o = (Ac(b)j:o (16.3)

We shall find the cell potential by calculating the right hand side of this
equation. The agreement between calculated and experimental results of
this type can be very good, within £0.2 mV [215].

16.1 The flux equations for the electrolyte

Contributions to A¢ arise from changes in chemical potentials. When the
electrode compartments are stirred, they have no chemical potential gradi-
ents, and need not be considered. The liquid junction contributes by Ao,
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the liquid junction potential. The liquid junction potential can be derived
from its entropy production. The entropy production in the junction has
contributions from the fluxes of both KCl and HCI as well as from the
electric current

10 . . 10 .1 0¢°
0° = —Jﬁmfa—xﬂKm - JHCIT%MHCI T or (16.4)

The frame of reference for the fluxes is water. The flux-force relations are,
accordingly:

19 e e 19 e e 1 6¢c

kot = L gy tikar = Plag gotha = Mo 5

19 e e 19 e e 1 6¢e
I?ICI = _LTQT%MKCI - L22T£MHC1 — L2¢T% (165)

' L 6 L0 . 100

J= Lz g tka — Lag g taa — Los 5

The transference coefficients are defined as
JE Le
omr(is) st

HKCI,HHCI [eXo) (16,6)

J§ L;
tha =1 (—H.Cl> =F §¢
J HKCI1;HHC1 L

Using the Onsager’s relations, integration of Eq. (16.5¢) together with
Eq. (16.6) gives the potential difference due to the liquid junction:

2 (S2 1 2 e e e e
(Aed);—o :/1 do® = —F/l (tkerdiker + tharditicr) (16.7)

This is the formula for the liquid junction potential*. For zero electric
current, the mass fluxes become

e e 1 6 e e 1 a e
(J&er) jmo = —lh 7 5o Hkar — a5 Haa
(16.8)
10
(Jfic) j=o = o 5 Hkar ~ a5 Mac

*This definition of the liquid junction potential differs from what is normally used in
the literature, see e.g. [221], where only a part of A¢ (namely A¢pz, see below) is taken
as due to the liquid junction.
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The diffusional coeflicients [; are related to coefficients for mass and charge
transfer by

Is, = Lt - il (16.9)

i = dij T e :

ke

The concentration of the components KC1 and HCI are everywhere de-
fined by the concentration of their cations. The transference coeflicients of
KCl and HCI are therefore identical to the transference numbers of K™ and
H, respectively. Following the analysis in Sec. 10.3, these can be expressed
in terms of the mobilities, uf, uf and ug, , and concentrations, cf,

K+ K+ H*
and cf,_, of the ions. This results in, cf. Eq. (10.51),
te — te 'LL?{+ C?{+
KCl = K+ e e e e e e
Ut Croy + UL CE L+ Ul Coy
K+ K+ Ht Bt c1-“al
o e (16.10)
ol = t%+ S

The concentrations of the ions are related to the KCl and HCI concentra-
tions by

Cxk+ =Ckal > it = Chcr and ¢ly- = cka + Chal (16.11)

The electric conductivity of the solution is, cf. Eq. (10.36),

e
K = =28 = (s e e e + Sy ) F (16.12)

For the other coefficients, we use Nernst—Einstein’s assumption, see
Sec. 10.6,

Ly L3
LS, =0, LS = ?‘ﬁ and LS, = F¢’ (16.13)

By introducing these relations into the mass flux equations, we obtain the
Nernst—Planck flux equations

K;e

KCl = 7 K+8 (Hcr + F¢°)
(16.14)
K./e

0
Hel = FtH+8 (1 + F'¢°)

By introducing the electric potential gradient, using Egs. (16.5¢) and (16.6),
we obtain

Ke

0 0
(Jker)jmo = kS [f‘§1+ E (Hker — M) + tG- %M%Cl}
(16.15)

K,}C

9 o)
(Jﬁm)j:o = F i+ {tc o (Hfrc1 — Miker) + tccr %#?101]
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where we used 7., + ¢}, + 1~ = 1. The equations express that there
are two types of diffusion superimposed on each other, interdiffusion of two
cations (the first term to the right), and diffusion of cation-anion pairs (the
last term to the right).

16.2 The liquid junction potential

The equations above determine the liquid junction potential. The chemical
potentials are

ticr = Hker + RTnagee) = pgey + RTIn (¢ ¢5s Uien) (16.16)
el = ificr + BT Inafie) = pfiey + RT In (¢ ¢4 vficn)

By introducing these chemical potentials and Egs. (16.10) and (16.11) into
Eq. (16.7), the liquid junction potential becomes:

(D) ;o

2
. 1 / (U%+ C%+ dﬂ%c] + U‘f{+ C‘f{+ dﬂ%c])
- e e e e e e
FJu \uges G+ U G + U - €G-

_RT [?
Fl

dlncg - +

e (] e (¢} e (¢}
Uy O T Upps O+ + Ugy-Cp-

(e — gy dees + (ufye — gy ) d]

T 2 /uS,cS . dlnyS e + us . c . dlny¢
— R_ ( KJr K+ yKCl HJr HJr yHCI) (1617)

e c e (] e (e}
Fo Ug+ Ce+ + U Cpge + U - Cop-

In order to compare with expressions in the literature, we split the integral
into three terms:

(Ac¢)j:0 = AC(bl + AcQZI)Q + Ac(bS (1618)

The first term is due to a difference in salt concentration between the
reservoirs at the ends of the junction:

RT [* . rRr. 2 gr_ A2,
Ae¢1 = ——— dlnCle = —? In C(T) = —? In c(l) (1619)
Cl— HC1

This contribution is the Nernst potential, see e.g. [221]. The contribution
is zero when the concentrations are the same, C%{%l = cgél (the Lewis—

Sargent cell). It leads to an expression of the type Eq. (16.1) when values
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for two HCI solutions are subtracted from one another. The remaining
contributions therefore give correction terms.
The second term is due to differences in the ionic mobilities
Mgy — BT [* (e —uy ) deye

e c e (¢} e (¢}
FJu uger G+ U G+ UG- €G-

CRT P (g —ugy ) deg

e (¢4 e (5] e (5]
FJy g e+ U o UG- €G-

(16.20)

The term is the leading term of the Lewis—Sargent cell. We see also that
KCI does not contribute much, as the mobilities of the KT and the Cl—
ions are almost equal, see [97]. Equation (16.20) applies to a cell with
two electrolytes. The name liquid junction potential has frequently been
associated with this term alone.

The third contribution stems from variations in the activity coefficients

(16.21)

Ay RT 2 (u%+c§<+dlnyf<01 + u?{+c§{+dlny%01)

P\ e+ ueciy + gy
This contribution is frequently neglected. Values around 10 mV are typical
(see the next section).

In order to integrate Egs. (16.20) and (16.21), we must know the mobil-
ities and activity coeflicients as functions of the concentrations across the
junction. Equation (16.21) can only be integrated numerically. Hender-
son [219,220] had already integrated Eq. (16.20) in 1907, assuming linear
profiles for the concentrations. Take as the origin the start of the liquid
junction. Linear concentration profiles are given by

e _ (1) dlj_‘r
i () = ey 4y

i . (622
C el T e ) imT o) @
it () = iy s and (- () = cyqy s + Cka s

where dj; is the thickness of the liquid junction. By introducing these
concentration profiles into Eq. (16.20), we obtain:

Ae(bQ
/ (RT/F) [ (e = 1y -) el = (5 — ) cfzln| d (/)
e e 1 e e 2 e e 1
0 (ug,+ ucr) Cgi()Jl"_ [(UK+ + ucr) C§<c):1 — (g + ucr) C;IC)}I] (x/dy;)

(16.23)
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By integrating this expression, we have

Aco = _RT (Wier — uey) Cgél — (g —ugy-) Cg()Jl
2T TR e e @) o o [©)
(“K+ + ucr) CkCl — (UH+ + “cr) CHCl

(1)

% In [(U§+ +u%l)c£(2él‘| (1624)
(U + uy-) cacn

This is Henderson’s equation.

16.3 Liquid junction potential calculations compared

We shall compare calculated solutions of Egs. (16.20) and (16.21) for three
cases.

1. Concentration profiles from Egs. (16.8) with diffusional coefficients
from Miller [72,73], and transference coefficients from Lindeberg [222].
These calculations are the most precise ones. They predict the mea-
sured potential across a known concentration gradient within +0.2mV
[215].

2. Concentration profiles from Eqs. (16.15), with assumption (16.13)
for diffusion coeflicients and accurate transference coefficients from
Lindeberg [222].

3. Concentration profiles from Eqs. (16.15), with assumption (16.13) for
diffusion coefficients and transference coefficients from ionic mobilities
at infinite electrolyte dilution (see Table 10.1).

The data was taken from various sources. Miller [73] estimated the
concentration dependence of diffusional mobilities in solutions of HCl and
KCI from solutions with one electrolyte. The diffusional mobilities in his
LNI approximation, );;, are related to our coefficients by

Iy — T3y S 262 i A = Aithig)
22:1 213:1 2EAKL 21

(16.25)

where z; is the ionic charge. The \;j-coefficients are tabulated in Ref. [73].
The ionic mobility, u;, for all ions i, has dimension ms~!/Vm~! in the
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following formulae according to Lindeberg [222]:
Fuy+ = 34.983 — 11.7953, e+ / (1 + 2.175/c+ ) — 2.376cy+
— 3.856,/cx+/ (14 0.468,/cx+) + 3.114cyc+

(16.26)
Fuger = 7.353 = 5.915VT/ (1425017 ) = 0.2041

Fuc =7.633 = 5.915VT/ (1+2.501VT) — 02041

where I is the (dimensionless) ionic strength of the solution, I = 3" ¢;22.

K3
The concentrations in the formulae have dimensions of kmol m~—2, and F
is Faraday’s constant.
Activity coefficients for the electrolytes in their mixtures were taken
from MacInnes [223]. A quadratic term in ckcy was added to fit newer

experimental data [224].

Inyrcr = ~2.3284VT/ |1+ 1.30VT| +0.4472¢s01 + 0.3050cxcn + 0.03¢k

Inyker = —2.3444VT/ [1 + 1.294\5} +0.047381 + 0.0198512
(16.27)

The three calculated concentration profiles are shown in Fig. 16.1 for a
junction of unit thickness (i.e. the actual thickness was used as the unit).
The stippled lines were calculated for case 1 above, while the solid lines
represent cases 2 and 3 (inseparable). A linear variation in concentration
is also shown.

The concentrations of KCl and HCI in this figure were ckci(2) = 4
kmol m~3 and cpci(1) = 0.1 kmol m~2, respectively. All profiles show
that the concentration of HCI in the junction is always smaller than that
given by a linear variation. The situation for KCI depends on the method
of calculation. However, the deviation from a linear profile is smaller than
10%. We explain the deficit of HCI in the junction compared to that given
by a linear profile by the high mobility of HT.

The next step was to calculate the cell potential for the different con-
centration profiles. Cases 2 and 3, naturally, did not give results that were
significantly different from one another. Cases 1 and 2 deviated in their
prediction of the measured stationary state cell potential by +1 mV. When
these results were compared to a potential integrated for linear concentra-
tion profiles (Henderson’s approximation, see Eq. (16.24)), A¢2 and Ags
were underestimated by 0.1 mV. We conclude that even if the concentra-
tion profiles seem different, they do not have an important impact on the
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Figure 16.1 The three calculated concentration profiles for a junction of unit
thickness. The dashed lines were calculated for case 1 above, while the solid
lines represent cases 2 and 3 (inseparable). A linear variation in concentration
is also shown. Reproduced from Zeitschr. Phys. Chemie 174 (1991) 179-198
with permission from Oldenburg Wissenschaftsverlag [215].

cell potential. An explanation may be that the sequence of thermodynamic
states that make up the path of integration is more important than its ac-
tual location in space. The difference between the states that are traversed
in Cases 1 and 2 is small.

All contributions to the cell potential vary with the concentrations in
the reservoirs, see Table 16.1 and Figs. 16.1 and 16.2. The table shows the
calculated contributions to the measured cell potential for selected reservoir
concentrations of Case 2. The figures give further information on A¢-s and
Adgs, respectively.

The term A¢; gives the major contribution to the cell potential. When
cxel = 4 kmol m~3 and epcy decrease from 0.1 to 0.001 kmol m—3, this term
varied from 95 to 213 mV. The Nernst term predicted the total potential
within 10% for the concentration combinations given in Table 16.1. If a
better accuracy is needed in the analysis, the other terms must be taken
into account.
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Table 16.1 Contributions to the liquid junction potential at 298 K in cell d,
Ag(s)|AgCl(s)|HCl(aq, ckar)||KCl(aq, chear)| AgCl(s)|Ag(s). The contributions
are calculated with Nernst—Einstein’s assumption (16.13)

CHCI1 Agr Ao A3 Total cell CKCl
Nernst- Mobility- Activity- | potential
/kmol m™® | term / mV | term / mV | term / mV /mV /kmol m™®
0.1 94.8 —-4.3 —2.6 88.0 4
0.01 153.9 —3.6 —8.6 141.8 -
0.001 213.1 —4.5 —10.0 198.7 -
0.1 414 —14.8 —4.5 22.2 0.5
0.01 100.5 —4.8 —9.2 86.6 -
0.001 159.7 —3.3 —-10.4 146.0 -

The variation in A¢y gives the main deviation between the Nernst equa-
tion and the total cell potential in most cases (see Table 16.1). The term
is the most important at low concentrations of the two electrolytes. In
asymmetrical cells like the ones given in the table, the contribution is of
the order of 5 mV. The term can to good approximation be determined us-
ing constant ionic mobilities in Egs. (16.20) and (16.21): The contribution
from mobility differences changed less than 1 mV by replacing the concen-
tration dependent mobilities with mobilities at infinitely dilution, see Breer
et al. [215].

The variation in A¢s (see Fig. 16.2) increases in importance from 2 to
10% as cucy decreases from 0.1 to 0.001 kmol m—3. The variation seems to
approach an upper limit as cucy — 0 (see the upper curve in Fig. 16.2).
This term can be neglected when HCI and KC1 are both dilute. The liquid
junction potential, as defined here, included the Nernst contribution, A¢y.
The Nernst contribution alone most often does not give sufficient accuracy
in concentration determinations. An accurate method for the calculation
of the correction term is then needed.

16.4 Concluding comments

We have seen, i.e. from Table 16.1, that the Nernst equation (16.1) is not
sufficient for accurate calculations of solution concentrations of ions from
measurements of cell potentials in cells with liquid junctions. The cell
potential of isothermal concentration cells can, however, be obtained with
reasonable accuracy by integrating across the liquid junction using constant
ionic mobilities, and by using Nernst—Einstein’s or Henderson’s assumptions
to find the concentration gradients.
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Figure 16.2 The contribution to the cell potential from the activity coef-
ficient, here called E, (corresponding to Ags in the text), as a function
of KCI concentration for different HCl concentrations. Reproduced from
Zeitschr. Phys. Chemie 174 (1991) 179-198 with permission from Oldenburg
Wissenschaftsverlag [215].

In order to increase the accuracy of the calculation further, activity co-
efficients must be used. Such information is frequently not known. This
gives one the motivation for efforts to find a replacement of the liquid junc-
tion. A solid state reference electrode [225] does not have the disadvantages
of the calomel electrode.

We have shown how the theoretical method is well suited for the evalu-
ation of experimental results. The possibility to test assumptions that are
made in the theory is important for further developments.
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Chapter 17

The Formation Cell

We describe conversion of chemical energy into electrical energy in forma-
tion cells. We find the electric potential profile across the cell from the
corresponding variations in chemical potential and/or temperature at zero
electric current density.

Electrochemical energy conversion was the main topic of Chapters 13—
16. It will be continued here for the most important electrochemical cell,
the formation cell. Such cells have different electrodes. Common ex-
amples are batteries, fuel cells and electrolysis cells. The literature on
these systems is enormous. The aim of this chapter is to see how non-
equilibrium thermodynamics can be used to describe the profiles in inten-
sive variables of a formation cell taking advantage of the lessons learned in
Chapters 13-16.

A systematic description of the coupled transports of heat, mass and
charge in formation cells is obtained from the entropy production of the
various phases of the cell [129,226]. Only the electrolyte phase was stud-
ied earlier [189,227,228|. The flux equations relate thermoelectric effects,
concentration cell effects and the chemical reactions in the formation cell.
Thermoelectric effects and concentration cells were described in Chapters
13-16. The position dependent transference coefficient and the position de-
pendent Peltier coefficient (see Chapter 13) are needed here in order to
integrate across the cell.

In order to take advantage of the results in Chapters 13 and 15, we use
the electrodes that were described in these chapters. The formation cell
example becomes:

Fe(s)|Na(Hg)|NaCl(aq)|AgCl(s)|Ag(s) (17.1)

The cell has an amalgam electrode to the left, and is connected to the
potentiometer by an iron lead. The amalgam electrode on the left hand side

261
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was described in Sec. 13.1. The right hand side electrode, is the Ag|AgCl
electrode, which was described in Secs. 15.1-3. The silver is connected to
the other side of the potentiometer directly. The left hand side electrode
reaction is:

Na (Hg) — Na™(aq) + e~ (17.2)

One mole of Na disappears from the amalgam into the electrolyte per mole
of electrons passing the external circuit from left to right. At the surface
of the chloride layer that faces the electrolyte we have:

AgCl(s) — Cl™ (aq) + Ag™ (17.3)

One mole of Cl~ is produced in the electrolyte, while one mole of silver
ions is produced in the chloride, close to this surface. The silver ions are
transported to the surface between the chloride layer and the metal. The
right hand side electrode reaction

AgT +e” — Ag(s) (17.4)

takes place at the surface between the metal and the chloride. The total
cell reaction is:

Na(Hg) 4+ AgCl(s) — Na™(aq) + Cl~ (aq) + Ag(s) (17.5)

One mole of Ag(s) and of NaCl(aq) are produced and one mole of Na(Hg)
and AgCl(s) are consumed per faraday passing the cell.

In the electrolyte the total amount of dissolved NaCl goes up with one
mole per faraday passing the cell. Because of the electroneutral nature
of the electrolyte, the concentrations of the sodium and the chloride ions
are the same at every position in the electrolyte. When the sodium ion
enters the electrolyte from the amalgam surface, it is therefore quickly
accompanied by a chloride ion coming into the electrolyte from the AgCl
surface. The integrated divergence of the NaCl flux is equal to one mole
per faraday passing the cell.

The method of analysis uses, just as in Chapters 13-16, neutral com-
ponents as thermodynamic variables. Since the use of ionic components
is more common, we shall also show how the transition between these for-
mulations can be made. We shall refer extensively to Chapters 13—16 and
apply formulae that were derived for the electrodes in these chapters. In
this manner, the present chapter can focus on the boundary conditions
that are special for the formation cell. We use the terminology given in
Chapters 9 and 13, see Figs. 9.1 and 13.2. The isothermal cell is considered
first as a reference, before we deal with the non-isothermal cell.
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17.1 The isothermal cell

17.1.1 The electromotive force

When the cell is isothermal, there is no contribution to the cell’s electromo-
tive force, emf, from the uniform phases. The only contributions are from
the chemical reactions at the electrode surfaces. For the Na-amalgam elec-
trode, we obtain in the limit of a vanishing electric current (see Sec. 10.2):

1 S,a 1 a,e e e,a
Daed = —FAnG" = 5 (NG = tat HNac) (17.6)

For the surface between the electrolyte and the AgCl, we similarly have

Bt =~ G = = [~ ty 1] (T7)
Compared to the case considered in Sec. 10.2 the terms due to the salt are
new. These are needed to describe the increase of the salt content of the
electrolyte. It is important that ty,+ +tc- = 1. We will discuss the origin
in more detail below using a description in terms of ions. For the surface
between the AgCl and the Ag, the expression is

1 1
ACJ«QI) = —FAHGSJ = —F'U/X; (178)
For a zero electric current and zero temperature difference, the chemical
potential of the salt is constant, py5e = UNec) = UNact- This is the reason
that the potential contribution to the cell from the electrolyte is zero. The
total potential difference across the electrode surfaces and the electrolyte
is then

1 a,e c,r c,e e
Ad) = Aa,c(b + Ac,c(b + Ac,r¢ = F |:/’L1\fd - :uA7g + /LAgCl - /LNaCl:| (179)

where we used that ty,+ + tg- = 1. This is the Nernst equation for the
total cell, alternatively written as
1 , , , A,G
A¢ = ~F [ALG? + ALGY + A,G¥'] = — 7 (17.10)

17.1.2 The transference coefficient of the salt in the electrolyte
The transference coefficient of the salt in an electrolyte is defined by:

Jl%aCl (Ia t)

> (17.11)
J A,y / Dx=0T /=0

tCNaCI (Ia t) =F <
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Depending on the boundary conditions, the transference coefficient may be
position-, and possibly also time-dependent. When the chemical potential
and the temperature are constant, the salt concentration is independent of
the position in the electrolyte, c{,c) (t). The time-dependence of the salt
concentration satisfies

9 . 9 .
77 ‘Nacl (t) = _%JNaCI (z,1) (17.12)

where Jy,c; is the salt flux. By integrating this equation from = = 0 to
z = d,, we obtain

o [
g /0 Nact (1) dz = = JINac1 (des 1) + JRact (0,8) = INac) () — TNae (1)
(17.13)

The accumulation of salt in the electrolyte per unit of cross-sectional area
is the difference in the salt flux at the two electrodes. The integrated salt
content in the electrolyte increases with j/F moles of NaCl per unit of time
and per unit of cross sectional area. The increase in the salt content in the
electrolyte is therefore given by:

0 . j

—c t) =

at NaCl ( ) deF

(17.14)

Equation (17.13) together with Eq. (17.14) imply that the salt flux is in-
dependent of time. For the gradient of the transference coefficient, we
therefore find

F 0 Fo 1

©

a e (s
D NaCl (z,t) = F%JNaCl (z,t) = _FacNaCl (t) = 7 (17.15)

It follows that the transference coefficient is independent of time and given
by

e x o x x
a1 (#) =1+ — 7" INat (1 - d_> —te- R (17.16)

The integration constant has been chosen such that the average of the
transference coeflicient over the electrolyte is equal to 0.5 (t1e\1a+ — t%r)'
An alternative derivation of the potential difference across the electrolyte,
using a description in terms ionic fluxes and forces (see below), shows that
this is the correct choice of the integration constant.

The transference coefficient of the salt is equal to the transference num-
ber of the sodium ion, £, , at the anode surface and equal to minus the
transference number of the chloride ion, —t¢, . = —(1 -5 1), at the cath-
ode surface (the interface between the electrolyte and AgCl). The ionic
transfer numbers are weak functions of concentrations and will be taken
constant.
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Remark 17.1. The relation between the ion fluzes, the salt fluxr and the
electric current depends on the electrode surface reactions. As a consequence
the transference coefficient of a salt also depends on the electrode surface
reactions [227]. In the formation cell, where the electrodes are different,
this leads to position dependent transference coefficients for salts.

17.1.3 An electrolyte with a salt concentration gradient

The electrolyte has one independent component, the salt NaCl. The en-
tropy production is

10 1096

e:_Je R <)
o NaClTaxﬂ

— == 17.17
NaCl jT&:z: ( )

The frame of reference for the salt flux is water. The flux equations are

—_— . Lo | . 109
JNaCl - _LMHT 6$/LNaCl - ,uqu or (17 18)
10, . 106 '
J= Lo g tNact — Lo 5

The transference coefficient was defined in Eq. (17.11) and satisfies:

e

INaci ()
%) = Lg¢’ (17.19)
Op{ac1/02=0T /0x=0 fox]

ucr () = 7

In the limit of a vanishing electric current, we find, using Onsager relations,
the reversible contribution to the potential gradient

8@6 tle\f'cl 8
- = Natl 7 e 17.2
<8x>j 0 F 9! NaCl (17:20)

The corresponding potential difference is thus

e,c e,c te ) .
Actp = / dp = — / et iR (17.21)

We now assume that the variation of the chemical potential across the
electrolyte is linear in z. Furthermore, using Eq. (17.16) this results in

1 e e,c e,a 1 e
Actp = T3F (tNat = tor-) (MNact — MNact) = “3F (Rt — ter-) Aekiact
(17.22)



266 Chapter 17. The Formation Cell

For dilute solutions, we can use the ideal expression for the chemical po-
tentials and obtain:

Aetp = _RT (s — 15 ) In (CIC\IZCI) __RT Uat — Yo~ n ( 1c\1§c1>
F ¢ CNaCl F Ut T UG- CNaCl
(17.23)

We derived the formula using neutral components and fluxes. The ionic
transference numbers were expressed in terms of mobilities in the final
equality using Eq. (10.51), which gives:

e

U, _
and t‘él* = % (1724)
Nat+ T Uqr- Unat+ T Ug-

e
e _ UNat
Nat —

The same expression was obtained already by Planck [217,218] using the
electroneutrality condition Jy,+ = J¢- and Nernst—Planck flux equations.
It is called the Planck potential. The transference number of Na™ is 0.396,
while the transference number of Cl™ is 0.604, both at infinite dilution of
the electrolyte in water. With a tenfold change in concentration across the
cell, the electrolyte contribution becomes 11.8 mV. This value is normally
negligible compared to the contribution from the electrodes. It is required,
however, in order to find the potential profile across the cell.

The effect of the different boundary conditions in a cell with two iden-
tical electrodes and the formation cell can now be compared. When both
electrodes are reversible to the Na™t-ion, the corresponding expression was

RT e,C
Auh = oty In (CN&CI) (17.25)
CNaCl

This expression can be obtained from Eq. (10.56) for j = 0 by replac-
ing AgNO3 by NaCl. The magnitude of the contribution is in both cases
some mV.

The total potential difference across electrode surfaces and electrolyte
is, finally,

Ad) = Aa,c(b + Ac(b + Ac,c(b + Ac,r¢

1
F

a,e c,r+ c,e —¢ e,a —¢ e,c
HNa = Hag T Hager — INat HNact — tCl- BNacl

1

DN =

( 1exra+ - tecr) AC:ueNaCI:|

1

1 a,e c,r c,e 1 ca e,c
F IUJN7a - :uA7g + ,uA7gCI - 5 (‘uN7aCI + /LNaCI)} (1726)
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where we used Eq. (17.6) for A, ¢, Eq. (17.7) for A¢c¢ and Eq. (17.8) for
A r¢. For a constant concentration of the salt, the above expression reduces
to the one, Eq. (17.9), given in the previous subsection. The difference
between Eq. (17.26) and Eq. (17.9) is that Eq. (17.26) contains the average
chemical potential of the salt.

17.1.4 The Planck potential derived from ionic fluxes and forces

Planck [217,218] derived the expression for his potential from a description
that uses ions as components. In the ionic formulation (see Sec. 10.6) one
writes the entropy production in the electrolyte as:

e e 10 e e e 19 e e
0 = JNat _T% ('uNa+ +F1/} ):| +JC1* [_T% (lUJC17 —F1/) )

(17.27)

where ¢ is the electrostatic potential (Maxwell potential), and the combi-
nations of the chemical and the electrostatic potentials are the electrochem-
ical potentials. Because the anode surface reaction is reversible to Na™ and
not to Cl~, while the cathode surface reaction is reversible to C1~ and not
to Na™T, the relations between the fluxes is:

€ -] (] € ] €
Nat = 57 T and e = - 4 Jraa (17.28)
or equivalently,
j (] 1 € €
== Mo —Jo- and JRaor =3 (SRt + JE1-) (17.29)

~—

Eliminating the ionic fluxes from Eq. (17.27) using Eq. (17.28), the entropy

production becomes

10 10 U S
N R ~NaT _ TCI- 17.30
NaCl7 5 HNaCl — ]Tax <1/)+ oF 2F ( )
Comparing this relation with Eq. (17.17), we identify
'“Na+ e
17.31
S=v+ o~ oF (17.31)

The linear flux-force relations that follow from the entropy production
given in Eq. (17.27) are:

10
—L s (R + FY) = L o (g = )

e
Nat

el

9 9

ox ox
(17.32)

e 19 e —— 19 e

Je- = —L~ T oz (“Na+ + Fﬂ’) -L o ('“cr - F‘/’)

el
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Following the explanation about the ionic fluxes in Sec. 10.6, we use that
to linear order in the salt concentration, the ionic conductivities are

L++ = TCeNaCluNeﬁ'? L_+ = L+_ = O, L~ = TC%aCIUle (1733)
where we used 3,1 = ¢~ = Xac- This gives the Nernst-Planck flux

equations for Na™ and Cl~:

0
Nat = —Cf\ramUNﬁa_x (MeNa+ + FUJ)
(17.34)

e (¢] 8 e
Jé- = —Racitor- e (ney- — Fo)

At zero electric current, JY . = J§ -, so that the electrostatic potential

Cl—>
gradient becomes

0 1

9 9
Y= - e _ Y e 17
8$/¢) F (uNa+ + uCl*) (uNaﬂ’ Oz lu’NaJr Ucy or ,u’C] ) ( 7 35)

In the neutral electrolyte one has

J . 9 . 10 .
9z MNat T oo T 55 HNacl (17.36)

This, together with Egs. (17.31) and (17.35), results in

0 — 9 _ (’U’NaJr _U’CI*) 0 e
ox B ox o 2F (U‘Na+ +Ule) 8IMNaCl (1737)

By integrating across the electrolyte, we have again the Planck potential of
Eq. (17.23)

RT (una+ — ucr-) 1 Nacl
F (una+ +uc-) Nac
(17.38)

The chemical potential of an ideal solution was introduced in the last iden-
tity. The ionic and the component description are therefore found to be
equivalent, as they should be. This also verifies that the choice of the inte-
gration constant in the expression for the transference number of the salt
given in Eq. (17.16) was correct.

Acd) . (uNa+ - uCl*)

T T 2F (ugar fug) N T

17.2 A non-isothermal cell with a non-uniform electrolyte

In the most general case, the phases of a heterogeneous system are nei-
ther uniform nor isothermal. In order to give the most general description,
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we shall need to refer a property under evaluation to a temperature. For
instance, the chemical potential at the surface, py5, is normally, but not
always, evaluated at the surface temperature, 75%. If the quantity is eval-
uated at a different temperature this will be explicitly indicated. Thus the
chemical potential of the sodium in the bulk anode close to the surface,
pre(T*?), is evaluated at the temperature of the surface. Again we limit
ourselves to stationary states, defined here as states for which all fluxes
are independent of the time. When integrating across the homogeneous
regions, we neglect as before the temperature variation of entropies and
transported entropies in order to be able to give an analytical result. These
results can be extended using numerical integration.

17.2.1 The homogeneous anode phase

The entropy production in the amalgam electrode is given by

. . 1 0T . 1 0 | 1 0¢
d= IR — R e — = 17.39
o 72 9 Na,T 8IMN<1,T jT ox ( )
The resulting linear flux-force relations are

. . 10T . 10 . 109

T = _quﬁ% - LquT%'“NmT - anbT%

. . 10T . 10 . 109
Ra = ~Llaa gy ~ Ling gphar ~ Lo T oy (17:40)

10T 1 1
j — _La 8 La 8 a _ La 8¢

w0 gy~ Lo gpttter ~ Lo,
The position dependent transference coefficient for NaCl was discussed in
Sec. 17.1 (see Eq. (17.16)). In the present case, the flux of sodium is zero
in x = —d, and equal to j/F in x = 0. The transference coefficient in this

case is given by

Ja L2 (z
ty, (x) = F (N—(I)) = F%() =1+ (17.41)
J AT /dx=0u2,, /dz=0 Ly da

The position dependent Peltier coefficient is defined analogously, from an
analysis of the divergence of the heat flux and the resulting heat production:

oy = (0 _ Pl

J >8T/81_6,u§a/8m—0 L,

= —T(z) [t&.(2)Ska + S (17.42)
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The position dependent Peltier coefficient is given by the entropy of Na
and the transported entropy of the electrons. The derivation is analogous
to the one in the electrolyte. Note that 70 = 7%(—d,) and 7*° = 7%(0).

Using Onsager’s relations and the definitions of the transference num-
ber of Na and the Peltier coefficient, we find for the zero current electric
potential gradient:

9¢ I Y ( )ﬂ a _,_Wa(x)a_T
9 ) ; o - RN T gz N T(x) Ox
o, o . 9T\  wx)0T
- _F | Na(‘r) (%MNa—i_SNa 8$) + T(I) 8{E:|
1] z\ 0 20T
= —F _(1 =+ a) %uNa — Se’ £:| (1743)

By integrating across the electrode, taking the chemical potential and
the temperature profiles linear, we obtain for the zero current potential
difference:
1 . 1
Ad¢ = _ﬁAau%a + FSC’,@A@T (1744)
where we note that A.ud, = pi (T*°) — pye (I'™°). Using the ideal
expression for the chemical potential gives

RT C;’

Aatp = — = n 2
o= "oF

a %S:ma:r (17.45)

o
a

Under conditions when cyy > ¢y, the first contribution will be positive.
For stirred amalgam A,uy, = 0, in which case this term does not con-
tribute. When we add the first term in Eq. (17.44) to Eq. (17.9), and in
Eq. (17.26), the contribution uy;; changes to the average 0.5(u3s + pine) in
both equations.

17.2.2 The electrolyte

By including the contribution due to the temperature gradient in
Eq. (17.17), the entropy production in the electrolyte is given by

e _gelOT 10, 196

9T2 9 NaCIT%UNaCI,T - JT% (17.46)
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The resulting linear flux-force relations are

10T o 10 | . 109

Jf=— Zqﬁa_x_ q#T%MNaCl,T_quﬁTa_x

o 10T o 1 0 | . 109
TNacr = Lz 5~ Ling 5 MNacur — Lo 50 (17.47)
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The position dependent transference coefficient, ¢3¢ (), was discussed in
Sec. 17.1, see Eq. (17.16). The position dependent Peltier coefficient is
defined analogously, from an analysis of the divergence of the heat flux and
the resulting heat production:

J'e Le (z
we(:v)EF(—q (w)> =F ‘1‘1( )
J AT =0, 0/ OT=0 LG
e e z e *,e xz e *,e
=T(x) | ~tNac1(T)SNac1 + | 1 — 4 tNa+SNa+ - d_tcr Scr

(17.48)

The position dependent Peltier coefficient is given by the entropy of NaCl
and transported entropies of its ions. The transported entropies enter the
analysis as integration constants at the surfaces, just as the transference
numbers did in the expression for the transference coefficient. Note that
7% = 7¢(0) and 7°° = 7°(d,).

Using Onsager’s relations and the definitions of the transference number
of NaCl and the Peltier coefficient in Eq. (17.47c), we find for the currentless
electric potential gradient:

00\ _ _1fe @ e o T@T
Oz j—>0_ F | Nacl\) 5 ANacLT T(z) 0z

— _i t$ ( ) g e + 5S¢ a_T + -
= T F |WNaall® (%MNam NaCl g T(z) 0z

R x\ 0 . )\ e o
K Nat = d:> a1 <<1 - d—e)tNa+SN’a+

T, awe \OT
— d_etC17 SC1> %]

1
F

(17.49)
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By integrating across the electrolyte, taking the chemical potential and the
temperature profiles to be linear, we obtain for the zero current potential
difference:

1 e e 1 *,e *,e
Ae¢ = _ﬁ ( Nat — tcr) AfeﬂeNa(jl - ﬁ (teNa+SNa+ - t?]l’ SC]*) AeT
(17.50)

where we note that Acpf,cr = pxact (T9°)—pxac (T%%). We have assumed
that the transported entropies were constant in the integration. The first
contribution is probably larger than the second. We did not introduce a
Soret equilibrium in the electrolyte.

17.2.3 The surface of the anode

The electrode reaction at the interface between Na(Hg) and NaCl(aq) is
given in Eq. (17.2). The contribution to the reaction Gibbs energy due to
the neutral components is, cf. Eq. (17.6):

AnG* = = (T*) + (R iaar (T5°) (17.51)

for the non-isothermal case. The entropy production in the non-isothermal
anode surface is:

o5 — J/a,c( 1 1 )_i_J/c,a( 1 1 >_TSVaA"G7 jAa,c¢

q Ts:a - m q Te.a B T's:a Ts:a o Ts»a
(17.52)

The reaction rate is given in terms of the electric current, r%* = j/F. This
results in

s,a __ 7la.e l le,a i _.L AnG&a
o> = T Aa,S(T + I D (7 ) — i [Baed + = | (17.53)

The flux equations are accordingly
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(17.54)
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The Peltier coefficients for the bulk phases at the anode surface are:

J/a,c LS,(&;
a,e q _ a _ a,e a,e *,a,e
we=p (%) _ PTES e (304 500)
I/ AasT=00 o T=As cpinaci=0 o
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T ) AasT=04 e T=Ag cpnaci=0 ¢o

(17.55)

We see that 7®¢ = 72(0) and 7®* = 7°(0), cf. Eqs. (17.42) and (17.48).
The Peltier coefficient can be regarded as a transference coefficient of heat.
It depends on the location in the same manner.

By using Onsager’s relations, the potential difference across the anode
surface becomes

Racd = 1 |:A7LGS’a + 7™ (u) + 7of (u)]

F Tae Tea
1 a,e e e,a *,a,e S,a a,e e *,e,a e,a s,a
-7 F [_F‘Na + INat HNact — O, (T =T™°) + tya+ Sat (r** =T )]

(17.56)
The main contribution to the surface potential drop is given by the reaction
Gibbs energy. For constant temperature at the surface, this expression
reduces to the one given in Eq. (17.6).
17.2.4 The homogeneous phases and the surface of the cathode

The chemical reaction that produces C1~ in the electrolyte and Ag™ to
conduct charge in AgCl is given by Eq. (17.3). The contribution to the
reaction Gibbs energy due to the neutral components is:

BuGP = b i5en (T°) = (%) (1757)

The entropy production of the electrolyte-AgCl surface is:

. 1 1 o1 1 }
o5°¢ = Jée’CAe,s (T) +J¢;C’QAS,C (T) _]ﬁ |:AC,6¢ + FAnGb7C:| (1758)
The Peltier coefficients are then
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(17.59)
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The zero current potential difference is accordingly:

1 e,c c,e
Boct =~ {AHGS’C + e e + %AS,CT}

1 e e,c c,e e *,e *,C
= F [tcrNNam — Hager — T 90 DesT + S0 As T (17.60)

Entropies and transported entropies were taken constant in the integration,
as usual.

The electric potential drop across the bulk phase of AgCl is given by
Eq. (15.14) for zero current:

1
— ST AT (17.61)

Ac¢: _F Agt

The electrochemical reaction taking place between the pure phases of silver
and silver chloride is given by Eq. (17.4). The contribution to the reaction
Gibbs energy A,,G*" due to the neutral components is:

ARG = S (™) (17.62)

Analogous to the derivation of Eq. (17.60), we obtain, for the currentless
potential difference

1 ) c,r r,c
Bosd =~ [AnG“ + ; AcsT + %A”T}

1 T *, *,T
- (55 + Shte AT = 8170 T (17.63)

where the Peltier coefficients are given by
o = TC’rSZ’; and 7"°¢ = -T"° (Sgg + 50 (17.64)

The potential difference across the silver cathode for j = 0 is:

r.o 1
A = / do = ST (17.65)
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17.2.5 The cell potential

By adding all contributions to the cell potential, we have the electromotive
force:

A¢ = Aad) + Aa,c¢ + Acd) + Ac,cd) + Acd) + Ac,r¢ + Ar¢

1 1 a,0 a, 1 e,a e, s r,
= 7 [_5 (s + pxs) + 5 (B¥act T HNact) = Hager T MA;;:|

_ S;La (Ts,a _ Ta,o) + S:;,gcJr (Ts,r _ Ts,r) _ S:Lr (Tr,o _ Ts,r)
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(17.66)

In the absence of temperature differences the expression reduces to

1 a,o a, 1 ,a e, e r,
Ag=—— [—5 (iNa + 1Na) + 5 (BNact T BNac)) = Bagar + uig} (17.67)
If the amalgam is stirred it reduces to Eq. (17.26) and if the electrolyte is
also stirred it reduces to Eq. (17.9).

17.3 Concluding comments

We have shown above, using one example of a formation cell, how the
cell potential can be derived using non-equilibrium thermodynamics. De-
pending on experimental conditions, or the application in question, one
can introduce various levels of precision in the formulation. These possi-
bilities are not contained in the classical description that uses equilibrium
thermodynamics.

The position dependent transference coefficient for mass transport, and
the position dependent Peltier coefficient for heat transport in the elec-
trolyte and the amalgam, were needed to arrive at the description of the
cell’s electromotive force. The expressions were determined by the reac-
tions at the electrode surfaces. Therefore, they depend not only on the
electrolyte, but also on the electrodes used.

We found the electric potential profile in the cell, and the cell potential
in the limit of zero electric current. Temperature and concentration profiles
are also attainable, but are not discussed here. The simultaneous solution
of such profiles for the polymer fuel cell shall be given in Chapter 19. More
complicated systems can be similarly dealt with.



This page intentionally left blank



Chapter 18

Power from Regular and
Thermal Osmosis

We describe transport of heat and mass across membranes in regular osmo-
sis and thermal osmosis. The equations are, for instance, relevant for salt
power plants. It is discussed how concentration and temperature differences
can be used to produce power.

Fluxes across membranes have often large coupling coefficients. We
saw in Chapters 7-10 that the energy conversion efficiency of a process
can be linked to the coupling between the fluxes. The larger the coupling
coefficient is, the more work can be done, or the smaller is the entropy
production during energy conversion. This makes membranes important
for energy conversion purposes.

We consider here the coupled heat and mass transport across a mem-
brane. Only water and heat transport are considered. This is relevant
for the production of mechanical power from renewable energy sources like
geothermal sources, or energy sources that have different chemical poten-
tials of water. It is a challenge to make practical use of such opportunities,
and membrane technology is one such possibility [23,229-232]. We examine
first the potential power of the energy available by mixing sea water and
fresh water. We continue discussing the membrane transport processes that
are needed to perform the mixing. A thermal source can also be used to
give membrane transport and work. The analysis is restricted to stationary
states. The possibility to use charge transport across membranes to give
work is considered in Chapters 10 and 19.

18.1 The potential work of a salt power plant

Salt power plants exploit the negative Gibbs energy of mixing sea water
and fresh water. At the core of the plant is a membrane separating sea

277
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5

)

Figure 18.1 An osmotic power plant with fresh water reservior at the sea level,
a, turbines, b, and fresh water reservoir at the ground level, c. The membrane
module is d, e is outlet of brakish water, and f is inlet of sea water.

water and fresh water. The spontaneous tendency for the two solutions to
mix leads to water transport across the membrane from the dilute to the
concentrated salt solution. A hydrostatic pressure difference arises. The
process can be utilized for power production [231-234]|. The plant can be
submersed 120 to 150 m into the ground, see Fig. 18.1. Fresh water is taken
from the reservoir at a, and led through pipes to turbines at b. This is where
the power is produced. The fresh water is next fed to a membrane module,
d. Several membranes are framed in one modular unit, and the plant can
have many of these. Sea water is led to the other side of the membrane
from the sea at f. The fresh water will go through the membrane, thanks
to osmosis, against a pressure difference, and reach the surface at e. The
pressure on the sea water side is high, but not so high that it prevents water
from moving.

Let us examine first the maximum energy that is available for power
production. The Gibbs energy of mixing gives the maximum work obtain-
able from the process at constant temperature and pressure (see Sec. 2.4)

_Wideal = AmixC: (181)
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In the present case, the mixing process is primarily driven by the entropy
of mixing, AnixS, because AnixH =~ 0. We want to estimate the order of
magnitude of T'A ;. S. Consider therefore the mixing of one mole of pure
water into an excess of salt solution (with n,, moles of water and ns moles
of salt). The pure water has molar entropy S9. We assume that the partial
molar entropy of salt, Ss, and water, Sy, remain constant during mixing.
This gives

AmixS = [(nw + 1)Sw + 1nsSs] — [(nwSw + nsSs) + S\?V] =Sy — 52
= —Rln zy (18.2)

where z,, is the mole fraction of water in the saline solution, and SY is the
standard state entropy of water for x,, = 1. The water concentration in sea
water is 54.9 kmol/m3, while it is 55.6 kmol/m? in fresh water (when z,, =
1). This gives for sea water xy, = 54.9/55.6 = 0.987. At a temperature of
10 °C, this gives

AnixG = —TApixS = RTIn xy, = —30.1 J/mol or -1.60 kJ/ kg water
(18.3)

This means that a saline power plant can deliver maximum 1.60 kJ work per
kg of water transported between the two energy levels. Or when 1 m3/s
of river water is mixed with 1 m?/s of sea water, the maximum power
attainable is 1.6 MW. The available energy corresponds to the potential
energy change of lifting one m? of water to a height of 163 m [234]. The
calculated height is the maximum depth for the position of the membrane
module in Fig. 18.1. When work is extracted from the power plant, the
mixture will lose some internal energy. This cooling is of the order of 0.1
°C, and is thus not significant.

In reality, not all but a fraction of the potential energy is recovered.
The membrane module is not placed as low as 163 m below the fresh water
intake. The plant efficiency depends on the entropy production in the
various parts. The entropy production in the membrane plays an important
role here.

18.2 The membrane as a barrier to transport of heat and mass

In the central part of our power producing system, the membrane is sur-
rounded by two homogeneous phases. Membrane transport originates from
concentration and/or temperature differences between these phases. As
a component moves from a homogeneous phase across the interface and
into the membrane, its surroundings change considerably. The equilibrium
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between electrolyte solutions and ion-exchange membranes was described
by Ratkje and coworkers [235-237]. An ion-exchange membrane has a high
density of ionic groups, corresponding to a salt solution of 1 to 3 kmol m~3,
so the ion distribution within a membrane compares well to that of an ionic
melt [235-237]. Ion-exchange membranes dissolve therefore a lot of water.
They are mostly hydrophilic, but the Nafion membrane that is used in fuel
cells has teflon containing parts (hydrophobic) in addition to ionic groups
(hydrophilic).

When there is equilibrium between the membrane and both adjacent
solutions, the chemical potentials of components that can be transported
are constant, and so are the temperatures. Using as example, water and
electrolyte NaCl, we have

[y = = i},
M%\TaCl = NglaCI = M{\IaCl (184)
TN =T"=17" (18.5)

The homogeneous phases next to the membrane are indicated by super-
scripts | and r (left and right). The membrane phase is indicated by super-
script m. Take a cation-exchange membrane as example. The membrane
has water and cations, say Na™, and membrane anionic sites, denoted by
M~. Sulphonic acid groups are common for such sites. The membrane
is electroneutral and Na®™ and M~ together form the compound NaM. A
membrane-solution equilibrium is established after hours or days.

During transport, there is only local equilibrium everywhere. The equi-
librium that can be established at the membrane-solution interface, is called
the Donnan equilibrium. This equilibrium for the left hand side of the mem-
brane means that

1 m,1

_ d 1 _ ., m,l
Py = Ky and - fnacl = MENacl

(18.6)
Tl — Tm,l

Donnan equilibria can exist on both sides. This simplifies the transport
problem, as we do not need to consider the membrane surfaces as extra
thermodynamic systems. We can still have ™" # p™". When the trans-
port of heat and mass are so rapid that there is not sufficient time to
re-establish equilibrium across the interface during transport, heat or mass
may accumulate near the surface. This may happen if the enthalpy of
absorption of water is large. With fast water transport, and slow heat con-
duction, a temperature difference may arise across the surface, or across

the membrane. We shall include the surface as a thermodynamic system in
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our description, to prepare for such a possibility. Equation (18.6) is then
not fulfilled.

Following Scatchard [238], we assume that any local state in the mem-
brane can be characterized by an external solution in equilibrium with the
membrane at that location. This means that a membrane state for NaM
shall be given by ug,c;, which is the chemical potential of NaCl in an ex-
ternal solution in equilibrium with the membrane. As we cannot measure
KNt s M- OF ANan = Mg+ THy— > We can measure differences in pu, o and
this is the most adequate way to find the state of the membrane. A contin-
uous path of integration across the membrane, equivalent to the membrane
path, is therefore a sequence of external solutions states, in equilibrium
with the real membrane. This path can be determined experimentally (see
Chapter 20), and may be easier to use than the actual path for some pur-
poses. Also in Chapter 11, we used a state in equilibrium with the actual
state, rather than the actual state itself, following Fgrland et al. [27]. In
the description of evaporation, we used the vapor pressure of a liquid to
define the chemical potential of the liquid.

18.3 Membrane transport of heat and mass

Let us first consider the transport of heat and solvent water in more detail.
There is probably a heat effect due to enthalpy difference, when water passes
from the external solution to the membrane, and from the membrane to
the solution again. In the stationary state, the total heat flux, J; (but not
the measurable heat flux), and the water flux, J,, are constant. The total
heat flux is the measurable heat fluxes plus the comoving enthalpy:

Jg=J) + Hydy = J" + HpJy = J" + HiJy (18.7)
The adsorption enthalpies at the surfaces are

Al H =H™' — H'"™ and AL H = H™" — H™™ (18.8)
These determine the heat effects at both surfaces. There is entropy pro-
duction at the two surfaces and in the membrane. We examine the flux
equations that arise from the entropy production below.

The entropy production in the membrane phase is:

d 1 1 duwyT

Following Chapter 8, the gradients in temperature and chemical potential
can be written as:
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ar 1 .
E = _A_m [Jq + q Jw]

(18.10)
dpwr g ™dT

dx T dx

™

where ¢"™ is the heat of transfer in the membrane, A™ is its thermal con-

ductivity at Jy, = 0, and ™ is the resistance to mass transport.

The differential of the chemical potential at constant temperature is
dpw,r = dptw — SwdT = dus, + Viudp (see Appendix 3.A). When a salt
dissociates into v ions, dul, = —vgRTdcs/cy,, where the factor ¢ takes care
of the non-ideality of the solution, g = 1+dln~s/dlncs, and s is the mean
activity coeflicient of the solute. This gives

dlu‘WyT = _VgRTdCs/CW + Viudp (18.11)

The first term expresses that there is an osmotic pressure difference between
the solutions, the last term that there is a hydrostatic pressure difference.
With identical compositions on the two sides, this reduces to dyw, 7 = Viedp.
In the absence of a pressure difference, and with ideal solutions, dyw,t =
—2RTdcs/cy.

Following Sec. 11.1, we write the entropy production in the left hand
side membrane surface:

. 1 1 1 m m m m
ot = Jg (W - m) — S (#W,’IT (™) = 'y (T ’1))

1 1
= J‘;LmAlvm <T> +Jw [_EALIHI‘LW,T (Tm7l):| (1812)

The expression is analogous to Eq. (11.8). The usual terminology is used.
The equimolar surface of the membrane is the frame of reference. The flux
equations for the surface are similar to Egs. (8.17)

1
Al,mT — _E (Jél,m _ q*s,lJW)
1 (18.13)
Al,mMW,T (Tm’l) = _Tl 1;1 Al,mfz—‘ - TS’IJW

where the thermal conductivity for zero mass flux and the resistivity for
mass flux are given by
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s,l 7s,1
sl = # (ZSJ _ @)
Tl,me,l mm

ls,l
1 i (18.14)
Tm,

’I”S’l

[

and the measurable transported heat of the left surface by

J/l,m ls’l
w lvs;w
Al T=0

The equations for the right hand side of the membrane surface are similar.
These shall now be used to describe osmosis and thermal osmosis.

18.4 Osmosis

When the thermal conductivity of the system is high, and the solutions
have the same temperature, one may expect isothermal conditions. The
water flux becomes:

Al,m,U/W = _TSJJW

v _ oy (18.16)
dx

Am,lrMW = _,r,s,er

We obtain a jump in chemical potential at the surfaces and a gradual change
across the membrane. When 7™ is constant, the chemical potential of water
is a linear function of position across the membrane. The chemical potential
of water on the left side is 1™, and on the right side, p%™. When the water
flux is constant, the difference is:

uf’&m _ Ml;:;m - _ (,r,s,l + ™y, + Ts,r) Jo = ’f'_mdew (1817)

where d,,, is the thickness and r™ = (’I”S’l +rd, + rsvr) is the average re-
sistivity of membrane plus surfaces. A symmetric membrane has r5! = 7.
When these coefficients are small, the surfaces pose no barrier to transport.
Some filter-membranes are asymmetric and have 75! >> r™d,,. Accord-
ingly, there can be a jump in p, at this surface. Equilibrium means that
Jw = 0.

The osmotic pressure, I, of a solution is the excess pressure which must
be placed on the solution in order to prevent any diffusion of solvent through
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the membrane. The chemical potential obeys dus, + Vi, dp = 0, giving
vgRT

Vivew
This equation was integrated with constant cy. A concentration difference
Acs = ¢l —ct = (100—1)mol/m? HC], gives an osmotic pressure of 8.8 N /m?
at 300 K. More precise integrations for membranes with more components
were presented by Holt et al. [239].

The osmotic pressure of a solution is the pressure at which the solution
would be in equilibrium with the pure solvent. It must not be confused with
the hydrostatic pressure exerted by the solution. The difference between
the osmotic pressure and the hydrostatic pressure drives solvent through
the membrane [23].

The average resistivity to diffusion, 7™, can be found from an experiment
with dp/dx = 0. The water flux is:

g (Jv> _ Apg, vgRT Ac
N dp=0

Ve ™, ey dp

(ch —cl) (18.18)

Hy=0= @ —0"); o=

(18.19)

Jy is measured, and ™ is calculated for given concentrations, Vi, and
membrane thickness dp,. The resistivity to water diffusion in an ion-
exchange membrane depends on the ions that occupy the ionic sites. For
the cation exchange membrane Aciplex K-181, Nummedal [240] calculated
T =4.2x 107, 9.1 x 107, 7.7 x 107 and 7.17 Wm mol~2 for the hydrogen,
lithium, sodium and potassium forms of the membrane, respectively [241].
The membrane was 9.4 x 1075 m thick.

Exercise 18.4.1. In reverse osmosis, water is forced through the mem-
brane to the dilute side by applying a pressure difference that is larger
than the osmotic pressure to the salt solution. Calculate the pressure
needed to produce fresh water from salt water (NaCl) at 300 K. A wol-
ume flux of Jy = 1.8 x 10~7 m?/ m?s should be produced to meet the
needs of the local community. The molar volume of water is 18 x 1076
m3/mol.  The salt concentration difference for NaCl is Acs = —0.05
mol/m3, ¢, = 55.6 kmol/m?®, the membrane thickness is 10~* m, and
T =77 x 107 Ws mol~2.

e Solution: The pressure difference is from Eq. (18.18):

2RT Jw—
A =pF — 1 = ——A S _W Indn1
p=p —Dp Ve Cs + VWT

We have used g = 1, v = 2 in the expression for the chemical potential.
By introducing appropriate numbers, Ap = 2.4 x 10 Pa = 24 bar.
The last term dominates.
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18.5 Thermal osmosis

The coupling between the mass flux and the heat flux means that a mass
flux may lead to a temperature difference across the membrane, or vice
versa, a temperature difference may lead to a mass flux.

The equations to be solved for the chemical potential profile, for mass
transport due to temperature differences across the ion-exchange mem-
brane, is:

Aa IIIT
Aa,m,uvv = —r®%J, 4+ ¢*5? T;“’l
Aty . 1dT
Uhw . _pmg o grem 2O 18.20
dx " ta T dx ( )
AnT
Am,c,uvv = —r%°Jy + q*’s7C T“;":

Because of the symmetry of the problem, the heats of transfer are equal in
magnitude, ¢*%?= ¢*%° = ¢**. According to the development in Chapter
11 on evaporation and condensation, this coeflicient is sizable, a fraction of
the enthalpy of the phase transition.

¢ = —kDAuasH (18.21)

In the stationary state, Jy, is constant, and the chemical potential difference
across the membrane is

. (AanT  An T Lo T ar
fy — Ky = —Twlw +q7° ( Tmi Tt Tn’fz ) +q ’“‘/ - (18.22)
’ ’ Tm,a

A volume flux can arise from the temperature difference between the two
sides, even if the concentrations on the two sides are the same, in contrast
to the situation described by Eq. (18.17). This is thermal osmosis, see
Katchalsky and Curran [23]. The thermal osmotic pressure of the solution
on the right hand side relative to the pressure on the left hand side, is the
excess pressure that must be placed on this side to obtain a balance of
forces characterized by Jy, = 0:
1 _ q*,s Aa,mT‘ Am,c/—r q*,m e dT
p )JWZO - V_w ( Tm,a Tc.m ) Vw Tm.a ?
(18.23)
Observations of increased pressure have been made in nature when the
temperature on the surface falls below 0°C. In arctic regions that have a
sustained temperature gradient in a porous ground, one has observed trans-
port of undercooled water [27,242]. This phenomenon, which is called frost

r

Iy,—0= (p' —
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heave, can lead to a considerable pressure difference, up to 11 bar/K [27].
The coupling of mass transport to a thermal driving force may also explain
the swelling of a porous electrode in the aluminium electrolysis caused by
salt transport into the electrode, which is exposed to a temperature gradi-
ent [243,244]. Katchalsky and Curran [23] speculated on the importance of
small AT and II in biological systems.

We see from Eq. (18.23) that the sign and magnitude of the thermal
osmotic pressure is determined by the sign and magnitude of the heats of
transfer. Consider the situation where the membrane conducts well, and the
surfaces conduct badly. The last term can then be neglected. The other
extreme possibility is that the surface temperature drops are negligible.
The last term will then dominate. While the normal osmotic pressure is
an equilibrium property, the pressure that arise during thermal osmosis
depends on the value of the coupling coefficients. The balance of forces is
called Soret equilibrium.

The profile in temperature and chemical potential across the membrane
was calculated for the Aciplex cation-exchange membrane K-181 in its KM
form [241], using different values of r3* = 75" = 77 /k and ¢™™, and as-
suming ¢*° = 0 [240]. The results of the calculation are shown in Figs. 18.2
and 18.3. The temperature profile was calculated from:

Tm,l _ Tl,m — _T(qul (Jl;m,l _ q*,SJW)
dT /dx = —r (J/™ — ¢*™ Jy) (18.24)

Trm _ T ST (Jém,r _ q*,sJW)

qaq

The thermal conductivity A™ was estimated as a weighted combination of
the matrix conductivity (0.2 W/m K) and the conductivity of the water
phase (0.6 W/m K) and

Tog = 1/A™ (18.25)

A few percent variation in \™ can be expected when KV is replaced by
another cation. The surface resistivity was the membrane resistivity scaled
by a factor k, where kK = 1 means that there is no excess resistance in the
surface over that in a comparable length of the membrane [240]. The results
for the membrane in the K*-form are shown (see Figs. 18.2 and 18.3)

We see a linear variation in the chemical potential of water (Fig. 18.3)
as well as in the temperature across the membrane (Fig. 18.2). As soon
as the surface thermal resistance becomes significant compared to the bulk
resistance, there are jumps in the intensive variables at the surface. A large
percentage of the total temperature drop may occur here if the thermal
conductivity becomes very low, cf. Eqgs. (18.24) The jumps in p,, 7 are
according to Eqgs. (18.22).
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Figure 18.2 The variation in temperature across a symmetric cation exchange
membrane during thermal osmosis [240]. For boundary conditions, see the text.
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Figure 18.3 The variation in chemical potential across a symmetric cation
exchange membrane corresponding to the figure above [240].
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Exercise 18.5.1. A 9 mm stack of cation exchange membranes has solu-
tions of HCl on both sides. There is a temperature difference of 6.5 K at 300
K across the stack. Calculate the thermo-osmotic pressure, when the heat
of transfer for the membrane is ¢~™ = —2 kJ/mol. Assume equilibrium
across the surfaces.

e Solution: With equilibrium at the membrane surfaces, and Jy, = 0,
dT/dx = AT/dy,, the pressure difference is, accordingly,

q*7m s dT q*,m AT
VW Ts1 T o VW T

W—0= (" —1'), o=
2000 Nm 6.5
18 10~ %m? 300

= —2.4x10° Pa = —24.1 bar

The positive temperature difference leads to water accumulation on

the left hand side. We see that even a modest heat of transfer can
give a substantial pressure rise.



Chapter 19

Modeling the Polymer Electrolyte
Fuel Cell

The heterogeneous polymer electrolyte fuel cell is described by sets of
equations for its five subsystems. The transport equations are solved for
a one-dimensional cell at stationary state. Information is obtained about
the concentration profiles, temperature profiles and electric potential profiles
across the cell. The local entropy production as well as total entropy pro-
duction is described. Peltier coefficients and heats of transfer are essential
for a consistent description.

The polymer membrane fuel cell converts hydrogen and oxygen to water
and electric work. The anode surface reaction is

1
5H2(g) —H" +e” (19.1)
while the cathode surface reaction is
1 X _ 1
ZOQ(g) +H " +e — §H20(1) (19.2)

The gases are humid, and ¢}’ moles of water is transferred through the
membrane per mole of protons transferred. The overall cell reaction
becomes

1)+ {0x(e) + 00 — (4 1) 0w (193)

A fuel cell is also a heat producer. This makes them interesting to be used
in households where both work and heat are needed. We shall now calculate
the electric potential profile of the cell and the corresponding heat effects
during stationary cell operation, see also [25,245-247].

289
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19.1 The potential work of a fuel cell

An overall perspective on the cell performance gives the distribution of heat
and work. The maximum work done by a process from the reactants’ state
to the products’ state is, according to Sec. 2.4 equal to:

—Wideal = AU + poA, V = TH A, S (19.4)

where the pressure and temperature of the surroundings are pg = 1 bar
and Ty = 298 K. Subscript r refers to the cell reaction, and U,V and S
have their usual meanings. At one bar, —Wigea1 = A-H — ToA,.S. We
can calculate the maximum work from the reaction for 1 bar and 340 K
with the data in Table 19.1. The enthalpy of formation of a component

Table 19.1 Standard thermodynamic data for fuel cell components at 298
K [248].

Component | AyH°/ kJ/mol | S°/ J/K mol | ¢%/ J/K mol
Ho 0 131 29
(O] 0 205 29
H,0(1) 285 70 75
H,0(g) 242 189 34

iis H; = H? + cp;(T — Tp), where H; is the partial molar enthalpy of
i, and H? is the standard enthalpy. The partial molar entropy is S; =
SY + cp; InT/T,, where S? is the standard entropy. This gives for the
reaction at 340 K: A, H = $(—284 — 1) — £ -1 = —142 kJ/mol and A, S =
2(74—135)— 1210 = —82.5 J/K mol. The maximum work from the system
becomes —Wigea1 (po, 340K ) = 117.4 kJ /mol. The maximum work decreases
as the temperature increases, because Acp;(T'—Ty) > Acp;ToInT/Ty. The
open circuit potential, E, (the emf) is the limit of £ when j — 0, where
j is the electric current density. The emf is given by Nernst equation,
(EF)j—o=—-A,G=—-AH+TA,S when T is constant.
The cell dissipates much of the potential work as heat when a current
is drawn from the cell. The lost work is the entropy production times Ty:
dWlost dSirr
a0y
Here, ASy is the entropy change in the surroundings during operation.
The lost work is zero when ASy + A,.S = 0, and the process is reversible.

TO%(ASO +A,S) (19.5)
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Because A.S < 0 and ASy > 0, there is a positive heat effect in the
surroundings during reversible operation. The lost work, or the dissipation
of energy as heat, varies with the electric current that is drawn from the
cell. Already at moderate current densities, the cell’s potential is halved, its
power is reduced accordingly, and the heat production in the environment
is significant.

We shall use the method developed in the previous chapters to find the
fluxes of heat and mass through the system that accompany a particular
constant electric current density. We shall calculate concentration profiles,
temperature profiles and electric potential profiles across the cell, as well as
the local and total entropy production for three choices of j, as was done
in [245].

19.2 The cell and its five subsystems

It is well known that most of the dissipation of energy in a fuel cell takes
place at the electrode surfaces. The reactions at these surfaces are also
the origin of the electric potential of the cell. It is thus natural to divide
the heterogeneous cell into five subsystems; where these two surfaces are
central. They are sandwiched between three bulk phases.

The series of five subsystems is illustrated in Fig. 19.1. The central
section (labeled 1) is a proton-conducting, water-containing membrane.
The membrane has an anode surface to the left, and a cathode surface to
the right (labeled 2). The close-up of one electrode surface shows how the
catalyst particles cluster in a carbon and polymer-containing matrix. The
outer sections, labeled 3, are porous carbon matrices for transport of heat,
electrons and gas. The gas arrives at the surfaces along the pore walls, see
Chapter 21), while the charge transport takes place in the solid part of the
matrix.

We shall solve equations for a unit of cross-sectional area of these layers,
using experimental data for a polymer electrolyte fuel cell with a Nafion
115 membrane [245,247,249] and electric current densities of 500, 2500 and
5000 A/m?. The set of equations can be solved using an initial guess of a
constant water flux. The thicknesses of the backing, surface and membrane
were 180, 10 and 127 pum, respectively. Thermodynamic data are given
in Table 19.1. Transport data for all five subsystems are summarized in
Table 19.2. The graphite resistivities were ¢ = r¢ = 10~* ohm m [249].
The thermal conductivities, A* = A\* = 1 W/K m, were estimated from
the thermal conductivity of porous graphite. The effective binary diffusion
coefficients, D,z and Do, were set to 5 x 1075 m? s~1.

In the stationary state, the mass fluxes are given by the electric current
density j:
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Proton conductor

B cubon

H:O

H+
i
@ @ @

Figure 19.1 A schematic picture of the polymer electrolyte fuel cell. The
water-filled membrane (1), the electrode surfaces (2) and the porous carbon
matrix that constitute the electrode backings (3) are shown. The agglomerate
structure of the electrode surface is illustrated by the close-up. Courtesy of S.
Mgller-Holst.

Table 19.2 Transport properties used in the calculations

Transport property Dimension Value
r¢ =r° ohm m 1074
7S = psc ohm m? 7.2x1076
A W/Km 0.2
A% = )\¢ W/Km 1
A5G = \5¢ W /Km? 103
Dy =Don m2/s 5x 1075
D, m? /s 1.5 x 10710
Jo A/m? 2.5 x 1073
to 1.2

gt J/mol -T8S¢
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J
Ji, = =
2F
_ (19.6)
J
J02 = —E

where F' is Faraday’s constant. There is a constant flux of water J across
the anode backing and anode surface that keeps the membrane from dry-
ing out. The fluxes refer to the whole membrane area, even if the actual
transport takes place across a smaller area, the cross-sectional area of all
the pores. Positive direction of transport is from the anode to the cath-
ode. We limit ourselves to transports in one direction across the cell in the
calculation. The water balance for the cell gives:

JS = J + L (19.7)

2F

We proceed to give the entropy production for three bulk subsystems, the
two surfaces and the corresponding flux equations. The gas pressure is
everywhere constant.

19.3 The electrode backing and the membrane

19.3.1 The entropy production in the homogeneous phases

Consider first the three bulk phases, Secs. 3 and 1 in Fig. 19.1, in the
stationary state. The anode has two component fluxes; hydrogen and water.
The entropy production rate in the anode backing is

d 1 1 duy, 1d
() ga 1 dbw.r o

T

g _Js Y 19.8
7 Tdx Dr dx de:c ( )

with the interdiffusion flux of water and hydrogen
Jw J
Ja — <_ - H) Top (19.9)

Here, we have used ., duy, 7 + 21, dpn,, ™ = 0.
For the membrane we have:

m_pm @ (1N _ g Ldpwr 1 do 19.10
E (T) YT dr Tds (1910)

The only component flux in the membrane is the water flux. Superscript
m stands for membrane, and a and ¢ for anode and cathode, respectively.
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The cathode backing has three component fluxes; oxygen, water and
nitrogen. The entropy production is:

d (1 1 dpwr 1 dpo,,r 1dun, v . 1do
c:J/_ - _JC_—)_J _—2;_J - 2, a7
7 (T) T dz 9T do N7 de T
(19.11)

The flux of nitrogen in the cathode backing is zero. It is common to assume

that the chemical potential gradient of water is zero. For our purpose, the
entropy production in the cathode backing may then be written as:

d (1 1 dpoyr 1 do
c:J/_ - _Jc - 2, .-
? (T) o7 gr  Tdx

The linear flux-force relations that follow from Egs. (19.8), (19.10) and
(19.12) are

(19.12)

d (1 1 dur 1do
J = — | =) —-Lyy=— — Lyp——
4 M g (T) Wr de 9T d

d (1 1 dpr 1 d¢
J=Lugo <T> Lupg—— = Luo - (19.13)
. d (1 1 dpr 1 do
= Lgge (=) = Lo T [ =20
I = ey (T) UT dr T dx

where J is J82, J§, or Jt and pr is po,, T Or py,r. Furthermore, L;; are
phenomenological coefficients. We rewrite the set of equations, by elim-
inating the electric potential gradient in the heat and mass fluxes. This

gives:
d 1 1 d/LT L ¢ .
J =l (=) =1y T 2
¢ gy (T) BT dr | Ty
_d (1 Vdpr  Lyg .
=g (T) by T (19.14)

d 1 1d 1d
j <>L pr g @

:L _ — — _— _——
U \ T LT da T dx

The coefficients are related by

LyiLjy

lij = Lij — (19.15)

The appropriate transference coefficient is

L
t= <i) B il (19.16)
IIF ) qyp—0.ar=0 Lyg
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The Peltier coefficient is

J! L
= <—‘1) = 2 (19.17)
IIF ) apr=0.ar=0 Loo

and the measurable heat of transfer

J! !
q = (—q) = (19.18)
) jmoar=o0  lun

We introduce these definitions into the last set of flux equations, solve
the expression for the gradient in chemical potential, and introduce the
expression for durp/dx into the heat flux. Equation 19.14 becomes

ar 1., i\
- _ ¥ N
dr A {Jq e <J F> ”F]

dpr - _q7dl L (o 5 (19.19)
dx T dx 1, F
dp  x dT  tdpr

de  TFdx F dz

where the stationary state thermal conductivity, A, the mass transfer coef-
ficient {,,,, (on a mole fraction basis) and the resistivity r are:

T2 T2
;D= (19.20)
pmp ﬁ
T = T/L¢¢

Here, D is the appropriate diffusion coefficient and r is the electric resis-
tivity. The variables have their specific meaning in the various subsystems
of the cell, and this shall be specified below.

19.3.2 The anode backing

The anode backing has transport of heat, hydrogen, water and charge.
Hydrogen and water are transported in the pores of the backing at constant
pressure, p. The transport of charge and heat takes place in the solid
materials of the backing. We introduce the expression for the chemical
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potential of water y = p® + RT Inz,,/x},, where z7, is the mole fraction at
saturation. The result is

dT 1 la *,Q a ] ]

E——F |:J +q (JD t F>+7T F:|

Az, 1w dT 1 J
T Jo — o L 19.21
dx RT2 dx  Dun ( b F> ( )

do m dT' tHRT dxy, o
_ Srw

dr  TFdr Fz, dx

Equation (19.21a) has three contributions to the temperature gradient.
When the current density is large, the last contribution is significant com-
pared to the Fourier type contribution and the contribution from the water
flux. Likewise, there is a contribution to the gradient in the mole fraction
of water from the temperature gradient, but this contribution is not signif-
icant in magnitude. The electric potential gradient does not only have an
ohmic contribution, —r®j. The other two contributions here are small, but
they are needed to satisfy the second law.

The mole fraction of water is calculated from the partial pressure of
water and the total pressure, x, = p,/p°. At the left side boundary,
the mole fraction is 29 = p&%/p°, given by the saturation pressure at
the temperature of this location, p*(T%). The three main coefficients and
the three coupling coeflicients characterize the transport of heat, mass and
charge through the backing. The Peltier heat of the anode is:

a
% = —%SHZ e (19.22)
where the transported entropy of electrons in carbon, S*_, is —2 J/K [190].
In Sec. 19.5, we show that a possible choice for the heat of transfer of water
is:

¢t = —TSY (19.23)

The six transport coefficients for the anode backing were used to solve

Egs. (19.21) and the energy balance:

d d do dHy dH,,

—Jy=—J "+ i+ J 2+ JS =0 19.24
da R e e e (19.24)
Here, J,, is the constant energy flux through the backing, and dH;/dx =
Cpi (dT/dz). The equations were solved with boundary pressures for hy-
drogen and oxygen of p = 1,013 x 10° Pa and 0.21p, respectively. Temper-
atures at the boundaries were 340 K. The outcome of the calculation for
all five subsystems is illustrated in Figs. 19.2, 19.3 and 19.4.




19.8. The electrode backing and the membrane 297

342

341.5

341

Temperature / K

340.5

340

3
Position / m x10°

Figure 19.2 The temperature profile across the cell as a function of current
densities 500, 2500 and 5000 A/m?. The highest current density gives the
highest curves.
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Figure 19.3 The mole fraction profile of water (left) and oxygen (right) as a
function of current densities 500, 2500 and 5000 A/m?. The highest current
density gives the lowest curve.
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Figure 19.4 The electric potential profile across the cell as a function of cur-
rent densities 500, 2500 and 5000 A/m?. The highest current density gives the
lowest curve.

The temperature profile in the anode backing has a negative slope in
Fig. 19.2, meaning that the coupling terms dominate since the heat flux
is negative. The mole fraction profiles show a sinking concentration of
water on the left hand side in Fig. 19.3. The higher the current density, the
bigger is the slope of this profile. There is a negligible change in the electric
potential in the backing in Fig. 19.4, corresponding to a small resistivity,
small temperature differences and a relatively small variation in chemical
potential of hydrogen. We return to the figures when we describe the other
sections of the cell.

19.3.3 The membrane

The transport equations (19.19) for the membrane are:

T 1 j j
|\ gem(gm _ym Ly _ om L
dpwr " dT 1 <Jm _ tmi) (19.25)
dx T dv 7, w v
do ™ dT 4 dpy T .
¥F__T v — M

dv = TFdx F dx
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with the stationary state thermal conductivity A", the electric resistivity
r™, the water transference number ¢!, and the diffusion coefficient of water
in the membrane (on a concentration basis):

m:Dmc’w

Lun Y RT

See Table 19.2 for coefficient values. The water activity in the membrane is
calculated from its definition, a,, = p,,/pL,. We have assumed that there is
equilibrium for water at the electrode/membrane interface, and that there
are no significant pressure gradients within the membrane [250]. The water
in the membrane is not in an ideal solution. The experimental relation
between the water activity and the membrane water content is [251]:

May < 1) = 0.043 + 17.81a,, — 39.85a2, + 36.0a3,
Al < ay <3)=144 1.4ay (19.26)
May > 3) =16.8
where the water content \ is the mole water per mole membrane ionic site:
A=c,M/p (19.27)

Here, M is the molar mass of the polymer in the membrane, and p is
the membrane dry density. At the cathode side of the membrane, we use
a;, = 1. The mass flux becomes:

m @DEN AT DZpdhe ..

Jh = — 4" /F 19.28

v RMI? o M dw Y/ (19.28)
We replace dA/dx by (d\/day)(day/dz) and solve for da,,/dx, and using
d\/da,, from Eq. (19.26), the differential equations become:

dT J/m *,Mm - m 5
=2 ;9 (Jg—tmi)+—7rj

de — am L am vE) T AmF
day __ q™x 4T (I — 35/ F)M (19.29)
dz (d\/daw)RT? dx (d\/daw)pDm
Ao mdT pRTda,
dv  TF dx Fa, dx
The Peltier coefficient for the membrane is:
ﬂ.m
— =S+ —ty Sy (19.30)

T
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*,MM

We take an expression for the heat of transfer ¢ similar to that in the

anode:
" =-TSY (19.31)

m

The electric resistivity, 7™ was given by Springer et al. [251]:

(r™)~! = exp (1268 (3—(1)3 — %)) (0.5139A — 0.326) (19.32)

The membrane diffusion coefficient D™ = 1.5 x 107!° m?s was also given

by Springer et al. [251]. For the thermal conductivity of the membrane,
we used an estimate for a water filled polymer, \™ = 0.2 W/K m [246].
The membrane density and molar mass were 1.64 kg/m?3 and 1.1 kg/mol,
respectively. The water transference coeflicient of water in Nafion 115 in
equilibrium with vapor was 1.2 [157]. The 7™ /T™ was taken from the
literature [252].

Energy conservation in the membrane means that, cf. Eq. (4.16),

%Ju = %(J;’” +jo" + JHY) =0 (19.33)
The equations were solved to give the gradient in electric potential, the
temperature and concentration profiles across the membrane, see Figs. 19.2
through 19.4.

The non-linear electric potential profile in the membrane, shown in
Fig. 19.4, can be understood from these properties. As the membrane
water content goes down at the anode surface, the resistance increases, and
so does the potential drop. This is the biggest contribution to the electric
potential gradient across the membrane. The contribution from the water
chemical potential is not big, since we assume equilibrium for water at both
electrode surfaces. The temperature may rise or fall, depending on j. A
changing value of j¢™, leads indeed to a change in J é’”, see Fig. 19.5 below.

19.3.4 The cathode backing
The flux equations (19.19) for the cathode backing are

ar 1 ‘e o J
- [Jq o F}
dCL'O2 ]
= 19.34
dx 4FDON (93)

d¢  «°dT  RT duo,

dv ~ Fdxr 4Fzo, dx

— Cq
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where we introduced to, = 1/4 and neglected coupling between the oxygen
and other gas fluxes. The stationary state thermal conductivity is A\¢, and
the electric resistivity is r°. The oxygen concentration gradient is deter-
mined by the interdiffusion coefficient of oxygen in nitrogen, by Doy. The
Peltier coefficient for the cathode backing is:

¢ 1

* c gc __ 1 * Jg) 1 c
T~ ZSOQ -8 -t S, = 4502 S ( i + 2) Sy, (19.35)

The Peltier coefficient includes an extra contribution from water. Energy
conservation in the cathode backing means that

%Jn = %(J;C + 7o+ JoHS + In,Hn, + Jo, Ho,) =0 (19.36)
where dH;/dx = Cp;dT/dz. These equations were solved for the profiles
of T,xz,, and ¢ in the cathode. The equations were solved with a mole
fraction of oxygen at the right side boundary equal to x%2 = po,/p = 0.21,
see Figs. 19.2, 19.3 and 19.4. The consumption of oxygen is proportional
to j. The diffusion coefficient Doy therefore determined the mole fraction
profile of oxygen in the cathode backing. The temperature profile indicates
a large heat flux out of the cell. In fact, most of the heat produced in the
cell comes out of the cathode. Again, the electric potential gradient was
negligible.

19.4 The electrode surfaces

The entropy production of the electrode surfaces between the i-phase and
the o-phase is:

- 1 1 o1 1
S = /ZAis = IOAso = —-J. Ais w, T — e A5771 w
g Jq ) (T) +Jq ) <T> ']’LUTS ’ lu’ 7T J’IJJTS ) ‘LL 1T
1 AnG® Ay
—ji—=— 1A, 9. 19.37
s < O T TR ) (19.37)

The first superscript indicates the phase, and the second the position in
the phase. Superscript i means into (the left hand side of) the surface,
while o means out (the right hand side) of the surface. For terminology,
see Secs. 9.1 and 13.1. (The excess entropy production in the anode and
cathode surfaces, in J/s K m?, are 0% and 0%¢.) There is a discontinuity
in the heat flux at the surface; we distinguish between the flux into the

surface, Jéi, and out of the surface, Jé". This can be seen in Fig. 19.5



302 Chapter 19. Maodeling the Polymer Electrolyte Fuel Cell

below. The last term comes from transport of the reacting gas into the
surface. The force-flux relations are:

1 . ,
A (T) =8 s T+ IS, T 48,

s Y q

1 . . .
—FALSMUJ,T = rZiJél—i-rfmJ; +750de” +Tm +7)

1 ) - .
As o (T) = rfn-J,;l—|—T§MJ;—|—T§OJ;"+T§WJ3,+T§¢]

1 : _
=z s otbw, T =T T T im0 i T T4

Ts mi*q mu w mo¥q

1 A”G AM!]J s A s i s o s o s 4
— <A¢—|— +—v =17 zJé r Jw—l—’[ Jé r me—|—r g

We assume that ], =5, =0, and ], =, . = 0. It follows that:
o 1 rs 1 j
Jih=EE Ais T I __Ais w '
@ =~ Do \T ) T D \TE ST TR

, T 1 rs 1 g
Jh =N = Y- =
w = T pmh <T>+DW( Ts st *T>+ F

(19.39)
re 1 rd 1 J
Jlo = mmAso -] -== __Aso w o=
q Dom ’ (T) Dom ( Ts ’ K 7T> +7 F
r? 1 rs 1 J
Jo = ——12 Aso - — __Aso w 10—
w Dom ’ (T) + Dom ( Ts ’ H ’T> + F
where the denominators are
Dt = (SRR G
e (19.40)
Dom = Tcs)orrsnm - Tcs)m’rfno
and the transference numbers and Peltier coefficients are
t,=F <£) = FM
J J dr=0,du=0 D
(19.41)
J? Tz Trsno - rcs)oT;Sn
t;’U_F<—,w) = potme _come
J J dar=0,du=0 D
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ﬂ_i — F J_‘;Z — FTZ(b’f‘f“- B Ti#riﬁ
j D
AT=0,du=0 (19.42)

Jlo PSS _pS S
o _ 7a _ me' mo mm' o¢
w0 = F( ! =F Dom
J /J ar=0,dp=0

These coeflicients are equal to the coefficients that were defined for the bulk
phases. The heats of transfer from the linear relations are:

S

. T
q*,z _ _%
i
' (19.43)
% T
¢ ==
00

By introducing these ratios, we obtain expressions for the jump in temper-
ature and in chemical potential at the surface:

. — 17 z_zj li
sr=t [ (- ) -]

q*,i T
oD T — Z-_(J —t0,4/F)
T L

1 o (e Oj O‘j
st = o (- 3) oL

Ai,sﬂw,T = -
(19.44)

*,0 Ts :
As,o,UJw,T = _%AS,OT - T <J3, -t i)

Here, A} and A are stationary state thermal conductivities of the i and
o side of the surface, respectively, and lfw and [}, are corresponding sta-
tionary state mass conductivities. The heat fluxes have a Fourier-type
contribution as well as a contribution from the Peltier heat and the heat of

transfer.
The effective electric force becomes:
AGE Apgr
Ai oPe z o —&
ofet = Riod + —p— v F
7Ti ° ti o
:_-—AisT_—»AsoT__wAisw __wAsow —7rfj
Tiop 03" T oip et T T SheHe T T Seollu T T
(19.45)

where 7° is the ohmic surface resistivity. The electric potential drop at
the surface has contributions from the Peltier coefficients, the chemical
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potential difference, the reaction Gibbs energy, and the resistance drop
across the surface.

These equations capture the most important phenomena at the electrode
surfaces. They are further detailed below. It is remarkable that the fluxes
are analogous to their bulk counterparts.

19.4.1 The anode catalyst surface

At the anode catalyst surface, the enthalpy of hydrogen is converted into
electric energy and heat. There is a change in the enthalpy as water goes
from the vapor state to the condensed state in the membrane. This releases
heat. Conservation of energy across the phase boundary means that

Ju = J+ ¢ + Ju, Hyy + JOHE = JI™ + j¢™ + JOHD (19.46)

The flux of hydrogen stops at the surface, while the electric current density
and the water flux are continuous through the surface:

Jo = Jm. (19.47)

The difference in the electric potential between the two sides of the surface
@ — ¢ = A, m¢ is generated by the heat and enthalpy changes. The heat
fluxes in and out of the anode surface are illustrated in detail in Fig. 19.5
for the same current densities and conditions as before.

We see a discontinuity in the heat flux at both electrode surfaces, and a
varying heat flux in the membrane, for reasons we explained above. Nernst
equation is obeyed when the entropy production is zero in an isothermal
surface, Ag m¢p = —A,G>%/F, see Sec. 5.4.1.

The electrochemical reaction takes place at the surface, and the reaction
rate at stationary state is equal to j/F. We assume that there is equilibrium
for adsorption of hydrogen at the surface. This means that the reaction
Gibbs energy in the surface can be expressed by thermodynamic properties
of the gas:

AnGs,a AIU/H21T(T510‘)

Aa,m¢eff = Au,,vn(l5 + F + oF
1 s S,a
= Aa,m(b — ﬁ ('qu — Aa,s/LHg,T(T ) ))
1
=Agm¢— == Hug, —T°*Sw,) (19.48)

2F



19.4. The electrode surfaces 305

6000 é -
- %
4000 | 5
i :,
(&N o
£ 2000} Z
= ;
= A
= o
0 [ % %
-2000 -
0 1 2 3 4 5

Position / m x 10

Figure 19.5 The heat fluxes in the cell as a function of current densities 500
(unbroken line), 2500 (dotted curve) and 5000 (dashed curve) A/m?.

The equations of transport that derive from o are:

/a *,a
Ay T =— )\qs + q)\s (Jw —twj/F) + 7%/ F
g (Juw — twi/F)
Aa,s/lfw,T = _WAU,)ST -
e luu
m *,1m
AT = =5 S (Ju = b/ F) + 773 /N5, F (19.49)
qgom (Jw — twi/F)
As,mﬂw,T = _mA&mT -
rm lML
¢ 7" tw '
Adegr = _WA(Z,ST - WAS,WT - FAa,mﬂw,T —1%)

The conditions at the surface are not known in detail. In order to simplify
matter enough to make possible a calculation of the profiles of T, x,, and
¢ across the cell, we assume that there is equilibrium for water across the
surface.
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Apw = (Hy —T*Sy) — (Hy —T™S,)) =0 (19.50)

This relation may be used to find the temperature of the membrane, con-
sistent with T* and the thermodynamic properties. The chemical potential
difference at constant temperature, is then equal to

A spow,r(T*) = TS, — S5)
(19.51)
Ag i, 7 (T*7) = (S — Si)

These equations, together with the energy balance and Eq. (19.50) were
solved for the temperature jumps and the electric potential drop at the
surface. The Peltier coeflicients are known, while the thermal and mass
conductivities are not. Condition Eq. (19.50) is a useful replacement for the
flux equations for A, sy, 7 and Ag ey, 7. Necessary coefficient estimates
were given in Table 19.2. For the anode surface resistivity, we used r* = 7.2
107% ohm m?. Vie [246] determined the thermal conductivity of the catalyst
surfaces from experiments, A* = 1000 W/Km? from a model similar to this
one, but without coupling terms.

Figure 19.4 gives a relatively large jump in the electric potential at
the anode surface, while Fig. 19.2 shows a small jump in the temperature.
Both jumps are connected to the entropy change of the electrode reaction,
Eq. (19.48).

19.4.2 The cathode catalyst surface
Energy conservation at the cathode surface gives

_ 7m - m m rym

= J S+ 7o+ (Jy +j/2F)H;, + Jo,Ho, (19.52)
The effective electric force becomes:

ARG&C _ A/’LOQ,T
F 4F

Am,c(beff = Am,c(l5 +

1 1
=Amec —(Hy, —T%°S;) — —(Ho, — T%°H, 19.
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The potential jump across the surface is A, ;¢ = ¢¢ — ¢™. The equations
to be solved for the profiles are:

PSR PP RN I

*,m 1 :
A771,5/L'1111,T = ;J-,m CAm ST (JZUn - tﬁ%)
. , , (19.54)

_ 1 /C_ C_Ci _ Ci
stk e (1) -ed]

,C 1 y
As,cMw,T ;c m As cT l (Jc - tfu ;v)
o

We assume again equilibrium for water across the surface, cf. Eq. (19.50), as
well as equilibrium for oxygen adsorption at the surface. The Peltier heats
are the ones given before. The electric potential of the cell is generated at
the cathode. It can be calculated from

™ ¢

F(Am chet +1°) = _WAm’ST N TCﬁAsch

- tgAm,sMw,T - thAs,cMw,T - Tsj (1955)
The overpotential of the oxygen electrode, n°, or the resistance of the acti-
vated electrochemical reaction, is not yet accounted for. It can be shown,
using mesoscopic non-equilibrium thermodynamics, that the overpotential

must be subtracted from the right-hand side of Eq. (19.53) [51]. The value
of the cathode overpotential was determined by Vie and Kjelstrup [247]:

ORT  j
e InL 19.56
n o ( )

with the exchange current density for oxygen in air of jo= 2.5 1073 A /m?.
The resulting jump in electric potential is shown in Fig. 19.4.

19.5 A model in agreement with the second law

The entropy production for a unit cross-sectional area (2 = 1m?) of the
cell is the integral over contributions from all five subsystems:

dSirr o a s,a om m S,C 0 C
729 o?dx + %% + odx + o> + odx| >0
Oa a,m c,m

(19.57)
where dS;,,/dt has dimension W /K. The second law gives dS;,,/dt > 0.
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The entropy balance for the whole cell is:
dt
The entropy flux was defined in Sec. 4.2, Js = J; /T + %;J;S;. Here, J,
is the measurable heat flux, J; is the mass flux of component i, S; is the
partial molar entropy of 4, and T is the temperature. These fluxes give

1 dSirr J/c J/a .
Woa (—‘1 +J5,55 + Jo2so2) - (—q + 355 + JH2552>

= [Js = JQ (19.58)

= TC Ta
JIC J/a y
Jo_dq ] F(S;_SHZ)—ESOQ} + J5 [Sh — S3)]

Te Tc ' F

2 4
(19.59)

The measurable heat fluxes have, as we have seen, several terms, not only
Fourier type terms. All terms are important in the development of a consis-
tent thermodynamic model. In such a model, we must find the same value
for the entropy production from Eq. (19.57) as from (19.59).

The entropy production was therefore determined by integrating across
the sections of the cell. The accumulated entropy production for the cell
in Figs. 19.1-19.4 is shown in Fig. 19.6 for three current densities. We
see, as expected, that most of the entropy is produced at the cathode.
The entropy production increases with the current density in the cell. The
integrated value agreed within numerical accuracy with the value calculated
from Eq. (19.59).

The cell was leaking heat to both sides, more to the cathode side,
than to the anode side, see Fig. 19.5. A reduction in the overpotential
in the cathode surface had a substantial effect on ¢®¢ and the heat fluxes.
The thermal conductivities of the backing and surface were significant for
the temperature rise in the system, but not for the entropy production.
The value of the diffusion coefficient for water in the membrane has a large
effect on the possibility to find a solution. The membrane resistivity gave
significant contributions to the entropy production.

In order to see the importance of coupling terms in the heat fluxes, we
introduce the heat fluxes from the subsections above. This gives

LSy, _ N (AT 70
o TF

W dt 70
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Figure 19.6 The accumulated entropy production in the polymer electrolyte
fuel cell, obtained by integration from the anode to the cathode backing, for
current densities 500 (lower curves), 2500 (central curves) and 5000 (upper
curves) A/m?2.

The next step is to introduce the expressions for the Peltier coefficients
(19.22) and (19.35), and the relation for the anode J§ —t%,j/F = J§. Part
of the difference of the Peltier coefficients then cancel with the entropy of
the reaction. This is so because the heat effect connected with conversion
of reactants to products, does not contribute to the entropy production,
but to the electric work. The terms containing the heats of transfer are
reversible, and must not give any net entropy production. This is achieved
when

¢t = —TS (19.61)

and

i (19.62)

N
N

With these relations, we also have

1 dSirr X (dT\® X (dT\"
el =—-__[= — [ — 19.
W dt T0<d:v) +T0<d:v) (19.63)

The total entropy production in the cell ends up as heat conducted to the
surroundings in this model.
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19.6 Concluding comments

We have demonstrated how non-equilibrium thermodynamics can be used
to characterize energy conversion in a polymer fuel cell. The method can
be used for any heterogeneous electrochemical cell. We have presented
a set of simultaneous solutions for mole fractions, electric potentials and
temperature profiles across a single polymer electrolyte fuel cell using data
for a Nafion 117 membrane. From the solutions, we have calculated the local
entropy production in each subsystem of the cell in two ways. We found
that heat may escape the cell in an asymmetric manner, largely dependent
on the thermal conductivity of the surfaces. The calculations were done for
a one-dimensional cell.

Knowledge of entropy production, lost work and local heat fluxes is
important for auxiliary equipment design and for further research planning.
The largest reduction in entropy production, or increase in power output,
can be obtained by reducing the overpotential of the cathode, but it is
worthwhile paying more attention also to the membrane as a dissipating
part of the cell.



Chapter 20

Measuring Membrane
Transport Properties

Non-equilibrium thermodynamics can be used to design experiments. We
present methods and experimental results that have been obtained with
cation-exchange membranes.

Membranes are widely used to separate mixtures of all kinds. A mem-
brane can be generally seen as a barrier to transport. Biological membranes
separate the interior of a cell from its exterior, or organelles from the cell
inside. Inorganic and organic membranes selectively conduct ions, for in-
stance, in ion-selective electrodes, and can be used as sensors. Clay and
sand can be used to filter impurities from drinking water, and can also be
thought of as membranes in a wide sense.

Non-equilibrium thermodynamics has since long been used to describe
transport in membranes [23, 24,227,230, 250, 253-255]. The theory needs
input values for transport coefficients, in order to be used for modeling.
When such coefficients are not known, experiments can be designed to
measure them, using the same theory.

This chapter describes experimental methods which can be used to find
transport properties for ion-exchange membranes [27,77,157,239,256-258)].
The methods, which are designed from the theoretical framework, may also
be used for other membranes. We shall illustrate them with data for ion-
exchange membranes. We saw that ion-exchange membranes were used for
energy conversion in fuel cells (Chapter 19) and in osmotic power plants
(Chapter 18). They are also used to separate salt solutions and to produce
clean water [229].

The cells reported are of the type

Ag(s)|AgCl(s)|NCI, ACI (aq)|™™| NCI, ACI (aq)|AgCl(s)|Ag(s) (20.1)

311
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The aqueous solution contained up to two chlorides, NCl and ACIL. The
membranes were cation exchange membranes, the CR membrane was from
Tonics and the Nafion 117 membrane, from Dupont. The electrodes were
reversible to the ion in solution, Ag(s)| AgCl(s) or (Pt)|Hz(g).

20.1 The membrane in equilibrium with electrolyte solutions

Equilibrium constants for membrane-electrolyte equilibria can be calcu-
lated from measurements of membrane compositions and their correspond-
ing electrolyte compositions. This was done for some selected electrolyte
mixtures in equilibrium with the CR membrane from Ionics [235,236]:

HCI + NaM = HM + NaCl = Koqp = MMl _ 79
GHC1GNaM

NaCl + KM = NaM + KCl = Koo = SeMIKCAL_ 54 (20.2)
ANaClAKM

AKC1aSrM,

SI‘CIQ + KM = SI‘MQ + KCl ch73 = =5.6

AKMaSrCl,

Here, M~ denotes a cation site in the membrane. The ion exchange capacity
of the CR 386 membrane is 1.6 kmol m 3 and the membrane is 1.2 ym thick.
The equilibrium constants show that the membrane has a small preference
for HM over NaM, a very small preference for NaM over KM, and a high
preference for SrMy over KM. When the equilibrium constant is close to
unity, the cations are nearly statistically distributed over the cation sites in
the membrane. The higher value for the mixture of SrMs and KM indicates
that the divalent ion binds to more than one site.

The path of transport through a membrane is everywhere at local equi-
librium. The path can thus be defined also by means of solutions that are
in equilibrium with the membrane at any given location between the two
sides. This is convenient when one needs to integrate across a membrane.

20.2 The membrane resistivity

Ton-exchange membranes are normally good conductors. It is therefore
difficult to separate the membrane resistance from the resistance of adjacent
layers. The membrane resistivity can therefore best be found by measuring
a stack of several membranes [157,259]. The single membrane pieces are
first equilibrated in the electrolyte. The membranes are pressed together
between two electrodes. A constant pressure is applied. For an isothermal
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Figure 20.1 The resistance of a stack of CR lonics membranes, R(n), as a
function of the number of membranes in the stack, n [157]. The membranes
were equilibrated in various solutions of HCI.

stack of uniform composition, the ohmic resistance is

R—_ (%)
I dT=0,d; =0

The total cell potential, A¢, is measured at a high frequency, in order to
avoid frequency dependent phenomena (see Chapter 21). The cell resis-
tance, R(n), is then

(20.3)

R(n) = Ro + nRus (20.4)

where R, is the resistance of the wires and the liquid layers at the elec-
trodes, n is the number of membranes and R, is the resistance of one
membrane, R,,, and a surface layer, Rs:

Rms = Rm + Rs (205)

A plot of R(n) versus n gives a straight line, see Fig. 20.1 which shows data
for HCI in Nafion 117. The slope of the line gives Rys.

The membrane resistance and the surface resistance can be separated,
assuming that Ry depends on the electrolyte concentration, while R, does
not. When the surface resistance is proportional to the specific resistivity
of the solution, p, we can find Ry, by plotting R,,s versus p. This plot is
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Figure 20.2 The resistance of a single CR lonics membrane with interface
layer, Rms, as a function of the resistivity, p, of the KCl solution in equilibrium
with the membrane [157].

shown in Fig. 20.2. The surface resistance R is more than 10% of Ry, for
HCl in equilibrium with CR 386 from Ionics [157,259].

The deviation from the straight line at high concentrations in Fig. 20.2
was explained by membrane swelling [157,259]. The membrane specific
resistivity can now be found from R, the membrane area, €),,, and the

membrane thickness, dy,:
O
Tm = Rm <d_> (206)

Results for the membranes were ky, = 1/ry, = 0.420 £0.04 (CR 386) and
2.03 £0.04 S/m (Nafion 117). The technique was used to find specific
conductivities for mixtures of monovalent cations, and mixtures of mono-
and divalent cations.

The conductivity can be modeled with a formula similar to the one given
in Sec. 16.1

m [A¢>
pm = |22

: } = F2¢ (un+2NM + Up+Tan) (20.7)
J lar=o0, du; r=0
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Table 20.1 Cation mobilities in Nafion and lonics CR. The mobility has
dimension 108 m2/Vs and refers to 298 K.

Cation (u‘j_) - Nafion 117 | Ionics CR386
Ht 36.3 14.8 2.30
Na*t 5.19 2.7 0.30
K+t 7.61 - 0.38
CaZt 6.16 2.5 -
Sr2t - - 0.09

where c is the concentration of cation sites in the membrane, and z; is the
equivalent fraction of ion ¢ in the membrane. Some ion mobilities are given
in Table 20.1 for one cation in Nafion 117 and Ionics CR386. Mobilities
in Nafion 117 are approximately half the values in infinitely dilute aqueous
solutions, (u‘jr)oo With zapm+ 2y = 1, we eliminate xny in Eq. (20.7),
and obtain

K™ = F2c[(upt — unt) Zam + un+] (20.8)

Mobilities of ions in dilute aqueous solutions are essentially constant. Equa-
tion (20.6) predicts that x is a linear function of xp;+, if the membrane
mobilities are constant. This was not observed, and the following model
was proposed:

up+ = ul 4 (1 — krnw)
(20.9)
un+ = ugy (1 — kranm)

Here, u}, and uy, are the mobilities of AM and NM respectively, and
k is an empirical constant describing the interaction of ions. The con-
stant expresses how likely it is that the movement of one ion is obstructed
by movement of the other. Conductivity data from several investiga-
tors [157, 235,260, 261] were fitted to this model. Results are given in
Table 20.2. A zero interaction constant was found in the presence of pro-
tons. It seems likely, considering the amount of water present in the mem-
branes (40-50w%), that the transport mechanism of protons is different
from that of other ions. The mobility ratio is smaller in the membrane
than in a dilute solution. The membrane serves to retard the fast ion, and
to accelerate the slow ion. This seems likely for a membrane, where ex-
change of ions between the sites is important. The ionic mobilities can be
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Table 20.2 Mobility ratios and interaction constants for cations. The mem-
brane is CR 386 from lonics. Results are compared to infinitely dilute aqueous

solutions.

Cation pair | (u}. /ulo\H)M, k (uOA+ /u"N+)OO Reference
H*/Na™ 4.2+0.2 0 7.0 [157]
H* /KT 4.9+0.1 0 4.8 [157]
Nat/K* 0.97 £ 0.03 0.16 £ 0.06 0.68 (260, 261]
K*/Sr2+ 4.2 0.28 - [235]
used to estimate ionic transport numbers from
<JA01> uf 1 (1 — kanm)
tA+ = —_— — —2
JJ ar=0,du;=0 K/cF
(20.10)

uﬁw(l —kzam) znm -

’U,OA+(1 — kINM) TAM

tA* = |:1+

and ty+ = 1—t,+. These transport numbers were confirmed by independent
measurements for membranes with protons [27], see Sec. 20.3. For alkali-
metal mixtures the following approximation was good [260,261]

tA+ ~ TAM (2011)
The last situation is compatible with u$ . (1—kxxm) = ug (1—kxanm). The
membrane transport number can thus, in the simplest case, be determined
from knowledge of membrane composition alone.

20.3 Ionmic transport numbers

Ottgy et al. [257] developed a technique to determine the transport number
in a two-component mixture as continuous function of composition. A stack
of membranes was used. The stack had so many membranes (usually 8 to
10) that the boundary solutions were not changed during the experiment
(by diffusion). Half of the stacks were equilibrated in a reference solution,
the other half in the test solution. In this manner, he was able to find the
concentration dependent transport number.

Consider again the membrane in equilibrium with KCI and HCI in cell
(20.1). Experiments were performed at constant pressure, constant tem-
perature and constant chemical potential of water, that is, the electrolyte
solutions had the same ionic strength. The reference solution was put on



20.3. Ionic transport numbers 317

2 T T T T T

|
N
1

A [kJ faraday”
A
1

-6

_8 T T T T
-12 -8 4 0 4 8 12

(Hyer~Hxar) [kJ m°|_1]

Figure 20.3 The electric potential difference in cell 20.1 as a function of
el — kel Reproduced from J. Membr. Sci. 74 (1992) 1-8 with permission

from Elsevier.

the left hand side, and the test solution was put on the right hand side.
The gradient in the electric potential became

d i e
(ﬁ) = —tyy I gy KA (20.12)
dx / ;0 ar—0,djuy—0 dx dx

The transport of KCl across the membrane, is everywhere defined by the
transport of K¥. The transference number of KCI is therefore equal to the
transport number of K¥, txy = tx+, with the membrane as the frame of
reference. In evaluating the transport of HCI, the electrode reactions must
be accounted for. In the absence of KCI, there is no net mass transport
by charge transport alone, and tgy = 0. In the presence of KCI, as it is
here, mass balances give a net transfer of HCI, opposite in sign, but equal
in magnitude to the flux of KCl. The transference coefficient of HCI is

therefore tyn = —tg+. This gives

aé (20.13)

tg+ = ———0—————
d[pfic1 — kel
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Figure 20.4 The transference number of HT as a function of membrane com-
position xym for the systems KM-HM and NaM-HM. Reproduced from J.
Membr. Sci. 74 (1992) 1-8 with permission from Elsevier.

The differentials of the variables can be related to differentials of differences,
since we keep the reference solution constant:

dA¢
dA (U1 — Pkl

tir = (20.14)

The composition on the left hand side of the stack is varied in the experi-
ment. By plotting the potential difference as a function of A [unc) — pxal]
we can find the transference number from the tangent to the curve in any
point (any composition) on the curve. An example of such a curve is shown
in Fig. 20.3. Results for two systems are presented in Fig. 20.4.

The measured transport number was compared to the results calcu-
lated from the mobility model above, Eq. (20.8). Agreement was found
within the experimental uncertainty (3% for HM-KM and HM-NaM). Cell
potentials can be measured with high precision when j = 0. Such emf
measurements can be used to give accurate transport numbers, better
that numbers obtained from the Hittorf method. The problem, which is
to find the concentration dependence of the transport number, can also
be solved.
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20.4 The transference number of water and the
water permeability

The water transference number, t, gives the number of water molecules
transported with the electric current in the membrane. According to the

definition;
ty = (i) (20.15)
N J/F dT=0,dp;=0

The transference number of water can be found in several ways. For a cation
membrane in a proton form, some authors use the potential difference of
the following isothermal cell [157,262]:

(Pt)Ha(g)[H20(g, ay,) [mem|H,0 (g, a,)[Hy(g)(Pt) (20.16)

The membrane was equilibrated prior to the experiment in HCl. The mem-
brane was then put in contact with saturated vapor only; the activity of
water in the vapor was controlled by the temperature and by the amount
of LiCl in a water solution that was in equilibrium with the vapor. The
potential difference across the membrane is:

r

(A¢),_o = —twRTIn 2= (20.17)

w
The difference in chemical potential of water across the membrane was
applied, keeping a!, constant. By plotting A¢ versus Ina, /al,, a linear
relation was found, see Fig. 20.5. The transference number is therefore
constant. The value 1.2 was obtained for Nafion 117 at 298 K. When
the membrane is equilibrated with electrolyte solutions, the equilibrium is
shifted towards higher water contents, and the water transference number
rises to 2.6 [263].

The water transference number for a membrane in contact with liquid
solutions, can also be accurately determined from the streaming potential
[258]. An additional advantage with this measurement is that the water
permeability can also be obtained. The streaming potential experiments are
done with constant temperature and concentration in the cell. A pressure
difference is applied across the membrane. It is assumed that the pressure
gradient is linear in the membrane, with dp/dx = Ap/dy,.

The streaming potential of Cell (20.1) is

=
Ap dT=0,dus=0

When the transference numbers of the electrolytes have been determined
(see Sec. 20.3), and the volume difference of the electrode reactions is cor-
rected for AV = Vag — Vagal, the unknown ¢y, can be found.

= —taciVacl — tnaVnar — twViw — AVq (20.18)
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Figure 20.5 The emf of cell 20.1 as a function of In a',/al, at 298 K [157].

Several systems have been investigated for ¢y, [260,264]. For monovalent
cation mixtures, a model for %, is

tw = Ta+la+ +TIN+INt = (’f'AJr - TN*) ta+ + 7N+ (2019)

with constant coefficients 75+ and ry+. A linear variation in t,, with ¢+
may mean that a constant number of water molecules is carried with each
ion. For membrane mixtures of divalent and mono-valent cations, the model
fails. The number of water molecules carried with each ion may then vary
with the composition. The water transference number is largely reduced,
and may even become negative, if the membrane becomes permeable to
anions. The presence of an anion will add a negative term to Eq. (20.19).
This straightforward interpretation of the water transference number as the
sum of water molecules carried with each type of ion, is probably oversim-
plified. It is known that the dynamics of water in the pore varies largely
with the ionic sites and the counter-ions that are present. The values of
ra+ and ry+ are not equal to the waters of hydration [259]. Membrane
hydrophobicity will increase t.,.

Typical results from a streaming potential measurements are shown in
Fig. 20.6. The curves are extrapolated to zero time, t = 0, to determine the
streaming potential. We see that the potential difference across the cell, for
a given pressure difference, is a linear function of v/# on a scale of seconds.
This behavior can be predicted. The pressure difference leads to a volume
flux, which is superimposed on the electro-osmotic flux. The volume flux
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Figure 20.6 The variation in the emf due to a pressure difference, as a function
of \/t. (Courtesy of T. Okada).

leads to a dilution of the solution on the receiving side, and a concentra-
tion of the solution on the donating side. The presence of concentration
gradients on both sides of the membrane adds to the potential difference
(20.18) as time goes on. When the solution contains only one electrolyte,
the addition is [258]

8RTt
=Y Ap
AV 7TD1

where D, is Fick’s diffusion constant for diffusion of electrolyte in water,
L, is the membrane hydraulic permeability

Jv)
L,=— <— (20.21)
? Ap dT=0,dus=0

and Jy is the volume flux. For cells with one electrolyte, Jy = J1V; +
JuwVw + jAVg1. By plotting the observed potential (A¢ + Agpo1) versus Vi,
the streaming potential is obtained by extrapolation to t = 0, and L, is
obtained from the slope of the curve.

The water permeability was found in this manner for NaM and SrMs
in the Ionics membrane. It was 2.4 and 0.9x107** m?/kgs respectively.
The water permeability in Nafion membranes were larger by a factor 50.
The value did mot compare well with the diffusion coefficient for water
obtained for uniform pressure. This indicates that the pressure difference

Adpol = — Ly (20.20)
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Figure 20.7 Schematic drawing of the thermocell apparatus. Numbers de-
fine 1) the Ny gas supply and 2) bubble flasks, 3) electrode compartments,
4) Nafion membrane stack, 5) multispeed pumps, 6) Ag|AgCl-electrodes, 7)
thermocouples, 8) potentiometer and 9,10) water baths. Reproduced from J.
Membr. Sci. 107 (1995) 219-228 with permission from Elsevier.

may lead to viscous transport phenomena in nanometer (nm) small pores.
Convective behavior has been observed in molecular dynamics simulations
for pore diameters as small as a few molecular diameters [265].

20.5 The Seebeck coefficient

By measuring the thermoelectric potential, one can find the Peltier heat of
the membrane. An apparatus for this measurement is shown in Fig. 20.7.
Again, a membrane stack can be used. In this case, the temperature gradi-
ent is controlled by the stack. The variation in the thermoelectric potential
is shown in Fig. 20.8.

The potential variation follows the recording of the thermistor in the so-
lution with the high temperature. Eventually a stationary state is reached.
The ratio of the two quantities gives the Seebeck-coefficient. For a cell with
HC], the measurements gave [263]

A¢ )

— = —twSw + Sii+ =13 J/Kmol (20.22)
(FAT 7=0,Ap=0 t

By introducing ty, = 2.6 and Sy, = 69.9 J/K mol into this equation, we find

Sf+ =195+ 14 J/K mol. High values for transported entropies of protons

are known from other systems [205]. From measurements of the Seebeck

coefficient, one can calculate the Peltier heat.
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Figure 20.8 The emf of the thermocell as a function of time, when a temper-
ature difference AT is applied to the cell. Reproduced from J. Membr. Sci.
107 (1995) 219-228 with permission from Elsevier.

20.6 Interdiffusion coefficients
Diffusion experiments were done in the cell [27,256]

NaCl(znaci1, aq), HCl(zucu, ag)|™ ™ [HCY(znci i, ag) (20.23)

There are no electrodes in this cell, so A¢ = 0, = 0. NaCl is component 1,
HCl is component 2, and water is component 3. With isothermal solutions
of constant ionic strength, Aus = 0 and AT = 0, the flux equations can be
rewritten as

dpn dpo

Jy= i g, 0

1 l11 . l12 I
(20.24)

dp dpo

Jy = —lgy L ]y 2
2 2ldI 22d£€

Because the solutions are electroneutral, the salt transports must obey
J1 + J2 = 0, when j = 0. Since the chemical potential gradients are
independent of each other, it follows that

l11+1li2=0 lo1 + 15 =0 (20.25)
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Figure 20.9 The flux of NaCl across an lonics CR membrane during stationary
state interdiffusion of Na™ and H* [256]. The right hand side of the membrane
has pure HCI, while the left hand side as a mixture of NaCl and HCI given by
the mole fraction xuc, ;.

so that the problem reduces to determination of one coefficient, I

J1 = —111% (1 — p2) (20.26)
The flux of NaCl to the right was measured as a function of zxcy s in the
left hand side solution, see Fig. 20.9, where xpc; is the mole fraction of
HCI in the solution. The stationary flux is the same everywhere in the
membrane. The sum of the cation mole fractions of Na™ and H™ is unity
in the membrane as well as in the solutions. The membrane thickness d,,,
was measured from the left where z = 0 to the right where x = dy,.

In order to relate l1; to the appropriate composition, consider first the
case that has cyci,r = 0. The flux J; is the maximum one in Fig. 20.9.
There is a concentration profile of NaM in the membrane, starting from
pure NaM on the left hand side, going to 0 on the right hand side, see
Fig. 20.10.

The concentration of HCI is next increased to I/HCI) ;» and the flux is
lower, Ji. The value of the force at the inlet of the membrane is the
same as in the first case, not at z = 0, but at a position z’ from the
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Figure 20.10 Expected concentration profiles across the membrane in the case
that xuci = 0 (upper part of figure) and when it has changed to xjyc; ; (lower
part of figure).

surface. Similarly, in the next measurement, the flux J;’ can be related
to the position z in the first experiment where the value of the driving
force is the same. Now, if the membrane was thinner in the second and
consecutive experiments, that is if it was d,,, — 2’ in the second, d,, — 2" in
the third and so on numbered experiment, the values of the fluxes would
have been the same. Since the membranes all have the same thickness, the

positions with the same force must be related by
Ji  dy =2
Ji dm

This relation makes possible a determination of z’. But then we know the
composition of the solution in equilibrium with the membrane at this po-
sition. From the series of experiments we can then draw the concentration
profile between 0 and d,,,. We can also draw a profile of chemical potentials
for the two components through the membrane. This allows us to find their
gradients, the gradient difference, and finally the driving force for interdif-
fusion. The calculation of l;; follows. The composition of the solutions
in equilibrium with the membrane can finally be related to the membrane
compositions, through the equilibrium constant, and we have achieved the
task of finding I11 (xmm ).
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Figure 20.11 Membrane transport coefficients for transport of mass and
charge in the isothermal system NaM-HM. Reproduced from Ber. Bunsen-
ges. Physik. Chem. 92 (1988) 825-832 with permission from Royal Society of
Chemistry.

Determination of l11(zum), L14, and Lag gives L11. Values that were
found in this manner are shown in Fig. 20.11. Independent determinations
of L1 and L14 make possible a control of the Nernst—Einstein assumption.
This was done for some systems, and it was found that Lo was small
compared to the other coefficients [27,250], see Fig. 20.11. The Nernst—
Einstein assumption of equal diffusional and electric mobilities may thus
be reasonably good in simple cation exchange membranes.



Chapter 21

The Impedance of an
Electrode Surface

We derive the impedance of an electrode surface. The surface is part of a
heterogeneous system, the polymer electrolyte fuel cell. We introduce the
chemical potential of the surface dipole, in order to be able to describe stor-
age, depletion and redistribution of charges in the surface. An equivalent
circuit is predicted and compared with experimental results.

The impedance of an electrochemical cell is defined as minus the ratio
of the applied oscillating potential difference, A¢, and the resulting electric
current density, jiot, that is produced in the outer circuit [266]:

(21.1)

Measurements of A¢ and jio can be done with high precision as a function
of frequency w, see e.g. Macdonald [267]. With two identical electrodes
available, we measure the impedance of the path of charge transfer in two
electrode materials (Z?), two electrode surfaces (Z°) and in the electrolyte
(Z°) between these:

ze =972 4 275 4 7° (21.2)

Frequently, Z? is negligible. The variation in Z° with w can be used to
investigate rate limiting processes at the electrode surface. Spectra are
normally illustrated as Nyquist plots of Z°!! according to

ZeM = Re %! + iIm Z°! (21.3)

where the imaginary part of the impedance is plotted as a function of the
real part. One example of such plots are shown in Fig. 21.1. The electrolyte

327
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Figure 21.1 The Nyquist plot of the impedance of two hydrogen electrodes
at 1 bar and 50°C in an unpolarized cell with a Nation membrane.

impedance is normally ohmic, and can be found from this figure by taking
the limit of Z°!! for w — co. This enables us to find Z% as (Z°!' — Z¢)/2.

The aim of this chapter is to demonstrate how the surface impedance,
7S, can be determined using non-equilibrium thermodynamics. We shall
use as an example the hydrogen electrode of the polymer fuel cell [81].
Other cases have also been investigated [268-271]. The experimental cell
has as catalyst 0.5 mg Pt/cm? sprayed on to a standard E-TEK electrode
backing material. The electrolyte is a Nafion®¥117 membrane. The elec-
trode surface is part of a heterogeneous system, as shown in the close-up
of Fig. 19.1. The experimental results at 50°C give two semicircles, at zero
applied potential. Two semi-circles indicate that there are two rate-limiting
steps involved, see Fig. 21.1. The problem is thus to find a model that can
explain two such steps.

21.1 The hydrogen electrode. Mass balances

Consider the heterogeneous structure in Fig. 19.1 more detail. There is
a porous carbon matrix layer located before the electrode surface, where
adsorption and diffusion takes place. Charge transfer takes place at the
platinum surface (the catalyst). There is a region (called s) with an excess
of catalyst material of thickness in the order of 0.01 mm. This constitutes
our thermodynamic surface. The thicknesses of the carbon matrix and
the water-filled membrane that conducts protons on the other side of the
surface are larger, in the order of 0.2 mm.

It is reasonable that one of the rate-limiting steps is the charge transfer
step. But what is the other one? We shall assume that it is related to the
processes in the porous carbon matrix [81,268]. The reason is as follows.
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Only a small fraction of the platinum metal has an interface with the gas
in the pores. This means that only a few active sites are accessible directly
from the gas. In order to reach most of the active sites on the Pt surface,
hydrogen molecules must first adsorb to one of the surfaces involved (the
gas-carbon, the gas-membrane or the gas-Pt surface), and then move to the
rest of the Pt surface by diffusion along the mentioned surfaces. They arrive
at the active sites after passing some three phase contact lines (cf. Chap-
ter 6). Hydrogen molecules cannot go directly to the contact line from the
gas phase. This would lead to an infinite velocity of the gas close to the
contact line, which is impossible, see Remark 6.2. Early adsorption on a
surface is therefore crucial for the hydrogen to reach most of the active
sites on the Pt. Therefore, as the area of the Pt surface that is accessible to
the gas is only a fraction of the porous carbon surface, we assume that the
absorption/desorption on the walls of the pores is rate-limiting. We have
(per mole of electrons produced)

1 1

§H2(g) - §H2(a) (21.4)
The gas diffuses along the pore surface to the platinum catalyst in the z-
direction. During diffusion some molecules desorb to form hydrogen in the
gas phase again, so the adsorption has first order reaction kinetics in both
directions:

1. 14 .
r(z,t) = §kH2ch{2 - §k1d{2cH2 (z,t) (21.5)

We use a course-grained description, in which all concentrations are given in

mol/m?. The concentration 0%2 is then the gas concentration in the pores

times the porosity of the carbon layer. The course-grained concentration

cfy,, is the surface excess concentration in mol/m?* times the surface area of

the pores per unit of volume in m~*!, and kg, and kglz are rate constants.
The reaction

SHa(a) — H(s) (21.6)

takes place at the platinum surface. The charge transfer step follows. The
hydrogen atom dissociates on active sites of the platinum into protons in
the membrane and electrons in the electronically conducting carbon matrix:

H(s) — H"(m) + e (a) (21.7)

Water is present in the carbon matrix and the membrane, but we neglect
any role of water for this reaction here.

Each excess proton near the metal surface forms a dipole with an excess
electron in the metal surface. The surface thus has a dipole layer. The
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Figure 21.2 Dipoles at an unpolarized and a polarized surface. One dipole is
made up by an ion and its image charge(s). This defines the surface polarization
P° or the surface double layer. The dipoles have a preferred direction in an
electric field.
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surface thickness is such that the excess adsorptions (in mol/m?) of protons,
T'yg+, and of electrons, I'.— are equal. The dipole adsorption is

T, (t) = Tys (1) (21.8)

A schematic illustration of the dipoles in the surface is given in Fig. 21.2.
In an unpolarized surface, the dipoles have a random direction. In an
electric field, the dipoles will orient themselves preferably in the direction
of the field. The amount of dipoles in the surface depends probably on
the surface polarization, i.e. the applied electric potential or the electric
current density.

The charge transfer reaction increases the number of dipoles in the sur-
face while the electric current j decreases it, giving

d .

T =1~ % (21.9)
where 8, refers to the rate of the charge transfer reaction, and F' is Fara-
day’s constant. The surface polarization in the direction normal to the
surface is equal to the dipole concentration times Faraday’s constant, times
the average distance, ds, between the charges

P* =d,FT, (21.10)
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With constant ds, it follows that the surface polarization and the adsorption
of dipoles depend on each other. By eliminating I', from Eq. (21.9), we

obtain ) L dp

The surface polarization divided by the surface thickness gives the surface
potential difference times the capacitance of the dipole layer, cp,
PS
d.
The polarization P® of Eqgs. (21.10) and (21.12), is the polarization of the
double layer and ¢} in Eq. (21.12) is the capacitance of the double layer.

= FT, = & A0 (21.12)

21.2 The oscillating field

Consider the potential difference between the anode and the centre of the
membrane (i.e. half the cell potential) in the oscillating field in the presence
of a direct current. The contributions from the dc and ac currents are
superimposed:

A¢ = Adac + Apac exp(iwt) (21.13)

The contribution to the emf of the two hydrogen electrodes are equal and
opposite, and in the total cell potential they cancel each other. Each con-
tribution is then the sum of the potential difference across one surface and
half the membrane:

A¢f1c = As(bdc + %Am¢dc and A¢dc = As¢ac + %Am¢ac (2114)

The electric current similarly has direct (dc) and alternating (ac) current
contributions

J = Jac + Jac exp(iwt) (21.15)
In the membrane, which conducts by protons, one has
Am@de = Tmjde and  Apdac = Mmiac (21.16)

We want to find the potential differences across the surface.
The surface polarization can also be written as the sum of a stationary
and an oscillating contribution

P® = Pj. + P exp(iwt) (21.17)
For the dc and the ac contributions to 5, this gives, using Eq. (21.11),
1

S 1 . s . wPsS
Tct,de = F]dc and Tct,ac — F (.]ac + d‘ac) (2118)
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21.3 Reaction Gibbs energies
The reaction Gibbs energy of the adsorption is:

A, G, t) = 5 (s, 1) — ) (21.19)

N =

We assume equilibrium between the chemical potential of adsorbed hydro-
gen just before the surface and of atoms in the platinum surface, giving
23y = piy, (z = 0), where x = 0 is the position of the surface. The hydro-
gen gas in the experiment has a constant (position and time independent)
pressure, leading to a constant ui. The anode is located at x < 0 and the
membrane at x > 0. In the coarse-grained description, transport takes place
along a coordinate normal to the surface of the membrane. All variables
are then independent of coordinates parallel to the surface.

The change in Gibbs energy at the surface due to the neutral species is:

1
AnGey(t) = =5 ui, (@ = 0,1) (21.20)

For the total electrode reaction, we obtain

' ‘ ‘ 1
AuG = DGyl = 0,6) + An G2 (1) = — ik, (21.21)

21.4 The electrode surface impedance

We describe the consecutive steps. We consider the electrode backing to
be continuous along the x-axis, while the electrode interfaces are described
as a Gibbs surface starting at position 0. Processes in the membrane are
neglected.

21.4.1 The adsorption-diffusion layer in front of the catalyst

The time-dependence of the concentration of hydrogen at position z in the
anode is given by
ochy, (z,t) _0J4, (z,t)

1. 1 .
o Sr T 5k, — Sk, (2,1) (21.22)

where
octy, (x,t)

ox

is the coarse-grained diffusion flux (in mol/m?2s) of molecular hydrogen
along the surface of the pores in the carbon matrix to the catalyst surface

JE (x,t) = =D, (21.23)
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at © = 0 and Djy is the diffusion constant (in m?/s). Equilibrium in
the adsorption reaction gives the equilibrium concentration of adsorbed
hydrogen, from Eq. (21.5)

a

a kH
oo = g (21.24)
2

The rate coefficients may depend on the state of the material, whether it is
polarized or not, and on the pressure. A constant hydrogen pressure in the
pore gives a constant gas concentration, cfy,, and therefore also a constant
value for cfy, .-

We shall use a linear approximation to the kinetics of the adsorp-
tion/desorption reaction. This is appropriate for low hydrogen coverage.
We introduce the deviation from the equilibrium concentration

chr, (7,1) = i, eq + 0ci, (2,1) (21.25)
Equation (21.22) then becomes, for dcfy,

ddcy, (z,t) L 0%0cy, () 14 .
T = DHZT — ngQ CH2 (x,t) (2126)

For a dc electric current Eq. (21.26) reduces to

0= Dj, 8256&2;? ) %kgzécgz)dc () (21.27)
The solution is given by
8¢, de (7) = S S <:v kgl; ) (21.28)
F\/m 2Dy,
where we used
2Jf1, (= 0) = 73 gc = Tad,de = Jde/F (21.29)

We see from Eq. (21.28) that dcfy, 4. is negative when jqc > 0 and positive
when jqc < 0. When the thickness d of the carbon layer is smaller than

\/2D% /k& one must use a diffusion flux in z = —d equal to zero.
2 2

One must then replace exp [m [k, /2Dy | by cosh [(x +d) \/kiL, /2D, |/
cosh {cb [k, /2D3 | in Egs. (21.28) and (21.32) and make a similar replace-

ment in Egs. (21.35) and (21.37). This implies that the mass transport at
low frequencies will be reduced compared to the expressions given.
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We use
. chy, (z,1)
pir, (2,t) = piy) + RTIn <T
CH,
3 t
— 1® + RTn < iz, eq) +RTn <$>
CHg CH,,eq
gy, (x,t
— i, eq + RTn <#> (21.30)
CH, eq

for the chemical potential of hydrogen, where uﬁ;o and c%’zo are standard
values. To linear order in dcfy, this gives

ocyy, (¢ oc% (xz,t
pi, (2,1) = pify, oq + BT In (1 + M) - +RTM
Hg,eq Hg,eq
(21.31)

By introducing Eq. (21.28), we obtain

jac BT k4
131, de (T) = M1, eq — i exp <:v H.2> (21.32)

Hu N a
T ey, /2Dh R, 2Dy,

The Gibbs energy change over the whole layer becomes

1 1 a a
5”52 = B [MH2,dc (r=0)— M, de (= _OO)}

ArG'a,d,dc = /ﬁ{,dc -

iacRT
—_— Jd (21.33)

2F'cly, eq /2D%2kg2

A;Gagq,dc gives a contribution to the surface potential drop via
5”%2,dc (LL' = 0)

The ac contribution to cfy, (7, ) is also small. Equation (21.26) together
with Eq. (21.23) therefore reduce to

. a a 8250%2.:& (.I)
ZW(SCHQ,H.C (‘r) = DH2 T kHz H2 ac (‘r) (2134)

The solution to Eq. (21.34) becomes

50%27(16(%') = —Aexp

kgl 1 21.35
T 203, (14 iwTad) (21.35)
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where the relaxation time of the adsorption is

a
2 - QCszeq
d ~ ra .8
kH2 kHchz

Tad = (21.36)
We used Eq. (21.24) in the last equality. The constant A in Eq. (21.35)
must be determined from the boundary condition in = 0. The resulting

contribution to the chemical potential, cf. Eq. (21.31), due to the ac current
is

u%g,ac (‘T) = RT(SC?‘IQ,GC (‘r) /0%27611

kd
:C\/QDa (1+ WT&d)} (21.37)

The contribution due to a small dc current has already been given as the
second term on the right hand side of Eq. (21.32).

The total amount of adsorbed hydrogen molecules on the pore surface
due to the ac current, is

ART
= exp
Hsz,eq

0 2Da
n%z,ac = L 50?—12@0 (I) dr = —-A d M (2138)

Ho (1 + iwTaq)
The ac contribution to the reaction rate for the adsorption reaction is then

given by

2D ki)
L2 (21.39)

0
S d a d a
r =—k / de (x)dx = —kjp,n = Ay —2—=
ad,ac H Hs,ac Hs'“Hs,ac
* ) oo 2 22 1+ iwTaq

The corresponding reaction rate for the charge transfer reaction is given by

Piae = 2J8, (1= 0) = Ay/2D3 kL, (1 +iwra) = (1 +iw7 aa)r

ad,ac

(21.40)
The ac contribution to the reaction Gibbs energy of the adsorption is
ART
20%2) eq

(21.41)

where we used Eq. (21.37). By eliminating A in Eq. (21.41) using
Eq. (21.40) we find,

1, 1
ATGML&C = 5(”H2,ac(x = 0) - u%mac) = 5/1’%2730 (‘T = O) =

ArG'a,d,aLc = ZadF e (2142)

ct,ac
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where

RT
26763, /2D, b, (1 + iwTaa)

Zoq = (21.43)

This is the impedance of a so-called Gerischer element. The second semi-
circle of the impedance diagram Fig. 21.1 for the hydrogen electrode of the
fuel cell fits well to such an element [81]. Other elements can only be fit-
ted with larger inaccuracies. The expression predicts that the impedance
becomes smaller as the equilibrium adsorption of the hydrogen to the pore
surface in the carbon matrix becomes larger.

21.4.2 The charge transfer reaction

Consider next the surface between the membrane and the adsorption-
diffusion layer in the electrode. The excess entropy production of this sur-

face, 0%, of an isothermal surface is according to Chapter 5, see also [270]:

D—-D?
Tact ,ac _jaCASd)aC +iw P, ct,ac (Tq) ct aCA GZc ,ac (2144)
ac
The D in this equation is the displacement field and ¢( is the dielectric
constant of vacuum. The equilibrium displacement field is zero for free
charges, Df, = 0. The displacement field is given by D = —eoAsPac/ds.
Using Eq. (21.18) for the ac contribution we obtain

TUct ,ac = ct ,ac (A GZc ,ac =+ FAsd)aC) (2145)

The force and the flux are related by

Ap
As(bac +

s
ct,ac o

F

where p?, is the resistivity of the charge transfer reaction. The electro-
chemical reaction rate is normally not related to its driving force by a
linear relation. In this experiment, the alternating contribution to the
forces are small (£5 mV), however, so that we can use a linear theory. The
adsorption-diffusion layer has an impact on Ag¢p,., through the chemical
potential of hydrogen atoms at position z = 0. The resistivity is inde-
pendent of the driving force, but can depend on the temperature and the
polarization induced by the dc-field.

The dc contribution to the excess entropy production is found using
w =0 and jac = Fry 4. This gives

—p Frs (21.46)

ct,ac

- A"GZt dc
Togae = —Jac | Asbac + ——F—— (21.47)



21.4. The electrode surface impedance 337

For small dec-currents the linear law is thus:

AnGZc dc s s s -
As¢dc + T = _pctFTct,dc = ~Pctldc (2148)

which is exactly the same relation as for the ac current, Eq. (21.46).

21.4.3 The impedance spectrum

The impedance spectrum in Fig. 21.1 is the sum of contributions from each
layer, cf. Eq. (21.2). The surface impedance can be defined as

A

jac
We can now find the surface impedance by adding Egs. (21.42) and (21.46).
This gives

7% =

(21.49)

A" GZC

ASB.C
Pac + — 1

= Asd)ac == (pit + Zad) FT?:t,ac (2150)

using a constant chemical potential of the hydrogen gas, cf. Eq. (21.21).
Furthermore, it follows from Eqgs. (21.11) and (21.12) that

Fth,ac = Jac + iWC;As(bac (21.51)
By combining Egs. (21.49)—(21.51), we obtain the surface impedance
Pet + Zaa

AR 21.52
1 +iwes, (% + Z.q) ( )

When w — oo, we see that
Zy oo =0 (21.53)

In this case, the measurement gives the ohmic resistance of the cell.

The limiting behavior w — 0 gives
00 = Zw—0.ad + P (21.54)
The expression for Z,4 can be abbreviated by:

1
Yoo/ Tig +iw

with the relaxation time, 7.q = 2/k{_, see Eq. (21.36), and the admittance:

AF? | -
Yo = =ity e/ Dhi, (21.56)

Zod = (21.55)
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The relaxation time is constant, while the admittance is proportional to
the concentration of hydrogen in the gas phase.

In practice there may be non-ideal contributions to the impedance of
the surface. A constant phase element (CPE) has been used, rather than
a capacitance in parallel with the resistance, to compensate for surface
heterogeneities. The CPE is defined by:

1

Zepe =
PE T T (iw) e

(21.57)
The phase angle of the CPE is constant and independent of the frequency.
When ac=1, Tey= c;. The more depressed the semi-circle is, the lower is
the value of a. The corresponding relaxation time is:

Tet = (Tepper) (21.58)

The experimental results below support, with the modification Eq. (21.58),
the theoretical model.

21.5 A test of the model

The theoretical expression (21.56) predicted a pressure variation in the
admittance, Yy. The impedance of the cell was therefore measured at five
pressures between 1 and 4 bar, and at constant temperature (50°C). The
applied dc potential was also varied. The impedance was found sweeping
over a frequency range from 10 kHz to 10 mHz. An amplitude of 5 mV was
used. Figure 21.1 gives results for zero applied potentials at 1 bar.

The high frequency intercept with the real axis in Fig. 21.1 was constant
in all spectra recorded, it was 0.39 & 0.01  cm?. This value, which is the
resistance of the Nafion®117 membrane in the cell, is in good agreement
with results reported in the literature for this temperature [268].

The high frequency regime of the impedance diagram, is according to
the previous section, Egs. (21.52) and (21.57), related to the charge transfer
step. The peak is not a perfect semicircle, which is possibly caused by
the heterogeneity of the electrode surface. The relaxation time of this
phenomenon depends on the applied potential (not shown), which is likely
for a charge transfer step. The relaxation times for the two steps are given in
Table 21.1 as a function of hydrogen pressure, for an unpolarized electrode.

The low frequency semicircle was fitted to the Gerischer phase element.
The relaxation time 7,q did not vary with the applied dc potential, as
predicted from Eq. (21.36). The admittance varied linearly with cf, ., as
predicted from Eq. (21.56) and shown in Fig. 21.3. The slope of Fig. 21.3
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Table 21.1 Relaxation times as a function of hydrogen pressure.

pu,/bar  Te/s  Tad/s

1 2.9 6
2.26 5.5 6
3.06 6.5 6
4.00 6.9 6
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Figure 21.3 The admittance Yy of the hydrogen electrode of the polymer
electrolyte fuel cell plotted as a function of hydrogen pressure. Reproduced
from J. Membr. Sci. 282 (2006) 96-108 with permission of Elsevier.

was used to find a diffusion coefficient, D, =1x10~7 m?/s [268], assuming
ki, = kf_ilz.

Lower temperatures have revealed a shoulder in the impedance diagram.
This means that the model described above is not complete, but must
be refined, probably by including a rate-limiting role for the hydration of
protons, see [268,272-274].

21.6 The reaction overpotential

When impedance experiments are done in the presence of a constant applied
potential, the total potential is a sum of a constant part and an oscillating
part:

Aot (t) = Addc + Ad(w) (21.59)



340 Chapter 21. The Impedance of an Electrode Surface

We can deal with the two parts separately. The constant part of the poten-
tial produces a constant (dc) current that determines the state of surface
polarization. This state can be regarded as stationary. The balance equa-
tion for dipoles then gives j/F = r® = jq./F, and the entropy production

reduces to
A, G? >

(21.60)

To® = —jac (A¢ T

The parenthesis is the effective driving force for the chemical reaction. The
electrochemical reaction is frequently an activated process and the net driv-
ing force can be substantial at the cathode of the fuel cell (cf. Chapter 19).
The current density is a linear function of the driving force, only when the
force is small. When the driving force is large, the relationship becomes
nonlinear, see e.g. [97].

The overpotential of a polarizable electrode is measured under steady
state conditions with the help of three electrodes. A net current is passed
between the working electrode (the electrode of interest) and an auxiliary
electrode. The electric potential drop across the surface for the given cur-
rent density is A¢(j,.). The open circuit potential between the working
electrode and a reference electrode is A¢,_,,. The overpotential is found as
the difference between A¢(j4.) and Ag;_:

1= Ad(jac) — Ad;_g (21.61)

The measurement gives the overpotential as a function of current density.
The non-linear relation is the so-called Butler—Volmer relation. The relation
between 1 and j4. is complicated because the dipole adsorption depends
on the state of the electrode, here represented by P*. Rubi and Kjelstrup
showed how this relation can be derived using non-equilibrium thermody-
namics on the mesoscopic level [51].



Chapter 22

Non-Equilibrium Molecular
Dynamics Simulations

We describe a computer simulation technique that is designed to study trans-
port processes. The name of the method is non-equilibrium molecular dy-
namics simulations (NEMD). We shall describe how we can find transport
coefficients in one-phase fluids and heterogeneous systems from NEMD.
Molecular explanations of the coefficients values are of interest. In a system
that transports heat and mass, we can use NEMD to verify the assumption
of local equilibrium and of Onsager reciprocal relations. We examine also
the linear nature of the fluz-force relations.

Non-equilibrium molecular dynamics simulations (NEMD) is a com-
puter technique that is designed to investigate particle behavior in sys-
tems with gradients in intensive variables. The system behavior follows
from the interaction between the particles. Such interactions can for in-
stance be described by a pair potential like the Lennard-Jones potential
[275,276].

Algorithms that characterize NEMD were developed by Hafskjold and
coworkers [277]. Gradients are applied to the system by perturbation of its
boundaries, in so-called boundary driven NEMD. Alternatively, one can set
up a flux via the boundaries, and study resulting gradients. The method
simulates therefore experiments in its determination of transport properties.
We present the useful technique here, drawing especially on the work of Haf-
skjold and coworkers [65,66,149,277-283| and others [284-288]. In addition
to presenting the technique, we present some results [39,40,65,67,112,289|
that confirm the basic assumptions in classical non-equilibrium thermody-
namics. We will not discuss the use of the Kubo relations (see Fig. 1.2)
to determine transport coefficients using equilibrium molecular dynamics
simulations from integrals over equilibrium flux-flux correlation functions.

341
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Figure 22.1 A typical trajectory for one particle in a gas (only one particle
is shown). The particle moves according to Newton's laws and interacts with
a Lennard-Jones potential. The distance between the points is one time-step
in the calculation. The length of the mean free path is shown by the bar.
(Courtesy of B. Hafskjold)

In NEMD, the computer is used to solve Newton’s equations of motion
for the particles in the system. On a microscopic level, the particle motion
appears chaotic, even if Newton’s laws are reversible in time. A typical
trajectory for one particle in a system in equilibrium is given in Fig. 22.1.
Many particles are moved around in the box, but only one trajectory is
shown. Whenever this trajectory changes, a collision takes place. The
particles collide with each other and with the walls. All thermodynamic
and transport properties of the system are derived from the mechanical
properties of the set of colliding particles in NEMD.

After 4000 time steps of calculation, the particles in each layer already
have a molecular velocity distribution equal to a Maxwell distribution. It
has also been verified that the temperature, as calculated from the equipar-
tition principle, is the same in all three directions in space, in a homogeneous
system as well as a heterogeneous one. Figure 22.2 shows the temperature in
a volume element in the center of a system with two types of particles. We
see the fluctuations in the dimensionless temperature, T* = kT /e, where
¢ is the potential depth of the Lennard-Jones type potential of the heavy
particles and kg is Boltzmann’s constant. The technique uses dimensionless
variables, which are further explained in Table 22.1. The fluctuations in
Fig. 22.2 obeyed 6T/T < 0.03 [65].
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Figure 22.2  Fluctuations in dimensionless temperature at some position in
the box during stationary state heat conductance in a two-component mixture.
The system is the same as in Fig. 22.6 (Courtesy of B. Hafskjold).

NEMD and other computer techniques utilize periodic boundary con-
ditions, in order to obtain a larger and more representative system in a
computer-efficient manner. Instead of finding the average over one large
system, one finds the average over many small identical systems. A parti-
cle leaving one box enters the next in a way that makes the system periodic,
and introduces a plane of symmetry in the center of each box. NEMD sim-
ulations are often run until a stationary state is obtained. An average over
a layer with only a few particles, but over long time intervals, can then re-
place an average over many particles (the ergodic hypothesis). The average
behavior of all particles is taken as the collective behavior of the ensemble
in a layer.

NEMD simulations can be used to study properties of ensembles of
particles, in both global equilibrium and out of global equilibrium. In global
equilibrium, all boundaries are set with the same conditions; out of global
equilibrium they are not. In order to determine transport properties, one
often requires also the equilibrium properties of the system. It is therefore of
interest to use NEMD to find both types of data. Variations of variables like
the particle density, the temperature and the pressure, in the homogeneous



344 Chapter 22. Non-FEquilibrium Molecular Dynamics Simulations

TL
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Figure 22.3 The box in a NEMD simulation is divided into a number of
equal layers (128 in this case). Boundary conditions, indicated here by the
temperatures T, and Ty, are symmetric around the center of the box.

phases, and across the interface between a liquid and its vapor, are of
interest. One can use this information to first find the equation of state (in
equilibrium systems), and then the transport properties (in non-equilibrium
systems).

Simulations cannot be expected to give values found by experiments,
even if much progress has been made in this direction the last few years
[290]. The expression for the interaction potential is a guess for a real
system. The advantage of NEMD is that trends and variations in properties
can be traced back to part(s) of the interaction potential that causes the
variation. This property means that NEMD gives molecular insight in
system behavior. It becomes possible to distinguish between important
and minor effects. This is important when it is necessary to introduce
assumptions. This is the usefulness of NEMD: it acts as a tool to help
understand experimental results, and it can be used to test assumptions
made in the theory. Since it is difficult to do experiments in heterogeneous
systems, the technique is very valuable.

We continue to describe details of the NEMD technique before we
present results that confirm the hypothesis of local equilibrium and of the
Onsager relations, in a one-phase system, and at a surface.

22.1 The system

The NEMD simulation starts with construction of a rectangular box with
dimensions L,, L, and L,. Here z is the direction along the box, y is
the vertical direction and z is the depth direction, see Fig. 22.3. The box
contains N particles. The density is changed by varying the box size, using:
Na Na

where Ny is Avogadro’s number and p is the overall molar density of parti-
cles. We are interested in transports in the z—direction. In this direction,

p=V
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the box is divided into equal layers for monitoring of local properties. The
cell used is usually not cubic L, > L, = L,. The temperature, density,
pressure, composition, enthalpy, fluxes, and other properties of interest can
be computed in each layer. The box in Fig. 22.3 has, say, a temperature
gradient between the ends and the center of the box. All the stationary
state simulations were done such that profiles (fluxes) are symmetric (anti-
symmetric) with respect to the center of the box in the x-direction. Periodic
boundary conditions are used. When a particle crosses one of the bound-
ary planes it is reinserted with the same velocity on the opposite side of
the box.

Irreversibilities are introduced by controlling some variables in layers in
the middle or near the ends of the box (in the z-direction). The walls of the
box can either be directly interacting walls, like in a porous system [288], or
regions where the temperature, chemical potential, or momentum is set by
a local perturbation of the system [284]. A gradient in chemical potential
or a concentration gradient can be introduced by manipulating the particle
types and molecular properties in the end and center regions, for instance,
by particle swapping [291-293].

In the simulations of a homogeneous mixture we used N = 512 with
equal numbers of each component and L, = 2L, = 2L, [65]. The box
was divided into 32 layers in the z-direction. In order to give the system
a certain temperature profile, layers 1 and 32 at the end of the box were
thermostatted to a high temperature Ty and layers 16 and 17 in the center
of the box were thermostatted to a low temperature T;,. The amounts of
energy added and removed are equal, so that total energy is conserved and
the energy flux is constant. A diffusion flux was simulated by swapping
particles of different types between the layers in the center and the layers
at the end of the cell. The velocities of these particles were scaled so that
no kinetic energy was exchanged and total momentum was conserved.

In the simulations of a one component two-phase system, N = 4096
was used with L, = 16L, = 16L, [39,40]. The box was divided into
128 layers in the z-direction. Layers 1-4 and 125-128 were thermostatted
to a high temperature while layers 61-64 and 65-68 were thermostatted
to a low temperature, see Fig. 22.4. A mass flux from the vapor to the
liquid (condensation) was simulated by removing particles from the low
temperature layers in the center, layers 61-68, moving them to one of the
high temperature layers at the ends of the cell. In this process, the particle
maintains its y- and z-coordinates, while its z-coordinate is changed by
+L,/2.

When a non-equilibrium system is in a stationary state, the fluxes of
energy and mass are constant. A liquid and a vapor phase may coexist
in this case, when the boundary conditions are appropriate. The liquid
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Figure 22.4 Lennard-Jones spline particles distributed in a temperature gra-
dient that leads to phase separation. The cell is symmetric, with hot ends and
a cold center.

phase appears in the middle of the box, since energy is removed there. On
each high-temperature side, a vapor phase is formed. Two surfaces are
then formed between the vapor and liquid without disturbances from the
boundaries of the box. The situation is thus ideal for studies of the surface.
A snapshot of the situation is illustrated in Fig. 22.4.

22.1.1 The interaction potential

Between every pair of particles, a potential exists, so that particles close
to each other repel and particles farther away from each other attract each
other. A common pair potential for particle interaction in fluids is the
Lennard-Jones pair potential, or simply the Lennard-Jones potential:

oi\ 12 oo\ 6

Tij Tij
Here, u;; is the potential between particle ¢ and j, €;; is the minimum of
the potential between particle ¢ and j, r; and r; are the positions of particle
i and j, r;; = |r; — rj| is the distance between particle ¢ and j, and o;; is
the distance between particles when the potential is equal to zero. In a
one component system, there is only one such distance o and one minimum
potential €. In a two component mixture, there are three different ¢’s and
three different minimum potentials.

In the computations one usually uses a cut-off Lennard-Jones potential,
which is taken to be equal to zero for distances beyond a cut-off distance,
r > r.. One also uses a shifted cut-off Lennard-Jones potential, which is
taken to be equal to the cut-off Lennard-Jones potential minus its value
in r = r.. The cut-off Lennard-Jones potential is often used in molecular
dynamics simulations. This potential accelerates the particles when they
move across 7. and changes the system’s energy. In order to avoid this
contribution and obtain a consistent description of equilibrium as well as
non-equilibrium properties, it is necessary to shift the cut-off Lennard-Jones
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potential. The Lennard-Jones spline potential, with the spline distance
_ 1/6 L
rs = (26/7)"'" 0, is given by:

o\ 12 N
U5 = 461']‘ (—U) — (—U) r<rg
Tij Tij
3 2
uij = aj (rij —7e)” + Big (rig —1e)™ 15 <1 <e

67

Te = Ers ~ 1.7370;; (22.3)
387072 eij
Q5 = — —
61009 3
g, = A2y
Y3211 12

The potential obtained in this manner is a modified version of the Lennard-
Jones potential. The two potentials are the same until the distance is
rs. After that the spline potential continues until the cut-off distance,
re, by Eq. (22.3b)—(22.3¢), while the Lennard-Jones potential continues by
Eq. (22.2). The spline potential is less long-ranged than the Lennard-Jones
potential. Plots of the two potentials are given in Fig. 22.5. The spline
potential was used to generate the picture in Fig. 22.4.

Lennard-Jones potentials do not deal with charged particles. In order
to deal with ionic or polarized systems, one normally adds a Coulomb type
potential or a Yukawa potential to the expressions above [66]. Charged
systems are much less studied than electroneutral systems.

The NEMD program uses reduced variables instead of real variables.
Examples of reduced variables are given in Table 22.1. Variables are made
dimensionless by division by ¢;;, mass, minimum interaction potential for
component 1. In this table, kg is the Boltzmann constant. The advantage
of using reduced variables in NEMD is that they can be converted to any
fluid of interest. For instance, for argon-like particles €/kg = 124 K, m =
6.64 x 10726 kg, and 0 = 3.42 x 10~ ' m. When Lennard-Jones potentials
are used to model a mixture, each molecule is approximated by a sphere of
a given diameter ¢ and with a given interaction parameter e.

22.2 Calculation techniques

In NEMD, all molecular properties are calculated from the mechanical prop-
erties of the system. Some of these calculations are explained below for a
box divided into 128 layers. The expressions for 32 layers can be obtained
by replacing 128 and 64 by 32 and 16 in the formulae below. The results are
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Figure 22.5 The Lennard-Jones potential (solid line) and the Lennard-Jones
spline potential (stipled line) as a function of the dimensionless inverse distance
between particles. The symbols a; and a; correspond to ¢j; in the text.

mostly reported in reduced units, see Table 22.1, so that conversion into real
variables can be done as one prefers. Consider again the box in Fig. 22.3.
For stationary states, the fluxes can be found using time averages in all 128
layers. Likewise, we can calculate the average kinetic energies, potential
energies and the number of particles in each layer. Using the symmetry of
the system around the center of the box, the mean of the properties in each
half is calculated. In this way, the statistics become even better. The result
then stems from a system with only 64 layers, where each layer is the mean
of the corresponding two layers in the original system. The volume of such
a pair of layers is V/64, where V = L, L, L, is the volume of the box. The
particle density of component k in a layer is the number of particles of that
component, Ny ., in each pair of layers divided by the volume of the pair
of layers:

64
Pkv = Nk,yv (224)
The molar flux, Ji ., and the average velocity, v,,, of component £ in each
pair of layers v, with v =1,...,64, is found from:
Pk,vVik,v 64
Jp, = — = = i 22.5
k. Na VNa > v (22.5)

i€k,i€layers
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Table 22.1 Examples of reduced variables in molecular dynamics simulations.

Variable Reduction formula
Energy U*=U/en
Velocity v =w (m1/£11)1/2
Distance r* =r/o1
Mass m* =m/m;
Temperature T* = kgT/en
Density p* = po3,
Time t* = (t/oll)(sll/m1)1/2
Pressure p* =poiy Jen
Surface tension — v* =y o}/ enn

where v; is the velocity of particle ¢. The sum is over particles of component
k in layers v and 129 —v. The x-component of the velocities in layer 129 — v
are inverted before adding them in Eq. (22.5). The frame of reference for
the velocities and thus for the flux is the wall of the box. In the stationary
states considered the mass flux is in the z-direction. The temperature, T},
in each pair of layers v, is given from the average kinetic energy according
to the equipartition principle:

3
2

3 1 )
kT,N, = §kT,,ZN,W =5 > milvi— v (22.6)

ick i€layers

where m; is the mass of particle i.
The pressure tensor is found by time averaging the microscopic pressure
tensor.

64
Prap = 77 Yo | miviavig + Y Fijaris (22.7)

i€layers VE)

where v; o, is the velocity of particle ¢ in the direction «, Fj; o is the force
exerted on particle ¢ by particle j in the direction o, and 1453 = 73,3 —1; 8 is
the component of the vector from particle j to particle ¢ in the direction .
The z-component of the velocities in layer 129—wv are inverted before adding
them in Egs. (22.6) and (22.7). For a one-dimensional transport problem,
like the one illustrated in Fig. 22.3, there is no change in the densities in
the direction parallel to the surface, but there is a large change in density
in the direction normal to the surface (the direction of transport). This
causes the pressure in the directions parallel, p| = py, = p.., and normal,
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D1 = Pga, to the surface to be different in the interfacial region. The off-
diagonal elements of the pressure tensor are found to be zero. The surface
tension is due to the difference between the parallel and the normal pressure
and is calculated from

L 64
7 =155 2 () — 1) (22.8)

v=1

Todd et al. [294] developed an alternative algorithm for pressure calculation
in heterogeneous systems; the method-of-planes. This gives the pressure
tensor for planar surfaces [112].

The measurable heat flux in each layer, wa, cannot be computed di-
rectly, because it is not a mechanical property. It is, however, related to
the total heat flux (the energy flux), J, ., by

J:;,y = Jq,u - ZHka,u (22.9)
i€k

where Hj is the partial molar enthalpy of component k. In order to de-
termine the partial molar enthalpy, we need the enthalpy as a function of
composition, which in principle requires a series of simulations [280,282].
The total heat flux can be expressed in terms of mechanical quantities as
follows [276,295]:

Jqﬂj = ?/—4 ‘ Z [%miV% + ¢1:| Vi + %Z [Vi . Fij] rij (2210)
i€layers j#i
where ¢; is the potential energy of particle i in the field of all the other
particles, F;; is the force acting on ¢ due to j, and r;; = r; — r; is the
vector from the position of j to the position of ¢. The measurable heat
flux can then be determined from Eq. (22.9). Three important cases avoid
the non-trivial task of determining Hy; (1) binary isotope mixtures with
Hy = Hj, giving J, , = J,, in the mean molar reference frame, for which
J; = —Jo, and (2) binary mixtures for which J; = Jo = 0, again with
Ji, = J, as the result, and (3) ideal mixtures with H}. equal to the molar
enthalpy of component k. The energy flux is computed for each layer with
Eq. (22.10), except that the first summation includes only those particles
i that are in the given layer. The energy flux is then computed from the
amount of energy added and withdrawn. When the system is not uniform,
care must be taken in the computation of the measurable heat flux.
Transport coefficients can also be calculated from equilibrium systems,
using the Kubo relations [296].



22.3. Verifying the assumption of local equilibrium 351

22.3 Verifying the assumption of local equilibrium

NEMD simulations were used by Hafskjold and coworkers [39, 65,66, 111,
112] to confirm the assumption of local equilibrium in systems where heat
and mass were transported. A binary homogeneous mixture and a pure
two-phase system were studied. Both systems were subject to enormous
temperature gradients, of the order of magnitude 10® K/m. This temper-
ature gradient, as well as the magnitude of the mass flows considered, are
mostly beyond realization in a laboratory.

22.3.1 Local equilibrium in a homogeneous binary mixture

An equimolar binary isotope gas mixture of N = 512 particles in a rect-
angular, closed box was studied in a temperature gradient [65,149]. The
enthalpy, H, and the pressure, p, were calculated for each layer in the
presence and absence of the temperature gradient. For the same state
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Figure 22.6 The enthalpy (circles), the potential energy (squares) and the
pressure (triangles) in a two-component mixture in a temperature gradient
(open symbols) and in mixtures that are in global equilibrium with the same
state variables (filled symbols). The particles interact with a Lennard-Jones
spline potential. They have the same diameter, the same potential depth, and
a mass ratio of my/m» = 10. Reproduced from Stat. Phys. 78 (1995) 463-494
with permission of Springer.
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Figure 22.7 The dimensionless temperature gradient and the corresponding
gradient in mole fraction for the system described in Fig. 22.6. (Courtesy of
B. Hafskjold)

variables, identical local values for H (circle symbols), p (triangular sym-
bols) and potential energy U (square symbols) were obtained in the two
cases [65]. The results are shown with open symbols in Fig. 22.6. Selected
results for equilibrium calculations for the same state variables are shown
with filled symbols in the same figure. The results are the same, so it was
concluded that thermodynamic relations are valid locally in the tempera-
ture gradient. The extreme gradient across the volume element thus did
not lead to a violation of the assumption of local equilibrium. Hafskjold
and coworkers [282] reported that the assumption of local equilibrium was
also true with a mass flux across the system. A surprisingly low number
of particles was enough to give a statistical basis for calculation of thermo-
dynamic properties. This can be explained by the use of averages over a
sufficiently long time interval. On the average there were N, =16 particles
in a volume element, and the fluctuation in N, was 0N, /N, = 0.3. This
fluctuation in particle number is the cause of the temperature fluctuation
seen in Fig. 22.2, but 6T/T was only = 0.03. A system in local equilibrium
and a system in global equilibrium differ in the way they fluctuate [109]. It
was also found that heavy particles concentrated in the cold parts of the box
while the light particles concentrated in the warm parts, see Fig. 22.7 [149].
This is discussed further below.
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22.3.2 Local equilibrium in a gas-liquid interface

We also studied the two-phase systems in a temperature gradient [39]. The
phase diagram of the system was first determined. It is given in reduced
units in Fig. 22.8. The relations between the pressure, temperature and the
density were determined for the homogeneous phases; the vapor as well as
in the liquid. For the surface, the relation between the surface tension and
the temperature was determined. The NEMD cell contained 4096 particles
in this case. This number ensures that there are enough particles in the
vapor phase to obtain meaningful averages. In order to address the question
of whether one is in the vapor or in the surface it is important to choose the
overall molar density such that the vapor region is much thicker than the
mean free path of the particles in this region. The cell was non-cubic, with
ratios L, /L, = L, /L, = 16, where L; is the length of the cell in the i-th
direction. By choosing the proper overall particle density and temperatures,
and using the phase diagram in Fig. 22.8, a temperature gradient was used
to generate a liquid region in the center of the cell with vapor on both
sides. The box was subdivided into 128 layers, with a thickness {/1/2p in
meters, where p = N/L,L, L, is the overall density in the box. The mean
free path (cf. Fig. 22.1) was calculated from the formula, £ = 1/(02p,7v/2),
from kinetic gas theory, where o is the diameter of the particles and v is
one of the vapor layers. In the simulations the mean free path had values
up to about 10 layer thicknesses close to the triple point.

A particle flux from the vapor to the liquid (condensation) was simu-
lated, using the algorithm that removed a particle from the low temperature
layers in the center and inserted it into one of the high temperature layers
at the end of the cell. The particle maintained its y- and z-coordinates
while its z-coordinate was changed by +L, /2. In order to avoid large per-
turbations of the energy of the system, the particle insertion was done with
a probability given by the Boltzmann factor. NEMD simulations were done
for a number of cases along the phase line where two phases coexist, with
a heat flux present, and with or without a particle flux. A snapshot of the
density profiles in the half of the cell is shown for two cases in Fig. 22.9.

Gibbs [62] defined the surface as a transition region with a finite thick-
ness bounded by planes of similarly chosen points, cf. Sec. 3.3. The sim-
ulation results illustrated in Fig. 22.9 show that we can identify two such
planes, for instance, planes where on one side the equation of state for the
fluid is still valid, while on the other side this is no longer the case. The
region where the equation of state for the liquid or for the vapor are not
valid, is then the surface. By such choices, the surface was found to have a
thickness of about 10 layers, which is about 5 nm in real units, for densities
away from the critical point. Ten layers is about the mean free path in the
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Figure 22.8 Phase diagram for the Lennard-Jones spline fluid. Reproduced
from J. Colloid Interface Sci. 232 (2000) 178-185 with permission of Elsevier.
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Figure 22.9 Density profiles from two NEMD simulations of heat and mass
transfer through a surface. Case 1 is far from and Case 2 is close to the critical
point. Data are taken from Rgsjorde et al. [39].
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Figure 22.10 Temperature profiles from two NEMD simulations of heat and
mass transfer through a surface, see also Fig. 22.9. Case 1 is far from and
Case 2 is close to the critical point. Data are taken from Rgsjorde et al. [39]

vapor close to the triple point. The thickness increased to about 25 layers
close to the critical point. The thickness, in particular, close to the triple
point, is more than one would expect on the basis of a visual inspection
of the curves. Such a visual inspection can therefore not be used to deter-
mine the surface position. The deviation from the equation of state for the
homogeneous phase already occurs before it shows up in the graph.

The temperature of the surface was calculated from the kinetic energies
of the particles within these boundaries. It was found to be in good ap-
proximation equal to the temperature of the first liquid layer outside the
closed surface. The temperatures of all layers are plotted for the same cases
of Fig. 22.9 in Fig. 22.10. For each layer, and for the closed surface, the
temperatures computed from velocity components along or normal to the
surface were the same. This serves as a first confirmation of the validity of
the assumption of local equilibrium.

Finally, the surface tension from the NEMD simulations was plotted as
a function of the temperature of the surface, see Fig. 22.11. For compari-
son, the results of simulations for the equilibrium surface were also given.
The figure shows that the surface is in local equilibrium in the presence of
temperature gradients of up to 3 x 10 K/m between the cold and the hot
layers.
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Figure 22.11 The surface tension as a function of the temperature of the
surface. The points in the curve derive from equilibrium (filled squares) and
non-equilibrium molecular dynamics simulations (open circles). Reproduced
from J. Colloid Interface Sci. 299 (2006) 452-463 with permission of Elsevier.

Simon and coworkers [112] considered heat transfer in a box with 2000
molecules of n-octane. The molecules interacted with a truncated Lennard-
Jones potential, and had vibrational and rotational degrees of freedom.
The equimolar surface was determined as mentioned above. Also, for these
simulations, the surface tension for the stationary states was found to be
the same function of the surface temperature as in equilibrium. This again
verified local equilibrium.

The value of the surface tension depends strongly on the cut-off of the
potential. If one wants to compare the predictions with experimental values,
one should add tail corrections [297].

22.4 Verifications of the Onsager relations

Transport coefficients can be determined from NEMD simulations to test
for instance the Onsager relations. The coefficients are calculated, once the
forces and their corresponding fluxes are computed.

22.4.1 A homogeneous binary mixture

Consider the binary mixture of isotopes that was studied by Hafskjold and
Kjelstrup Ratkje [65]. The barycentric frame of reference, see Sec. 4.4.1,
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was used, with J; = —J3, and the following flux-force relations:

d 1 1d(pry — pr,2)
/:l _ l R Uittt RS Ml b
Jo = lag (dw T) *lan [ T dz

d 1 1 d(pry — pr,2)
1= g (Ef) b {_TT

By calculating 4, independent from /,,,, Onsager relations can be tested.
With a known heat flux and temperature difference across a (sub-)system,
the stationary state thermal conductivity is given by:

J! loul 1
= — a =(1,, — L*H) _— 22.12
A (dT/dx>J1_0 ( aq L > T2 ( )

The heat of transfer is

(22.11)

l
Ji dT=0 luu

Using Gibbs—Duhem’s equation, wydu, + wadps = 0, the differential of the
difference of the chemical potentials at constant temperature and pressure
can be expressed by the weight fraction of the components, w;:

dlpra —pr2) _ 1 Op 0w

= — — 22.14
dx wy Owy 0% ( )

where we used w; + w9 = 1. The thermal diffusion factor @ can be defined
as (see also Sec. 8.2):

o — Oln(wy /wy)/0x _ T Own /Ox _ lug Olnwy
= OlnT/0x Ji=0  wywy \ 0T/0x =0 - lyw O
(22.15)
The component flux can be expressed as
dinT d
Ji = —pw1 D (’LUQCYTW + E lnwl) (2216)
with the diffusion coefficient
lbup O
=t 22.17
pwoT dw, ( )

When the thermal conductivity, thermal diffusion factor, heat of transfer,
and diffusion coefficient can be computed from NEMD results, Eqs. (22.12),
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Table 22.2 Transport coefficients for heat and mass in the Lennard-
Jones/spline isotope mixture, given in reduced Lennard-Jones units for various
reduced number densities p*.

T T

0.100 4.1 0.015 0.017 4.66
0.153 3.0 0.008 0.008 2.10
0.200 4.3 0.025 0.029 6.68
0.400 3.8 0.052 0.049 11.23

(22.13), (22.15) and (22.17) can be solved for the Onsager coefficients, see
e.g. [65,277,279].

The four coefficients were determined for a series of temperature and
number densities [65]. Results are given in Table 22.2 for T* = 2.0 with
p* =0.1, 0.2 and 0.4, and for T* = 1.35 with p* = 0.153. The magnitude
of the coupling coefficient depends largely on the relative mass, and the
relative size of the particles, while the relative magnitude of the potential
minima in the Lennard-Jones potential has a marked influence on the sign
of the coefficient [144,277]. The dimensionless interdiffusion coefficient I,
is relatively constant over the range of densities that were studied, while
the others varied. The coupling coefficient is small. The uncertainties in
the coeflicients are about one standard deviation (not explicitly given). We
can conclude within these uncertainties, that the Onsager relations

lq;,e = luq (2218)

are valid.

22.4.2 A gas-liquid interface

The Onsager relations were also investigated for surface transport [67].
A one-component gas-liquid interface was used, see Sec. 11.1. From
Eq. (11.14) and Eq. (11.12) we have

1y 11 .
Arg (T) = Te 1 rag i+ rasd

A Tl ng _ lTl
B 1%( ) _ _1&( )Tlu( ):T%JégJFTZﬁJ

Using Eq. (11.4) it follows that Ji® = Jél — AjgHJ. Eliminating Ji# from
Eq. (22.19) in favor of J/' and using Eq. (11.6), it follows after some algebra

(22.19)
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that
1 1 1 s,l 771 s,1
Ag <T) = Te 1 aadq ¥ Taud
(22.20)
Avgu(T®)  pB(T8) —p'(T®) 10,
- Ts = Ts = T‘l;qJé + T‘#’#J
In the calculations, it was documented that the Onsager relation
Tk = The (22.21)
was valid. The coefficients for the liquid side are given by
sl _ s, .8
Tqq = qug = Tqq
s, _ sl sig s,
g = Thig = Tig — Tag AreH (22.22)

sl _ 18,8 _ 98,8 5,8 2
Ty = The = 2rs A g H + 15 (A1gH)

The results for the coupling coeflicients are shown in Fig. 22.12. The On-
sager relations, rg¢ = ;% and TZ}IL = rz’(lz, were valid within the numerical
accuracy of the calculation for gradients up to 10° K/m [67].

22.5 Linearity of the flux-force relations

One of the basic postulates of non-equilibrium thermodynamics is that
fluxes are linear combinations of all conjugate forces, see Eq. (7.12). This
postulate can also be tested by NEMD [67]. The surface transfer coef-
ficients, described in the previous subsection, were calculated using the
linear relations in Eqs. (22.19) and (22.20). There was no need to invoke
non-linear terms in these calculations. The coefficients depended on the
state of the surface, here on the state variable ~, or equivalently, on the
surface temperature. The coefficients were thus not functions of the forces
or of the fluxes for temperature gradients investigated (up to 10° K/m).
This is in accordance with the assumptions used in Sec. 7.2. Paolini et
al. [298] found linear response for gradients up to 5.8 x 10'° K/m in a
Lennard-Jones fluid near the triple point. We do not consider systems
with a shear gradient in this book. For large shear gradients, non-linear
contributions to the heat flux were important [299, 300].

22.6 Molecular mechanisms

NEMD offer insight in the transport mechanism. Simon and coworkers [112]
determined the resistivity of the surface to heat transfer in a box with 2000
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Figure 22.12 The coupling coefficient for evaporation and condensation of
one component, on the vapor side (top) and the liquid side (bottom). Coeffi-
cients were obtained from NEMD simulations (points), and from kinetic theory
(stipled lines). Reproduced from J. Colloid Interface Sci. 299 (2006) 452-463
with permission of Elsevier.

molecules of n-octane. The molecules interacted with a truncated Lennard-
Jones potential, and had vibrational and rotational degrees of freedom. The
equimolar surface was determined as mentioned above. The temperatures
on each side of the surface were found. In the simulations there was no
particle flux, i.e. J = 0 so that J/% = J/'. In this case Eq. (22.19) reduced

to

1 1 s ! Mg(Tl) — NI(TI) !

E — ﬁ = quqg and — —Tl = ’]"#qug (2223)
The thermal resistivity rj, and one of the coupling coefficients r},, were

then calculated from these relations. The results for rj, were about five
times, and for r},, about two times smaller than those predicted by kinetic
theory. This result may be explained by the molecular degrees of freedom of
n-octane. Heat transfer at the surface is more efficient for such a molecule
than for a hard sphere. The form of the Lennard-Jones potential is proba-
bly also important. The longer-range cut-off Lennard-Jones potential gave

larger coefficients than the Lennard-Jones spline-potential [167,170].



Chapter 23

The Non-Equilibrium Two-Phase
van der Waals Model

We use a non-equilibrium version of the van der Waals square gradient
model to obtain the surface excess densities following Gibbs, and show that
these obey the condition of local equilibrium. The surface temperature can
thus be well defined. The surface as described by excess densities is there-
fore autonomous, i.e. behaves like a separate thermodynamic system. This
result is remarkable, given that the continuous description of the interfa-
cial region is not autonomous. The continuous, as well as the integrated,
van der Waals square gradient model can be used to describe condensation
and evaporation.

The van der Waals square gradient model for the liquid-vapor interface
in a one-component fluid gives a continuous description of all thermody-
namic variables through the interfacial region. The model which is well
understood for equilibrium conditions [93], has now been solved for non-
equilibrium conditions [106-108]. This makes it possible to investigate the
basic postulate of Chapter 3.5, that the surface is a thermodynamic sys-
tem by itself, with its own variables of state. This postulate, about the
so-called autonomous nature of the surface, has been questioned in the lit-
erature [93-96]. Some evidence from non-equilibrium molecular dynamics
that support the idea of an autonomous surface was given in Chapter 22, see
also [39,67,112]. We shall see here that the solution of the non-equilibrium
van der Waals square gradient model also supports the postulate.

According to Gibbs, the variables of the surface are the excess extensive
thermodynamic variables, see Chapter 3. They were obtained by inte-
grating their continuous variation (on the molecular scale) across the sur-
face, subtracting the extrapolated bulk phase-values into the surface, see
Fig. 3.3. The procedure is well established for systems in equilibrium. It was

361
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extended to non-equilibrium systems in Chapter 3.5. The assumption of lo-
cal equilibrium in the surface, for excess properties obtained in this manner,
was the basis for the derivations in all chapters.

The continuous thermodynamic functions through the surface, found
by solving the non-equilibrium van der Waals square gradient model, shall
be used here for an examination of the thermodynamic properties of the
surface. Most importantly, we wish to establish methods for calculation of
surface properties. Various questions can be investigated, for instance the
impact of the choice of the position of the dividing surface.

Van der Waals gave his equation of state for the continuous transition
between the liquid and the vapor in his thesis in 1882. He introduced
a square gradient contribution to the Helmholtz energy density in 1893
[104], which made it possible to calculate the density profile through the
interface between the coexisting vapor and liquid phases, and to obtain
the surface tension. The van der Waals square gradient model, and its
extensions [105], played an important role in the understanding of phase
transitions, especially the behavior near the critical point [93]. We shall
see in this chapter that the application of the systematic procedures of
non-equilibrium thermodynamics to the square gradient model, will enable
us to obtain an autonomous description of the surface in terms of excess
densities. We can also describe heat and mass transport into and through
the interface using this model. The work described in this chapter is based
on three papers by Bedeaux et al. [106-108].

We start by presenting the thermodynamic densities which follow from
the common van der Waals equation of state [301]. We use these properties
to describe the homogeneous parts of our system. Section 23.2 explains the
gradient term that is added to obtain the van der Waals square gradient
model, the model we need for the interfacial region. The normal and the
parallel pressure in the interfacial region affect the thermodynamic relations
in different ways in this region. Section 23.3 presents the conservation laws
for matter, momentum and energy in the form needed for calculation of the
local entropy flux. The local entropy production is derived.

The flux equations and the conservation laws in Sec. 23.4 are used to
solve the non-equilibrium behavior of the liquid-vapor interface. The nu-
merical solution procedure is given in Sec. 23.5. In Sec. 23.6 we show ways
to extrapolate the various densities from the vapor and the liquid phases
back to the surface. On this basis, we present the excess densities [62] in
Sec. 23.7, and show that the surface is autonomous using four equivalent
definitions of the surface temperature. This strongly supports the idea of
an autonomous liquid-vapor surface [39,112]. The model therefore adds
knowledge on how to find surface properties. For the systematic proce-
dure on how to obtain the description in terms of excess densities from a
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continuous description, we refer to [36]. We shall restrict ourselves to flat
surfaces. The van der Waals square gradient model may also be used for
curved surfaces [101].

23.1 Van der Waals equation of states

On our way to find a full description of the heterogeneous two-phase fluid,
we consider first the homogeneous fluids. The pressure of a real lig-
uid in coexistence with its vapor was described for the first time by van
der Waals:

_eRT ., RT 4
“1-Bc " TV_-B V2

pw (23.1)

Here ¢ is the number of moles per unit volume and V = 1/¢, the molar
volume. The constant B is the smallest volume to which one can com-
press one mole of a fluid and is roughly equal to 2 times the “hard sphere”
volume of a mole of particles. The constant A describes the attraction
between pairs of molecules. For low densities the expression reduces to
the ideal gas law, pyw = cRT. Figure 23.1 shows py as a function of V
for T >1T.,T =T, and T < T,, where T, is the critical temperature.
For temperatures above the critical temperature the first term on the right
hand side dominates, so that the pressure is a monotonically decreasing
function of the molar volume. For temperatures below the critical tem-
perature, the second term also becomes important and the pressure as a
function of the molar volume goes through a minimum and then through
a maximum, before it decreases to zero. For these temperatures a liquid
and a vapor phase coexist. By setting the first two derivatives of py equal
to zero at the critical temperature, we find T, = 8A/27RB (see e.g. [97]).
The corresponding critical molar volume and pressure are V. = 3B and
pe = A/27B2.

For water, which is plotted in Fig. 23.1, the constants in Eq. (23.1) are
A =0.339 Jm?®/mol? and B = 1.87 x 10~° m3/mol. This gives T,. = 647 K,
V. = 5.6x107° m3/mol and p. = 3.6 x 107 Pa = 360 bar. The experimental
values are T, = 647 K, V., = 5.6 x 107° m3/m01 and p. = 220 bar. This
reflects that A and B have been determined from the critical temperature
and the molar volume. The critical pressure predicted by van der Waals is
then too high and as such it is an indication of how accurate the van der
Waals description is. The van der Waals equation of state has a reliable
qualitative and semi-quantitative predictive power.

Exercise 23.1.1. When the temperature is below the critical temperature,
Fig. 23.1 gives two stable molar volumes for any pressure. The smaller
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Figure 23.1 The pressure of water in Pascals according to the van der Waals
equation. Three isotherms are given for T< T, T= Tcand T < T..

one represents the liquid molar volume and the larger one, the vapor molar
volume. Use Gibbs—Duhem’s equation

p?
/ VW dp =0
pl

where Viy is the volume calculated from the van der Waals equation of
state, to derive the constant pressure-line that has equal areas with the curve
under and above the line. Derive expressions for the pressure, pgpa, and
the coexisting densities of liquid and vapor as a function of temperature
(Mazwell’s equal area rule).

e Solution: It is convenient to change variables in the expression above
and integrate over the volume, because vy is a multiple valued func-
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tion. The equal area pressure pp4 must obey:

g g

/1 d(VP)—/l pw AV
Vi—-B

1 1
<ﬁ - %) =0
The points connected by this pressure have & — ! = 0. The pressure

in the liquid and the vapor are also the same

_ RT A RT A
PEA= YT B~ (W2~ Ve—B  (Ve)

Given the temperature, these are two equations for the unknown mo-
lar volumes. The solution gives these molar volumes and shows that
they are a function of the temperature alone. Further substitution
into van der Waals equation of state gives the pressure as a function
of the temperature.

We want to find the remaining thermodynamic functions as a function of
V or ¢ and T. The Gibbs relation for the molar Helmholtz energy is

dFW = —SwdT - deV (232)

where Sy is the molar entropy. This expression makes it possible to in-
tegrate the pressure over the volume to get the molar Helmholtz energy.
Using an integration constant such that the expression reduces to the ideal
gas value for large V| we obtain, [301] page 234,

e(V—B)} A [e(l—Bc)

G A T S

Fw =—-RTIn { v

] —Ac  (23.3)
Here A = Nah/vV27xMRT is the mean thermal de Broglie wavelength,
where N4 is Avogrado’s number, h is Planck’s constant and M the molar
mass in kg/mol. By differentiating with respect to the temperature, we
obtain the molar entropy

e(V —-B)

A3N4

SW:RID|: 5

} +gR=R1n {L_BC)] 3

v, | T3 (23.4)

where we assumed A and B to be independent of the temperature. The
molar Helmholtz energy Fyy and the molar enthalpy Hyy satisfy

Fy =Uw —TSw = pw —pwV and Hw =Uw +pwV = pw +TSw
(23.5)
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where Uy is the molar internal energy and py the chemical potential. We
find

e(V—B)] RIV _A
= —RT1 —2—
pw =~k n[ AN, } V-B V
e(l— Bc) RT
= —RT1 —2A
R n[ cA3N 4 } 1— Be ¢
(23.6)
3 A VRT 3 RT
w= Rt —2p g = 5kt ‘1" Be
3 A 3

The thermodynamic relations (23.2) and (23.5) lead to the explicit form of
Fw, Sw, uw,Uw and Hy . These quantities satisty all the usual thermo-
dynamic relations. In particular, they satisfy the Gibbs relation

and the Gibbs—Duhem equation
duw = —SwdT + Vdpw (238)

23.2 Van der Waals square gradient model for the interfacial
region

Consider next the two-phase region where the density varies from the pure
vapor to the pure liquid density, see Fig. 23.2. Van der Waals gave the
molar Helmholtz energy, F, as a function of position, x, when the system
was in equilibrium. We extend the van der Waals description and add the
time, t, as a variable. This gives

m de(z,t)\?

F(z,t) = Fw (c(z,t), T(x, 1)) + ) ( El:vj )> (23.9)
The first term on the right hand side describes the homogeneous fluids.
The last term, with the square of the gradient of c¢(z,t), describes the
interfacial region and gives the name to the model. The density c¢(z,t)
and the temperature T'(z,t) are both functions of « and ¢. The equilibrium
density profile for a pressure of 200 bar and a temperature of 561.65 K is
shown in Fig. 23.2. The material coefficient m was independent of density
and temperature in the original model. For the chemical potential we use

d?c(x,t)

3 (23.10)

,u(x,t) = Hw (C(Ia t)vT(Ia t)) —-m
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Figure 23.2 The equilibrium density profile of water for a pressure of 200 bar

and a temperature of 561.65 K. The length scale is given as fractions of the
scaling length, see Sec. 23.6.

We identify the normal pressure by

o) = (elot). Tla.0) + 5 (D) e 2450
(23.11)

In equilibrium, the temperature is constant, and p and p; become constant
(independent of x) [93]. From pu, p; and the formulae of the previous
section, we find the density profile, ceq(x) at equilibrium. This is used as
input in the numerical solution (see Sec. 23.6) used to find the profile in
Fig. 23.2.

We define the pressure parallel to the surface by

pj (z,t) = c(z,t) [u(2,t) = f(2,1)]

m C\T 2 2C X
= pw (el 1), T(a,1)) — 5 (%I’t)) —me (z,t) %

(23.12)
The surface tension 7(t) is equal to minus the excess of the parallel pres-
sure. A precise definition of excess quantities follows. Using an equilibrium
surface tension of 61x10~2 J/m? for water at room temperature, we obtain
m = 3 x 1072° Jm® /mol. The molar entropy is defined by

Sz, t) = @_;)v - (%L;V)v = Sw (c(z,t), T(z,1)) (23.13)
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where we used that m is independent of the temperature. Furthermore, we
define the molar internal energy as

Uz, t) = F(x,t)+ T (z,t) S(x,t)

=T (x,t) S(x,t) —py (z,) V (z,t) + p(z,t)

2
= U (c(x,1), T (z,1)) + 2027; 5 <dcfl‘fc’ ”) (23.14)

and finally the molar enthalpy by

d?c(z,t)
" dr?

Equations (23.12) through (23.15) relate U, S, H, p| and p. The equation of
state values for Uy, Sw, Hw, pw and puy satisfy the same thermodynamic
relations. Other thermodynamic relations for U, S, H, p; and p are true
only when they can be derived from the above definitions. The parallel
pressure, but not the normal pressure, satisfies the above thermodynamic
relations. Away from the surface, the parallel and the normal pressure
become equal. Van der Waals was able to show that the surface tension
was equal to

= Hy (c(x,), T(z,t)) — (23.15)

Veq = —/ [D,eq (2) = PLeq (z)] da (23.16)

Furthermore, van der Waals was able to show that the surface tension was

equal to
dee
Yeq —m/( Ceq ( > dz (23.17)

Do these formulae also hold when the heterogeneous system is far from
equilibrium? We return to this point in Sec. 23.8.

Exercise 23.2.1. The value of m for water is about 3x1072° J/mol?. Give
an estimate of the surface tension, using a surface thickness of 1 nm and
known densities of water liquid and water vapor to estimate the derivative.

e Solution: The density of water is about 5x 10* mol/m®. The density
of the vapor is on a comparative scale negligible. This gives, as an es-
timate of the density gradient, 5 x 10'® mol/m*. We apply Eq. (23.16)
and find v = 75 x 107 N/m for the water-vapor interface. The result
is close to what is found experimentally (72 x 1073 J/m?). From the
gradient in the molar density profile at room temperature, we obtain
for comparison v = 61 x 1072 N/m for the water-vapor interface.
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It is interesting to calculate how much the parallel pressure in the interfa-
cial region deviates from the normal pressure at equilibrium. The normal
pressure is the pressure in the homogeneous phases at room temperature,
approximately 1 bar. Using the values for the thickness and the surface
tension (61 x 107® J/m?) in the exercise above, one finds that pj = —750
bar. This large negative pressure is one of the reasons why a microscopically
thin region has a macroscopic importance.

23.3 Balance equations

We aim to construct the entropy production for the van der Waals square
gradient model. Following the systematic procedure of Chapter 4, we need
to combine the Gibbs equation with the conservation laws for mass, energy
(the first law) and momentum.

Conservation of matter gives

dc(x,t) _ 0J(z,t)

= 23.18
ot ox ( )
where J is the molar flux. The velocity of the fluid is
J(x,t
vzt = 25 (23.19)

c(z,t)

The barycentric time derivative is useful for an observer that moves along
with the fluid

d 0 0
By multiplying this relation with the molar density, we have
d 0 0
t) — = t) — t) — 23.21
clz,t) o =c(x,t) 5o + J (2,8) 5~ (23.21)

It follows from Eq. (23.18) that the molar volume satisfies

c(z,t) dvc(lf’ b _ avéﬁ’ 2 (23.22)

A useful identity, true for an arbitrary local property a (x,t), which follows
from Eq. (23.18), is

da(x,t)  Oc(x,t)a(x,t) = Oc(x,t)v(x,t)a(x,t)
et =g = ot * ox
oc(xz,t)a(x,t) OJ (z,t)a(x,t)

_ 93.2
1 + oz (23.23)
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For a system without gravitational forces or viscous friction, acceleration
is caused only by the normal pressure. The equation of motion is

dv (z,t) oJ (z,t)  OJ (x,t)v(z,t)] _  Opi(z,t)
Mela,t) == =M | =%+ O B O

(23.24)

where M is the molar mass.
The total molar energy is the sum of internal and kinetic energies per
mole:

1
E(z,t) = U (2,t) + 5Mv2 (z,t) (23.25)
The total energy is conserved so that

dc(x,t) E(x,t) _ 0Je(x,t)

ot ox

where J. is the total energy flux. We define the measurable heat flux, J;,
by

(23.26)

Jo (x,t) = J (x,1) E (x,t) + p) (x, 1) v (2,t) + J; (,1) (23.27)

and substitute this definition into Eq. (23.26). We then obtain, using
Eq. (23.18),

dE (z,t) 0

c(z,t) i -5 oy (2, t) v (2, t) + J) (2,1)] (23.28)

For the kinetic energy, we find using Eq. (23.24)

c(z,t) % <%Mv2 (x,t)) = —v(x,t) %pl (z,t) (23.29)

The change in kinetic energy is caused by the gradient in the normal pres-
sure. By subtracting Eq. (23.29) from Eq. (23.28), we obtain, for the inter-
nal energy per mole

ez, t) U (x,t) + 9 [J (@, t) H (x,t) —p1 (x,t) v (x,1)]

ot or
0J! (z,t) v (z,t)
- a7 Z
or alternatively,
dc(x, ) U (x,t) O [Jy(x,t) +J (x,0) H (2,1)] Ip. (,1)
8t + 8$ =V (‘T7 t) 8$

(23.31)
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The above expressions apply inside the interfacial region. Outside the in-
terfacial region, p, approaches p| so that the term between the square
brackets in Eq. (23.30) reduces to J (z,t) U (x,t). The left hand side of this
equation can then be written as ¢ (z,t) dU (x,t) /dt.

23.4 The entropy production

In agreement with Eq. (4.1) in Chapter 4, we write the entropy balance of
a volume element as:

ds (z,t)  Oc(z,t)S (x,t) OJ(x,t)S (z,t)

cl@t) —g— = ot * Dz
_ 0Js (x,t)
= —T +o (l‘,t) (2332)

where J; (z,t) is the entropy flux and o (,t) the local entropy production.
The following Gibbs equation applies in the interfacial region as well as in
the homogeneous phases:

T (o, 1) 420 C(;’t)
—V (2,1) {W n a% ] (2,8) (H (2,1) — p1 (a:,t)V(x,t))]}
+p1(z,t) 4V (1) (23.33)

dt

In the interface, the work term contains p, rather than p;. The second term
between the curly brackets reduces to the usual one, ¢ (z,t)dU (z,t) /dt,
outside the interface. In the homogeneous phases, p, = p, and the Gibbs
equation obtains its normal form.

In order to obtain expressions for Js(z,t) and o (z,t), we combine
Eq. (23.33) with Eq. (23.22) and (23.30) into

ds (z,t) 1 9J; (w,1)
¢(@,) dt — T(xt) 0z
o Jé (z,t) , o 1
= -5 [T(x,t)] + (1) 5 [T(x,t)} (23.34)

The entropy flux is then given in terms of the measurable heat flux by

 Jg (1)
T (x,t)

Js (@, 1) (23.35)
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while the entropy production is given by

) 1] Tt (x,t) OT (, 1)

a [T(x_7 5| =- (23.36)

o=J;(x,1) T2(zi) 0z

23.5 Flux equations

The entropy production (23.36) gives the following linear force-flux relation:

oT (x,t)
or alternatively Fourier’s law
, _ 1 9T (xt) T (z,t)
Jy (z,t) = D o Az, t) . (23.38)

As usual the thermal conductivity, A, or alternatively the thermal resistiv-
ity, r, may depend on both the local temperature and density.

In a system that is out of local equilibrium, these quantities may also
depend on the density in adjacent locations, or on the derivatives of the
density. This gives for the thermal resistivity:

c(x 2e(x
r(z,t) =r (T(x,t), c(z,t), d Ela; t), d d(:c; ) yoo ) (23.39)

Bedeaux et al. [106] gave a proposal for r(x,t) in which the term due to
the gradient is positive:

T‘(SC7 t) = T%oe:v(T(m7 t))

+ (Pare(T(,0) = o100 (- Sm DB T )

C%oem (T(LE, t)) - C‘%OCI (T(LE, t))

de(z,t)\°
+ o (T(x,t),c(x,t)) m —dr (23.40)
Here, 78 ., and 7. _, are the thermal resistivities of the homogeneous vapor

and liquid phases at coexistence, respectively. The first two terms give a
smooth transition from the value of the resistivity in the vapor to the value
in the liquid. The third term gives a peak in the resistivity around the
surface. This term can give rise to significant temperature differences across
the interface, which are expected to increase with the surface tension. The
first two terms will also contribute to the temperature difference across the
surface. All temperature effects disappear when one approaches the critical
point, as is to be expected.
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We shall use o = 5 x 10~%. This constant value distributes the con-
tribution to the resistivity in the interfacial region symmetrically. Non-
equilibrium molecular dynamic simulations found most of the resistivity on
the vapor side of the surface [40,112]. In Sec. 23.13, we therefore use

Clcoem (Teq) ’
a(T(x),clx)) =« ( (@) ) (23.41)
for the dependence on the concentration.

The equations describing the non-equilibrium behavior of the system
cannot be solved analytically. One has to use numerical methods. A
numerical solution method was developed for stationary heat and molar
fluxes [106]. We will therefore first discuss how stationarity simplifies the
equations. It follows from Egs. (23.18) and (23.19), that the molar flux
satisfies

de(x)v(z) _ dJ(zx)
dx dz
In a stationary state the velocity of the surface is zero:

=0 (23.42)

dx®
S = =0 23.43
vi=— ( )

Furthermore, it follows from the equation of motion (23.24) that

(23.44)

dp, (x) dJ (z)v(z) J (2)]? de (z)
il_:c M dz =M [ ]

- c(x) dx

From Eq. (23.31), it follows that

dJg(z) dpy (z) J (z) 3 de (x)
dw (z) 21_17 =M { c(x) } dz (23.45)

where the total heat flux is as usual related to the measurable heat flux by
Jo(x) = J (x) + JH (z).

When one integrates the equations for the molar flux, the pressure and
the total heat flux, it follows that J(z), pi (z) + MJv(z) and J,(z) +
$ M Jv? (z) are position independent constants.

23.6 A numerical solution method

In order to obtain the concentration and temperature profiles of the non-
equilibrium van der Waals square gradient model, one must solve a number
of ordinary differential equations which follow from the analysis above. The
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fluid is enclosed in a container with walls at z;, and X, where x;, < Tous.
Boundary conditions are given at both ends of the box, x;, and x,,;. This
gives a so-called two-point boundary-value problem.

A popular method [302] to solve a two-point boundary value problem
is to consider a related initial value problem, in which one guesses some
initial values, calculates the values at the other end and then adjusts the
guesses until the boundary conditions at the other end are fulfilled. Such
procedures go under the name of shooting methods. The difficulty with the
application of shooting methods for the non-equilibrium two-phase system
under consideration is that the integration of the initial value problem is un-
stable. Very small differences in the guesses of the initial values were found
to result in solutions of a very different solution class, upon integration
through the interface. The standard solution [302] to this problem is to use
one of the many finite difference methods, whereby one generally chooses a
finite grid and converts the equations in finite difference equations. These
can then be solved by matrix inversion. We present results from such solu-
tions in the sections to follow. For more details on the differential equations
and their boundary conditions, see [106].

In the solution procedure it is necessary to scale the variables, so that
their typical sizes do not differ too much in the calculations. In the scaling
factors, we use the distance over which fluctuations in the molar density
are correlated in the liquid, see [93];

51 (peq) = Clzq(peq) mﬁleq(peq)

e (Deq) RToq(Peg 12
= CalpalV [ (f (fB)cl (p (1?))2) — 24 (el (peq))” (23.46)

Here, Teq(peq), Chy(Peq) and kL, (peq) are the temperature, the density and
the compressibility of the coexisting liquid at the pressure p.q, respectively.
All these quantities are obtained using the equation of state, Eq. (23.1).
The correlation length is larger in the liquid than in the vapor. A scaling
length of 7 times the correlation length was suitable:

Ts = T (Deq) (23.47)

At a distance xg from the surface, the gradient contributions to the ther-
modynamic variables were of the order of 10~® and therefore negligible.
The temperature, pressure and molar density were scaled with

TS = Teq(peq)u PS = Peq and Cs = C}eq(peq) (2348)
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Figure 23.3 The temperature profiles for five values of pressure. Reproduced
from Physica A 330 (2003) 329-353 with permission of Elsevier.

When pe, = 200 bar, the scaling parameters are

rgs=2.8062 nm, Ts=561.65K, psg=200 bar, cg=3.1243x10* mol/m3

(23.49)
The size of the box was 10xg = 28.062 nm. Scaled quantities are indicated
by a curly bar above the symbol, like ¥ = z/zg.

Calculations were done for non-equilibrium stationary states of water.
In the first set of cases, the pressure at the vapor end of the box was changed
t0 0.98, 0.99, 1.01 or 1.02 times pg = peq = 200 bar, while the temperatures
at the ends were kept equal to Tg = Teq(peq). In the second set of cases,
the temperature at the liquid end was set to 0.98, 0.99, 1.01 or 1.02 times
Ts = 561.65 K, while the pressure and the temperature at the other end
were kept equal to ps = peqg = 200 bar and Ts = Teq(peq). The four first
cases were named PG98, PG99, PG101, PG102, and the four last were
named TL98, TL99, TL101, and TL102 respectively.

The temperature profiles for the changes in the pressure are shown in
Fig. 23.3, and for the changes in the liquid temperature in Fig. 23.4. In
both cases o = 5 x 10~* was used. This value leads to a dip or a peak in
the temperature profile in the interfacial region in Fig. 23.3. For smaller
values of « the temperature difference across the surface decreases and for
bigger values it increases. The figures give a temperature gradient in the
liquid and the vapor up to 10 K/m. The density profiles were all found to
be rather similar to the equilibrium density profile, see Ref. [106].
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Figure 23.4 The temperature profiles for five values of the liquid temperature.
Reproduced from Physica A 330 (2003) 329-353 with permission of Elsevier.

23.7 Procedure for extrapolation of bulk densities and fluxes

A surface is defined by its excess thermodynamic variables. An excess
variable is found in Chapter 3, by subtracting from the actual value the
extrapolated value in the homogeneous phases up to the dividing surface.
The extrapolation procedure was tested using the non-equilibrium van der
Waals square gradient model [106]. The following auxiliary variables are
used: On the z-coordinate axis, the left hand side of the vapor phase starts
at position z;,. The liquid phase ends at position z,,:. The dividing sur-
face has position 2%, and xg is the system’s scaling length (a characteristic
molecular length).
The systematic procedure consists then of the following steps:

1. Choose an arbitrary, time-independent position x° in the interfacial
region as the dividing surface.

2. Introduce a distance d, which is the distance from the dividing surface
beyond which the gradient contributions become very small.

3. Define an nth-order polynomial fit of the density in the vapor phase
by dividing the segment between x;, + rgs and 2% — d into n equal
pieces and draw an nth-order polynomial through these points.

4. In the liquid phase, do the same by dividing the segment between
2% 4+ d and x4+ — g into n pieces.
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The values of both d and n were found by trying a range of values. The
procedure is illustrated for the Helmholtz energy density in Fig. 23.5. The
figure shows the extrapolated energy density as stippled lines. In their
calculations, Bedeaux and coworkers [106-108] used zou: = —2in = bxs.
By using x;, + rs and x,,: — xg rather than x;, and x,,:, one reduces
an already small dependence on the finite size of the box. The curve fit
in 3 gives n- and d-dependent extrapolations of the bulk densities to the
dividing surface. For ease of notation, we suppress the explicit dependence
of the extrapolated densities on n and d. The extrapolated densities cannot
inherently be precisely defined, but their variance can be made as small as
a few parts in 10°. Values shown in this chapter refer to n = 2, d = 2.5 and
a box with a length 10xs.

The extrapolated enthalpy, entropy, Helmholtz energy and Gibbs energy
density in the vapor and the liquid phase as a function of n and d can all
be defined in this manner. In his definition of these excess variables, Gibbs
used quantities per unit of volume [62]. The extrapolated parallel pressure
is defined in the same way as the extrapolated densities. The extrapolated
normal pressure is defined below. The temperature is an intensive vari-
able and has as such no excess. We shall still use extrapolations of the
temperature into the surface.

Extrapolated fluxes are defined using the constant nature of J(z),
p1 (x)+ MJv(z) and J)(x) + JH(z) + $ M Jv? (z) in the stationary state,
see Sec. 23.5. The proper extrapolation of a constant is the constant itself,
so that:

J(xin) = J8(x) = JY(2) = J(Tow) = J

L (Tin) + MJIv (2i) = p® (x) + MJIvE (z) = p! (z) + MV ()
=pL (xout) + MJv (xout)

Jé(a:m)—l—JH(a:m)—l—%MJv2 (xm)EJ;g(x)—l—JHg(a:)—l—%MJ [v& (z)]?
EJél(x)—l-JHl(x)—l-%MJ V! (x)]2

1
=J, (Tout)+JH (Tour)+ 5MJV2 (Tout)
(23.50)

When d is sufficiently large compared to the thickness of the surface (xg),
the extrapolated parallel and normal pressures were found to be the same
(in five significant decimals):

pf (2) = pf () = p® (2) = pj (2) = P}, (z) =1 (2) (23.51)
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Figure 23.5 The Helmholtz energy density for the case TL102.

In the present case, when we wanted to verify the autonomous nature of
the surface, it was important to take all terms in Eq. (23.50) along.

23.8 Defining excess densities

From the extrapolated bulk densities we can now define the n- and
d-dependent excess thermodynamic densities of the surface. The excess
density in moles per unit of surface area* is, for instance:

¢ = /[C (z) = (2) 0 (z — 2°) — & (x) 0 (2° — z)|dx (23.52)

where the integral is over the length of the box, and 6 is the Heaviside
function (see Sec. 3.3). Excess densities are given per unit of area of the
dividing surface. As the equimolar excess density is zero, it is not convenient
to give these quantities per mole.

We define the surface tension by

N = — / [p” (z) — ph ()6 (x —x°) — pﬁ ()0 (2® —x)| dz  (23.53)

*In this chapter we use the symbol ¢ to denote mole per surface area, following
Bedeaux et al. [106-108]. The symbol I" was used for this property in Chapter 3.
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In equilibrium ph (x) = pﬁ () = py (z), and the expression reduces to

Eq. (23.16) for the surface tension. The excess internal energy density
(in J/ m?) is

u™e = /[c () U (z) — ' (2) U (2) 0 (x — 2°) — & (x) U® () 0 (2° — x)]dz
(23.54)

For the excess Helmholtz energy, f°*¢, the excess entropy, s°*¢, and the ex-
cess enthalpy, h®*¢, of the surface we use similar definitions. The Helmholtz
energy density for the case TL102 was plotted in Fig. 23.5. The figure gives
the excess Helmholtz energy as the difference between the solid and stip-
pled lines. All excess densities are per unit of surface area. One can define
the excess Gibbs energy by

exc

g = / e (@) 1 (2) — ¢ (@) ! (2) 8 (& — %) — ¢ (2) ¥ (2) 6 (2 — )]
(23.55)

In the following section, we shall discuss how to define the equimolar surface
and the surface of tension.

23.9 Thermodynamic properties of Gibbs’ surface

In order to determine the excess functions, we need the thermodynamic re-
lations for the liquid-vapor interface as given by Gibbs [62]. These relations
were already given in Chapter 3.4. In order to notify global equilibrium, we
introduce the subscript eq. The chemical potential at T¢, is thus denoted
teq(Teq). For an arbitrary choice of the dividing surface, we have

S _ fs S S ) .S
’qu — Jeq T Meq (Teq)ceq

Ugq = fog T TeqSeq = TeqSeq + Veq + teq (Teq)czq
(23.56)
th = U‘Zq - FY:q = eqszseq + Heg (Teq)czq

ng = h:q - TeqSZq = Heq (TGQ)CZq

These excess densities depend only on the temperature and the choice of
the dividing surface. Superscript s is now used to indicate a property of
the surface, which depends on the choice of the dividing surface.

For a heterogeneous system that is no longer in global equilibrium, we
deduce the following relations for an arbitrary dividing surface:
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exc __ exc exXC
YE = f*C—g

usxe = fexc + (TS)CXC _ (TS)CXC + ,yexc + gexc
(23.57)
hexce — qexc _ ,chc — (TS)CXC + gcxc

gcxc = heXc _ (TS)CXC

The expressions are obtained from the excesses of Eqgs. (23.12), (23.14),
(23.15) and g(x,t), but now for the non-equilibrium system. Here, (T's)™¢
is defined similarly to the other excess densities. By using the assumption
of local equilibrium, we can convert these expressions into Gibbs’ relations
for the surface. The condition for local equilibrium is that all excess den-
sities of the system have the equilibrium value at the temperature 7. The
temperature and the chemical potential of the surface are then:

hexe _ Heq (Ts)ccxc (TS)CXC + gcxc — heq (TS)CCXC

TS = exc = exc
§ § (23.58)
1= fieq(T7)
By defining
,.YS = ,YCXC, CS — CCXC7 uS = uCXC, hS = hCXC
(23.59)

s5 = Scxc, gs = leg (TS)CCXC, fs = fcxc _ gcxc + Heq (Ts)ccxc

and substituting Eqgs. (23.58) and (23.59) into Eq. (23.57), we obtain the
relations given by Gibbs, cf. Eq. (23.56)

v =f— Meq(TS)CS = f*—psc
us — fs +TS S — TSSS +,YS —"_/,Leq(Ts)cs — TSSS +,YS +MSCS
(23.60)
hs = oS — ,.Ys = TsSgs +/Leq(TS)CS — Tsgs +‘LLSCS
gs — hS — TSgS — ,UJeq(TS)CS _ ‘LLSCS

While Gibbs only gave these relations for a surface in an equilibrium two-
phase system, we have now derived them, assuming the validity of local
equilibrium, for the non-equilibrium system.

23.10 An autonomous surface

The assumption of local equilibrium, which was first discussed in
Chapter 3, is basic to non-equilibrium thermodynamics. It was used above
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to identify the excess densities for the surface in a non-equilibrium system.
It is therefore important to know how good this assumption is. We show in
this section that it can be expected to hold for thermodynamic forces that
are typical for the fluid phases as well as for the interfacial region. This
means that the surface as described by excess densities can be regarded as
being autonomous.

In the fluid phases, the assumption of local equilibrium means that the
van der Waals equation of state applies everywhere. This was true when
the rate of evaporation or condensation was smaller than the Mach number,
and when the distance to the surface was larger than 2 in scaled units. In
that case (p. — pw)/pw < 107°. This difference cannot be measured and
it is therefore fair to say that the liquid and the vapor phases are in local
equilibrium.

For the interface, local equilibrium requires that the surface densities
have their equilibrium values at the temperature of the surface 7°:

V=Yeq(T%), &= cseq(TS), us = uzq(TS), ht = hzq(TS)

seq(T%),  [* =97 = [ (T%) — g2, (T")

(23.61)

SS

This must apply for any choice of the dividing surface, and we will show
that this is true in the next section.

We proceed now with four different calculations of the surface tem-
perature to check the assumption of local equilibrium under very harsh
conditions. Evaporation or condensation velocities are between 0.27 and
1.6 meters per second in the vapor phase, and extremely large tempera-
ture gradients, for example 108 K/m, were used. A constant o =5 x 10~*
(cf. Sec. 23.5) was used. To distinguish between calculations, the tempera-
tures are given symbols as follow:

1. T°: The surface temperature from Eq. (23.58) for the equimolar
surface.

2. T5: The surface temperature from Eq. (23.58) for the surface of
tension.

3. T73: The surface temperature found by comparing v from Eq. (23.53)
to the listed equilibrium values, see Table 13 in Ref. [107], and choos-
ing v = v(73). Any surface property in Eq. (23.61) can be used for
this calculation. We have chosen the surface tension because it is
independent of the choice of the dividing surface.
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4. T2 _ . The surface temperature obtained from the daring proposition

= f [(52) - (50 oo

B (dcg (x)>2 6z I)] d (23.62)

dx

Van der Waals showed that the surface tension is equal to m times
the integral of the square gradient of the molar density in global
equilibrium. The proposition assumes that the molar density profile
has the same structure as the corresponding equilibrium profile at the
temperature of the surface. As this proposition concerns the whole
shape of the density distribution, it is a rather strong criterion for the
validity of local equilibrium. In equilibrium, this expression reduces
to the one given by van der Waals, Eq. (23.16), in the limit that
d — oo. Also, this definition uses values for the surface tension in
equilibrium [107].

In very good approximation, all surface temperatures turn out to be the
same, see the five first columns in Table 23.1. The values T3, 175 ., T
and T are equal for PG98, PG99, PG101 and PG102 within one part in

107. For TL98, TL99, TL101 and TL102, T3 and T7 ,, are equal within

v.€q

Table 23.1 The surface temperatures (in K) for n = 2 and d=25 [107].
The six different methods of calculation are explained in the text.

s T8 ., e Tt TE() | T'(x)
PG98 560.6651 | 560.6650 | 560.6651 | 560.6651 | 558.4364 | 561.0823
PG99 561.1563 | 561.1563 | 561.1563 | 561.1563 | 560.0528 | 561.3672
PG101 | 562.1447 | 562.1447 | 562.1447 | 562.1447 | 563.2270 | 561.9293
PG102 | 562.6421 | 562.6420 | 562.6421 | 562.6421 | 564.7860 | 562.2065
TLI8 553.1456 | 553.1451 | 553.0787 | 553.0804 | 565.9413 | 551.9061
TLO9 | 557.3527 | 557.3525 | 557.3364 | 557.3369 | 563.8449 | 556.8704
TL101 | 566.0117 | 566.0114 | 565.9966 | 565.9977 | 559.3648 | 566.1843

TL102 | 570.4054 | 570.4043 | 570.3482 | 570.3541 | 557.0069 | 570.4118
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two parts in 10%. The values of 7° and T are equal within two parts in
10° and they differ less than one part in 10* from T35 and 175 ... With less
extreme conditions, the differences between the definitions of the surface
temperature become significantly smaller.

We can thus safely conclude that 77, 77 .,, T and T all give the
same value for the surface temperature 7°. All these surface temperatures
were defined using the assumption that the surface is in local equilibrium,
in other words, that the surface is autonomous. That all these definitions
result in the same surface temperature is remarkable. The equilibrium
as well as the non-equilibrium van der Waals square gradient model are
not autonomous in their continuous description of the interfacial region.
The Gibbs surface defined for the excess densities on the basis of the non-
equilibrium continuous model is autonomous, however. The conclusion does
not depend on the choice of the dividing surface. The property of local equi-
librium is therefore true for an arbitrary dividing surface with reasonable
driving forces. The fact that 77 ., is not different from the other temper-
atures indicates that we have a surface with a structure that is not easily
perturbed.

The extrapolated temperatures of the liquid and the vapor at the
equimolar surface are also given in Table 23.1. We see that a change in
the pressure of the vapor up 2%, gives a temperature difference of not more
than 2.65 K across the surface. The extrapolated temperature of the liquid
differs by not more than 0.44 K from the temperature of the surface. If one
changes the temperature of the liquid, the temperature difference across
the surface goes up to 14.04 K. The extrapolated temperature of the liquid
now differs by not more than 1.24 K from the temperature of the surface.
Given that the surface thickness is in the order of a few nanometers, the
temperature difference across the surface is still substantial. The surface
temperature is closer to the extrapolated temperature of the liquid than to
the extrapolated temperature of the vapor. The difference between the ex-
trapolated temperature of the liquid and the surface temperature is about
17% of the total difference for PG98 and about 9% for TL98. The accu-
racy in the determination of the surface temperature is such that one can
conclude that it is not correct to take the surface temperature equal to the
extrapolated liquid temperature.

In the NEMD studies of the surface [39,40,112], it was not possible to
obtain temperature profiles with an accuracy comparable to those using
the van der Waals model. Given the accuracy of these calculations the
temperature difference between the liquid and the surface appeared to be
negligible; i.e. they were of the same order of magnitude as the accuracy.
The van der Waals model is more sensitive and therefore a more appropriate
tool to study such aspects.
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23.11 Excess densities depend on the choice of dividing surface

We saw above that the assumption of local equilibrium did not depend
on the choice of the dividing surface. The property of local equilibrium
becomes even more remarkable when we see that the excess densities depend
significantly on the dividing surface. This dependence shall be illustrated
here. Before we give the actual values for the equimolar surface and the
surface of tension, we discuss the relation between the different surfaces.

23.11.1 Properties of dividing surfaces

The equimolar surface and the surface of tension, used above, are the two
most common choices of the dividing surface for a one-component liquid-
vapor interface. We define the position, z°, of the equimolar surface by
taking this position such that the excess density is zero in Eq. (23.52). This
gives

0= /[C (z) — ' (2) 0 (x — 2°%) — B (2) 0 (z°° — x)]dx (23.63)

where the integral is over the whole box. The position, 2%, of the surface of
tension is similarly defined by setting the first moment of the excess parallel
pressure equal to zero

0= / (z —2™) [p (x)—ph (2)0 (z —2) —pﬁ (2)0 (2°° —x)]dz  (23.64)

When one uses the surface of tension, the excess of the molar density is
unequal to zero. When one, on the other hand, uses the equimolar surface,
the first moment of the excess parallel pressure is not equal to zero. Other
choices are possible, however. The definition of the thermodynamic densi-
ties for the surface in Sec. 23.9 apply to an arbitrary choice. One can, for
instance, set one’s excess energy density equal to zero, and use the equation
to determine the corresponding position 2° of the dividing surface. We shall
use the superscript s to indicate such an alternative choice.

Distances between the alternative choices of the dividing surface are
properties of the surface [62]. The Tolman length is the distance between
the surface of tension and the equimolar surface.

5 = 2% — g (23.65)

The sign in this definition is appropriate when the liquid is on the right hand
side of the surface. If the liquid is on the left hand side, this expression
gives —8%'. The Tolman length plays a role in the dependence of v** on
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Table 23.2 The position of the equimolar surface, the surface of tension and
the Tolman length (all in nm). The surface is in equilibrium at a pressure of
200 bar, or in the non-equilibrium state, PG98 at a pressure of 196 bar.

State x®s st 5% = a5t — s
Equilibrium 0.0000 | —0.0258 —0.0258
Case PG98 | —0.1203 | —0.1499 —0.0296

the curvature of the surface. In general case, the distance to the equimolar
surface is
0 =a%— % (23.66)

In equilibrium, all these lengths are a function of temperature alone [62].
We chose % = 0 in equilibrium. Table 23.2 gives z®, ' and &' (using
d=25andn= 2) for the equilibrium interface of water at a coexistence
pressure of 200 bar, and for the non-equilibrium surface at a vapor pressure
of 196 bar.

The Tolman length is negative for the van der Waals square gradient
model. The surface of tension is thus on the vapor side of the equimolar
surface, a typical result for square gradient models [303]. Molecular dy-
namics simulations find a positive 4% of the same order of magnitude [304].

23.11.2 Surface excess densities for two dividing surfaces

Stable values were obtained for the excess densities using n = 2 and d=25
in the extrapolation procedure. We denote the values by %, u®, f s,
hes and ¢° for the equimolar surface and c*t, 5t, ust, f5¢, st hSt and ¢
for the surface of tension. The results are listed in Tables 23.3 and 23.4,
along with the surface position. The results show that the two sets of excess
variables, apart from the surface tension, are significantly different.

One set of densities can be calculated from the other. Using their defi-
nition in Sec. 23.8 and Eq. (23.59), we find

s

u® = u® 4 /: (! () u! (z) — % () u® (2)) dz

— s + 5 (Cl (xes) ul (xes) — 8 (xes) u8 (xes))

o d

+ % (6°) . (cl (z) u! (z) — B (z) ud (z)) +---. (23.67)

T=x°
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Table 23.3  The position and the excess densities of the equimolar surface.

es es es fcs es hcs es

x 5 U s g
nm mJ/m? | mJ/m? | mJ/m? | pJ/K m? | mJ/m? | mJ/m?
EQ 0.0000 | 7.89510 | 85.5004 7.8951 | 138.17 | 77.605 0.0000
PG98 | —0.1203 | 8.03148 | 85.2016 | 12.117 137.64 | 77.170 4.0852
PG99 | —0.0607 | 7.96333 | 85.3480 | 10.012 137.90 | 77.385 2.0492
PG101 | 0.0620 | 7.82677 | 85.6583 5.7635 | 138.45 | 77.832 | —2.0633
Pg102 0.1253 | 7.75832 | 85.8213 3.6167 | 138.74 78.063 | —4.1416
TL98 0.5237 | 9.09685 | 90.9243 | —7.1863 | 147.95 81.827 | —16.283
TL99 0.2744 | 8.49571 | 88.1952 0.4412 143.00 79.699 | —8.0545
TL101 | —0.3042 | 7.29962 | 82.8788 | 15.091 133.53 75.579 7.7916
TL102 | —0.6447 | 6.71485 | 80.3785 | 21.933 129.16 73.664 15.218

and similar expressions for the other excess densities. Since §° is very small,
it is usually sufficient to only use the linear term of this expansion. This
then results in

S =68 (cl — cg) , u® =uts+ 68 (clul — cgug) ,
hS = he + 6% (c'h! — cBh8)  s° =5 4 6% (c's' — ¢2s8),  (23.68)
fs _gs — fcs _gcs +6S (lel _ cgfg) — 8 (cl,ul _ chg)

For ease of notation we have suppressed the fact that the differences of
the extrapolated densities should be evaluated in z°. The reason that one
should only give this relation for % — ¢°> and not for f* and ¢° separately
follows from their definition in Eq. (23.59). All relations in Eq. (23.68) were
found to apply in very good approximation.

23.11.3 The surface temperature from excess
density differences

From the autonomous nature of the surface, it follows that all linear expan-
sion coefficients in Eq. (23.68) should have their equilibrium value at the
temperature of the surface. All excess densities for the equilibrium surface
are functions of the temperature alone. The state of the surface is therefore
given in terms of the temperature alone. By applying Eq. (23.68) to the
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Table 23.4 The position and the excess densities of the surface of tension.

xst cst ,Yst ust fst sst hst gst

nm pmol/m? | mJ/m? | mJ/m? | mJ/m? | p J/m?K | mJ/m? | mJ/m?

EQ | —0.0258 | —0.64280 | 7.89510 | 89.1927 | 42.350 | 83.402 | 81.298 | 34.455
PG98 | —0.1499 | —0.73912 | 8.03148 | 89.4138 | 51.752 | 74.602 | 81.382 |43.721

PG99 | —0.0885 | —0.69133 | 7.96333 | 89.3034 | 47.077 | 78.967 | 81.340 | 39.114

PG101 | 0.0381 | —0.59349 | 7.82677 | 89.0811 | 37.568 | 87.909 | 81.254 |29.741

PG102 | 0.1033 | —0.54344 | 7.75832 | 88.9682 | 32.731 92.484 | 81.210 | 24.973

TL98 0.5082 | —0.40248 | 9.09685 | 93.4151 | 13.906 113.98 | 84.318 | 4.8086

TL99 0.2541 | —0.51614 | 8.49571 | 91.2750 | 27.799 | 99.227 | 82.779 | 19.304

TL101 | —0.3365 | —0.78624 | 7.29962 | 87.2205 | 57.694 | 66.230 | 79.921 | 50.395

TL102 | —0.6852 | —0.95145 | 6.71486 | 85.4247 | 74.029 | 47.345 78.710 | 67.314

equilibrium surface, we find
2q(Teq) = 024 (Teq)lctq(Teq) — c&y(Teq)]
UZq (Teq) = UgSq(Teq) + 52q(Teq)[Cleq(Teq)uleq (Teq) - C%q(Teq)u§q (Teq)]

cleq (Teq)uleq (Teq) - C%q (Teq)ugq (Teq)
Cleq (Teq) - ng (Teq)

= UZZ (Teq) + Cilq (Teq)

(23.69)

and similar expressions for h®%,s* and f° — ¢g°>. When the system is not
in equilibrium, the property of local equilibrium implies that the relations
in Eq. (23.69) remain valid, but now at the temperature of the surface.
This means that for a surface in local equilibrium, the extrapolated bulk
densities must satisfy

— 8 =l (T%) — c3(T*)
| | | (23.70)
dul — cBus = el (T®)ul, (T%) — c&,(T*)ug, (T*)

and similar expressions for h°, s* and f%— ¢°. From knowledge of the molar
density difference in the non-equilibrium situation, one can find the sur-
face temperature that gives the corresponding density difference at equilib-
rium. This is equivalent to the statement that the linear coefficients in the
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expansion in Eq. (23.67) have their equilibrium value. Furthermore, it fol-
lows that

S(T%) = 0%(T%)[eey (T°) — &, (T"))]
uS(T%, ¢*(T7)) = u(T%) + 0%(T%) [cbq(T%) ey (T®) — c&,(T*)ut,(T7)]

esgpsy o sy | Coa(T%)teg (T%) — By (T°)uf, (T°)
= u®(T%) 4+ (T%) o (T — &, (T%)

€q

(23.71)

and similar expressions for h®, s® and f*—¢®. Also this is a good approxima-
tion for all variables concerned. A better agreement can of course be found
by taking the nonlinear contributions in Eq. (23.67) along. For all practical
purposes, Eq. (23.70) gives a simple and therefore very useful formula for
the surface temperature during evaporation or condensation.

23.12 The entropy balance and the excess
entropy production

We continue to verify the consistency of the integrated van der Waals
square gradient model, with the framework of non-equilibrium thermody-
namics for surfaces. The entropy balance of the surface in a stationary
state is [305]:

(s '8 (S
AR P R

where the excess entropy production ¢° is given by:

o [ ] g o

in

I (@) % [TIL(IJ 0(z— :vs)} (23.73)

It was shown that o® is the proper excess of o(x) [108].

The problem left is to show that the excess entropy production can be
written in the form given in Chapter 5. We use J; (z) = J, — H(z)J,
Eq. (23.50¢) and neglect the small kinetic energy. The total heat flux J,
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and the mass flux J are independent of x, and we can write

ol e

_% [Tll(x)} G(x—xs)} —J/:m dz {H(m)% {T}I)}

in

s {Tl 2335) Tg}xS)} - / ‘“{H @) 5 {TM

—H® () % {Tg (x)] O (z° —x) — H' (2) % {Tll(x)] 0 (z — xS)}
(23.74)

In the second identity, we used the temperature and the extrapolated tem-
peratures that are equal at the ends (x = 2y, or z,yu:) of the box.
The Gibbs-Helmholtz equation for a constant normal pressure is:

b4 e

By substituting Eq. (23.75) into Eq. (23.74), and using p/T equal to ug/T%
or equal to p!/T" at the ends of the box, one finds

sy 2 [ )
& () o - & (g ) ot~}

= [y~ o) = [ ~ )

(23.76)

which is the usual expression found using non-equilibrium thermodynamics
for the excess entropy production, see Chapters 5 and 11 [4,36,38-40].

By eliminating the total heat flux in terms of the measurable heat flux
in the gas, we obtain

w11 ][R ) AT ()
of = J& ( ){Tl(xs) Tg(xs)} J[ T (o) ] (23.77)
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Figure 23.6  The heat transfer coefficients, r;, (solid lines) for three values of
a, and the kinetic theory value r;’c‘;i" (dashed line), as a function of the surface

tension.

which is Eq. (11.8) used in Chapter 11 to describe evaporation and con-
densation. The expression containing the pressure and the vapor pressure
of the liquid given in Eq. (11.13) follows from this expression. In deriving
Eq. (23.77) we used Eq. (23.75) for the vapor

d(pe/T)
HE — 23.78
A(1/T) 25
In the derivation of Eq. (23.77) from Eq. (23.76), a term of the second order
in the thermodynamic forces is neglected.

23.13 Resistivities to heat and mass transfer

We have so far confirmed that the surface can be regarded as an autonomous
system. Using the entropy production given in Eq. (23.77), we are now in a
position to give the linear force-flux relations from the non-equilibrium van
der Waals square gradient model. We write them on the resistance form,
as it was done also in Chapter 11:

1 1 S S S
T (z%)  T=(z¥) = agdof (2°) + 15

AT () - @)L (25.79)
' (@) = Thatat (@) 7]

The resistivities are of interest.t

tA common factor T' (z%) was absorbed in the resistivities in Refs. [36-40].
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Section 23.5 used the parameter « in Eq. (23.40) to determine the re-
sistance to heat flow. In the numerical results quoted above, a constant
value was used. The temperature profiles were sensitive to the choice of
this constant. We shall now address the problem of how to choose a such
that it reproduces the magnitude of the temperature difference across the
surface from kinetic theory [36] and non-equilibrium molecular dynamics.
Non-equilibrium molecular dynamics simulations gave most of the resistiv-
ity on the vapor side of the surface [40,112]. In this section, we therefore
use

Clcoem (Teq) ’
a(T(x),clx)) =« ( (@) ) (23.80)
for the dependence of o on the concentration. The coefficient oo on the
right hand side is now kept constant in the numerical calculations. The
resistivities for heat and mass transfer were calculated for various conditions
as a function of this o [108]. Figure 23.6 illustrates various results for 75, .
Close to the critical point (y = 0) all resistivities should approach zero.
The values obtained numerically support this. Away from the critical point,
the resistivities increased roughly proportional to a. The dashed curve in
Fig. 23.6 is obtained from kinetic theory, using Eq. (11.23), and has been
put in for comparison. Kinetic theory is only valid far from the critical
point.

Few experimental results near the triple point are available [160, 162]
to fit 75, and r},,. It was shown that these results could be described us-
ing non-equilibrium thermodynamics [38]. The experimental results for the
transfer resistivities are about a factor of thirty larger than the correspond-
ing kinetic theory-values. Part of the reason may be that convection due
to the Marangoni effect plays a role [306], see also [166] for a discussion.
Recent molecular dynamics simulations done in our group for a long-range
Lennard-Jones potential give larger coupling coefficients, but certainly not
large enough to explain the difference. The reason for the discrepancy
between kinetic theory and experiments is therefore as yet unclear.

The coupling coefficients ry,, = r},, found from the van der Waals square
gradient model, when we use a = 5 x 107%, are much larger than the
values given by kinetic theory. The heat of transfer ¢** = —rp, /rfm is

about —7400 J/mol in the van der Waals model close to the triple point.
The corresponding values found using NEMD simulations for the cut-
off Lennard-Jones interaction give —9400 J/mol [167], the Lennard-Jones
spline potential gives —320 J/mol [40] and the cutoff Lennard-Jones inter-
action for octane gives —1200 J/mol [112]. The value from kinetic the-
ory is —363 J/mol [167]. It is surprising that the values differ so much
in magnitude.
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23.14 Concluding comments

The non-equilibrium van der Waals square gradient model has been found
to give a simple and robust method to describe the liquid-vapor inter-
face. The model gives continuous profiles for all thermodynamic variables
through the interface region. While the model itself is not autonomous, it
leads to an autonomous description of the surface in terms of the excess
densities. A number of definitions of the surface temperature was given
and it was verified that they all gave the same value of this temperature.
The autonomous description treats the surface as a separate thermody-
namic system [62,93-95] and is simpler than the description suggested by
Defay and coworkers [96]. The model opens up possibilities to calculate
and analyze the surface resistivities to heat and mass transfer.
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Symbol Lists

Table 1. Latin symbols

Symbol  Dimension Explanation

A; extensive variable of a fluctuating system
A, B empirical constants in van der Waals equation
a activity

Cp JIK! heat capacity at constant pressure

Cy JTK! heat capacity at constant volume

c /mol m—3 concentration in homogeneous phases

¢’ /mol m™2 concentration in surfaces

c® /mol m~3 concentration in contact lines

D /Jm?(s mol)™* Dufour coefficient

Dp / m2s P K! thermal diffusion coefficient

Dr / m2s P K! thermal diffusion coefficient

D /C m™2 displacement field normal to the surface
Deq /C m™2 displacement field of system in equilibrium
d /m thickness of layer, diameter

E /Vm™! electric field

E /J total energy

e /C charge of electron

Eeq /Vm™! electric field of system in equilibrium

F = 96500 C mol™"  Faraday’s constant

F /N External force

F /J Helmbholtz energy

F® /J Helmholtz energy of the surface

F¢ /J Helmholtz energy of the contact line

Fij /N force exerted on particle ¢ by particle j

f /Jm™3 Helmbholtz energy density

e /T m™? Helmholtz energy density of the surface
fe /Jm™? Helmholtz energy density of the contact line
f Boltzmann’s probability density

f /bar fugacity

G /J Gibbs energy

G*® /J Gibbs energy of the surface
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Symbol Lists

Table 1. Latin symbols, continued

Symbol Dimension Explanation

G° /J Gibbs energy of the contact line

Gj /J m™ mol™! partial molar Gibbs energy of j

g /I m™3 Gibbs energy density

g° /T m™?2 Gibbs energy density of the surface

g° /Jm™! Gibbs energy density of the contact line

AG /J mol™! reaction Gibbs energy

A,G? /J mol™! reaction Gibbs energy of neutral
surface components

g /ms ™2 acceleration of gravity

H /J enthalpy

H* /J enthalpy of the surface

H® /J enthalpy of the contact line

H; /J mol™! partial molar enthalpy of j

h /Jm™3 enthalpy density

h® /T m™? enthalpy density of the surface

he¢ /J m™? enthalpy density of the contact line

h /=6.6256 107**Js  Planck’s constant

h /m height

h JW K~ 'm™2 overall heat transfer coefficient

J /A m™? electric current density

Jdispl /A m ™2 displacement current density

Je /J m?s7? flux of total energy

Jq /Jm? st flux of total heat

Jq /I m?s? flux of measurable heat

Ji /mol m? s7! general symbol for flux of ¢

Js /J K ' m?s! flux of entropy

Ko / bar molal ! Henry’s law’s constant

kB =1.381 10723 Boltzmann’s constant

ku,kq scaling coeflicients

L /m length of contact line

LyyLy,L. /m sides of NEMD box

Lij, lij phenomenological coefficient for coupling
of fluxes i an k

l /m length

lik phenomenological coefficient for coupling
of diffusional fluxes i and k

M /J mol ™2 constant in van der Waals gradient

expression

M; /mol kg~? molar mass of %

m; /kg mass 4

m; /mol kg~! molality of j
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Table 1. Latin symbols, continued

417

Symbol  Dimension Explanation
N number of particles in NEMD box
Nj /mol amount of component j in system i,s,or ¢
Na 6.023-10%° Avogadro’s number
n number of independent components
pP /W electric power
P /C m polarization in the bulk phase
P /C m ™2 polarization density in the bulk phase
p? / Cm polarization of the surface
P /Cm™* polarization density of the surface
P /J s~ im™2 electric power per unit of area
D /bar pressure of system
p° /bar standard pressure (1 bar)
Po /bar pressure of the surroundings
W /bar pressure of a van der Waals gas
i /bar saturation pressure of pure vapor i
Q /J heat delivered to the system
Qo /J heat delivered to the surroundings at Tp
Q" /J mol™! energy of transfer, total heat of transfer
q* /J mol ™! heat of transfer
R =8314 J K ' mol™! gas constant
R /m radius
Rik resistivity coefficient for coupling of
fluxes i and k, Maxwell-Stefan resistivities
Tik resistivity coefficient for coupling
of diffusional fluxes i and k, see
r /mol m~3 s7! rate of chemical reaction in homogeneous
phase
re /mol m™2 g7t rate of chemical reaction in surface
r Johm m~*! ohmic resistivity
1 /m diameter of particle 1
Tij /m distance between particles ¢ and j
S JIK! entropy
S* JIK! surface excess entropy
Se JIK! contact line excess entropy
s JIK tm™3 entropy per volume
s° /J K 'm™2 surface excess entropy per area
s¢ JIJK ' m™! contact line excess entropy per length
st / K! Soret coefficient
So JIK™! entropy of the surroundings
Seq JIK! entropy at global equilibrium
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Table 1. Latin symbols, continued

Symbol  Dimension Explanation

S* /T K™ mol™" transported entropy (per mol)

Si JIJK! mol~!  partial molar entropy

dSire/dt /W K1 total entropy production

T /K absolute temperature

To /K temperature of the surroundings

t /s time

tion transport number of an ion

= the fraction of current carried by the ion

t; transference coefficient of component j

U /J internal energy

U® /J internal energy of the surface

U° /J internal energy of the contact line

U; /J mol™! partial molar internal energy of j

U /Jm™3 internal energy density

u’ /I m™? internal energy density of the surface

u /Jm™! internal energy density of the contact line

Uion / m?2s tv! mobility of ion in electric field

Wij Lennard-Jones pair potential

\% /m? volume

Vi / m? mol ™! volume of one mole pure component m

Vi /m? mol ™! partial molar volume of j

Vi /m g1 velocity of 4

w /J work done on the system

Wideal /J work done in a reversible process

Wiost /J work lost compared to a reversible process

w /kg weight

w the system’s statistical weight

Xi general symbol for thermodynamic driving force

T /m coordinate for direction of transport

Ti molar fraction

Yi activity coefficient for non-electrolyte 4

Y, 2 /m other coordinates

Z /ohm m? impedance

z /Cm™ charge density

z valency of ion
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Table 2. Greek symbols

419

Symbol Dimension Explanation

o fluctuation of extensive variable ¢

lo%s thermal diffusion factor

g, Bij Lennard-Jones parameters

0 /m surface or film thickness

nr Carnot efficiency

ns /V K! Seebeck coefficient

€ porosity

€F energy of the Fermi level

€ij minimum potential energy

between particles ¢ and j

€0 =8.854 1072 J71 02 m™! dielectric constant of vacuum

&i /J*1 2 m! dielectric constant of phase i

10} /J potential energy of particle in the
field of all others

%) fugacity coefficient

1) /V electric potential

vy /Nm™* surface tension

Y+ mean ionic activity coefficient

n Carnot efficiency

K /S m™* electrical conductivity

A /m mean thermal de Broglie wavelength

A /WK™t m ™! thermal conductivity

r /mol m™2 adsorption or excess surface
concentration

e /mol m™! adsorption or excess line concentration

vy /Nm™* surface tension

~°¢ /N line tension

4 /J mol™* chemical potential of j

i, /J mol™* chemical potential of j
differentiated at constant T'

vj stoichiometric coefficient component j

v layer number in simulated box

I3 degree of conversion

II /N m™2 viscous pressure tensor

m /J Peltier heat, Peltier coefficient

P /kg m~3 mass density of component j

p /ohm m specific resistivity

o /ohm m

specific surface resistivity
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Table 2. Greek symbols, continued
Symbol Dimension Explanation
0 fractional surface coverage
p /kg m® density
o /J sTPK'1m™3 entropy production in a homogeneous
phase
o’ /T st K !'m™? surface excess entropy production
¢ /IsTPK™ P m™! line excess entropy production
o) condensation coefficient of 7
T /s time lag
T /I K™ mol™* Thomson coefficient
T co-transfer coefficient, for transport of
jbyi
Q /m? surface area
Q; / m? mol ™! partial molar area of surface
component
v /I st m™3 dissipation function
P /V electrostatic (Maxwell) potential
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Table 3. Mathematical symbols, superscripts, subscripts

Symbol Explanation

d differential

1o} partial derivative

Il parallel component

1 normal component

0ij Kroenecker delta, equal to 1 when i=j, and 0 otherwise

A change in a quantity or variable

Agy the change is taken from f on the right to ¢ on the left hand side
% sum

0(x) Heaviside function, equal to 1 when z > 0, and 0 when z < 0
ads subscript meaning adsorbed phase

eq subscript meaning system in equilibrium

e property of electron

a super- or subscript meaning bulk anode or left side electrode
¢ super- or subscript meaning bulk cathode or right side electrode
¢ superscript meaning contact line

g super- or subscript meaning gas phase

1 super- or subscript meaning liquid phase

S superscript meaning surface

i super- or subscript meaning phase i

e,a superscript meaning location a in phase e

crit subscript indicating critical conditions

<> average value over an equilibrium distribution

= defined by
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